Linear Analysis
Lecture 1




Vector Spaces

F ~ The field of scalars, always R or C.

V'~ A vector space, that is a nonempty set on which is defined
the operations of
addition (for v, we V, v+ w € V) and
scalar multiplication (for a € Fand ve V, av e V).



Vector Space Axioms

The operations on a vector space satisfy the following axioms:
forevery z,y,z€ Vand \,p € F

(z+y)+z=z+(y+2),

r+y=y+u,

40 € V such that z +0 = z,

B Vz € V there exists z € V such that z + z = 0 (written z = —z),
B \z = z),

A Mz +y) = z+ Ay,

A+ p)x = Az + paz,

B \pz) = (Aw)z, and

B lz==z.



Examples of Vector Spaces

(0) {0}

x1
1) Fr= | echzeFpy,n>1
T,



Examples of Vector Spaces

a1
(2) F~ = T2 | :each z; € F
I co
m 01(F) C F>, where /' (F) = 2| Z|xj| < oo
. Py
T1

m (>°(F) C F*°, where £>(F) = %2 | ¢ sup|z;| < o0
: J

m (' (F) and £°°(FF) are clearly subspaces of F*°.
T

m Let 0 < p < 0o, and define £7(F) = 2y gl < oo
| =

Since
lz+yl” < (lz[+|y))" < (2max(|z],[y]))”

= 2P max([z]”, [y|") < 2°(J=]” + [y"),
we have ¢P(F) C F*°. Show that ¢P(F) C (9(F) if 0 < p < q¢ < 00.



Examples of Vector Spaces

(3) X#0, F(X)={f : f: X +— T} all functions from X to F
For fi,fo € F and € F define

(h +2)(2) = fi(2) + fo(z) and  (f)(z) = f(2).
(4) X a metric space.

m C(X,F) the set of all continuous F-valued functions on X.  C(X,F)
is a subspace of F(X).

m Cy(X,F) C C(X,F) the subspace of all bounded continuous functions
Ff:X ST

m C*(X,F) C C(X,TF) the subspace of all k times continuously
differentiable functions f : X — F. When X = FF we simply write

C(F), Cy(F), and C"(F),
respectively.
(5) Define P(F) C C(R,F) to be the space of all F-valued polynomials on
R:

P(F) ={ao + a1z + -+ + apz™ : m >0, each a; € F}.

Each p € P(F) is viewed as a function p: R — F (or p: F — F) given
by p(z) = ap + a1z + - -+ + apz™.
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Examples of Vector Spaces

(6)
(7

Define P, (F) C P(F) to be the subspace of all polynomials of degree
?/1 {ue C*F): v’ +u=0}. Then V is a subspace of C?(F).
For F =C,
V = {acosz+ agsinz: ay, a2 € C}

= {01e¥ +bee ™ : by, by €C}.

More generally, if
Lu) = [D™ 4 ap D™ Y 46D+ apl](u)

™ 4 g u™ Y 4 g+ agu

is an m'™ order linear constant-coefficient differential operator, then
V={ue C™(F): L(u) =0}

is a vector space.

V' can be explicitly described as the set of all linear combinations of
certain functions of the form z7¢"™, where j > 0 and r is a root of the
characteristic polynomial

P Gy ™ a4 ag = 0.



Span, Linear Independence, Basis

V' a vector space with S C V. A Linear combination of elements of S is
any element of V' of the form

QU] + QU2 + a3vg + -+ -+ U, (1)
where k € N, {vy,...,v} C S, and {ay,..., a1} CF.

The linear span of S, Span(S), is the set of all linear combinations of
finite subsets of S. Span(S) is a subspace of V.

S :={v1,..., v} is said to be linear independent if
a1 =0, ap =0, ..., ax =0

whenever
0=oaqv1 + agvy +agv3 + -+ + v .

S is called a basis of Span(.S) if S is linearly independent.



Span, Linear Independence, Basis

Facts:

(a) Every vector space has a basis.

In addition, if S is any linearly independent set in V, then there is a basis
of V containing S.

The proof in infinite dimensions uses Zorn's lemma and is
nonconstructive. Such a basis in infinite dimensions is called a Hamel
basis. Typically it is impossible to identify a Hamel basis explicitly, and
they are of extremely limited use. There are numerous other sorts of
“bases” in infinite dimensions which are very useful.

(b) Any two bases of the same vector space V can be put into 1 —1
correspondence.

Define the dimension of V (denoted dim V) € {0,1,2,...} U {oo} as
the number of elements in a basis of V.



Standard Bases

The standard basis of F™ is the vectors ey, ..., e,, where
0
eg=| 1|« 7 entry,
0
so dimF™ = n. The vectors e, e3,... € F> are linearly independent.
However, Span{ey, ez, ...} is the proper subset of F*° consisting of all

vectors with only finitely many nonzero components. We denote this
subspace by F5°. In particular, {ej, e2,...} is not a basis of F*°, but is a
basis for Fg°.

The monomials {z™ : m € {0,1,2,...}} form a basis of P.

Remark. Any C-vector-space V may be regarded as an R-vector-space
by restriction of the scalar multiplication.
If V is finite-dimensional with basis {vy, ..., v,} over C, then

{v1, ..y Up, 001, ..., 505}

is a basis for V over R. In particular, dimg V = 2dim¢ V.
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Vv — A finite dim. vector space over

B={v,...,vp} — A basisfor V

n
v € V can be written uniquely as v = > z;v; for some z; € F.
i=1

1
Define a map from V into F™ by v —
In

This is the coordinate map w.r.t. the basis B.

The coefficients z; are called the coordinates of v w.r.t. this basis.
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Linear Transformations

Let V and W be vector spaces.

A map L: V — W is a linear transformation if
(V U1, U2 € V)(Val,ozg S ]F)

L(oqm + OZQUQ) = CtlL(’Ul) + OéQL(’UQ).

If, in addition, L is bijective (1-1 and onto), then L is called a (vector
space) isomorphism.

A coordinate mapping on a vector space is an example of a vector space
isomorphism.

Every vector space over F of dim. n is isomorphic to F”.



Change of Basis

By ={v,...,v,} and By = {wy,..., w,} two bases of V.
Let v € V, and suppose z = (71,...,2,) T and y = (y1,...,%n) 7T are the
coordinates of v w.r.t By and Bs, respectively:

n n
V= E T;U; = E Yy;wj .
=1 j=1

Express each wj in terms of {v;,..., v, }:

n
w; = Z Q5 V; (aij S F)
=1

ailr - Gin
Set A = : e Fnxn,
an1 e Ann
Then
n n n n n n
E Tivy = v = E Yjw; = E yj(E a;v;) = E @ijYj | Vi,
i=1 j=1 j=1 i=1 i=1 \j=1

SO I; = 2;121 @i5Y5, i.e. x = Ay
The matrix A is called the change of basis matrix. s



Two Views of Matrix-Vector Multiplication

aii a1n
A = o : e Fmxn z=(x1,12,...,2,) " €F"
am1 - Gmp
Ai< = (aﬂ, Ai2y v v vy ain) = Z.th row of A
a1j
agj
A; = ) = j' column of A
amj
n
Az = E 2 A = lin. combo. of columns of A
j=1
Al ez
Ao 0

= . = dot product with rows of A
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Formal Matrix Notation

Write the basis vectors
V=_(v--v,) and W= (wg--wy)

formally as a row of vectors.
Formally, we have

v; = the jth “column” of V
w; = the jth “column” of W
Then .
w; = Z V5 = (’Ul R ’Un)A.j
i=1
and so

(wl...wn) = (/Ul...vn)A
using the usual matrix multiplication rules.
We also have
v=(v1--vy)z and o= (w - wy)y,
so
(Ulo-ovn)l’: (wl...wn)y: (vl...vn)Ay7

giving x = Ay as before.
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Constructing New Vector Spaces from Old Ones

Intersections

G —— any index set
{W,:v€ G} —— afamily of subspaces of V'
Weg = ﬂ W, s a subspace of V.

yeG
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Sums of Subspaces

Wy, Wy —— two subspaces of V
Wi+ Wy, = {w+w:w € Wi, we € Wa}

is a subspace of V, and
dim( Wy + Wa) + dim (Wi N Wa) = dim Wi + dim Wa
The sum Wy + Ws is direct if
Wy N Wy = {0},
or, equivalently,

Voe Wi+ Wo Flwy € Wi, wy € Wy
such that
V= w + wy .
and we write

Wi+ Wo =W d W, .
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More general sums

Wi,..., W, —— subspaces of V
Wit -+ W, = {w+ +w,:w€W;,1<j<n}

is a subspace of V.

We say the sum is direct, written

We---oW,,
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Even More general sums

G —— anindex set
{W,:v€ G} —— afamily of subspaces of V'
Z W, = Span U Wy
VeG vEG

is a subspace of V.
The sum is direct, written EByEG W, , if for every finite subset G’ of G

wy € W, (y € G') and Z wy =0
yeG’

ES
[w’Y =0 (7 € G,)]v

or, equivalently,

VBe G, Wan | Y W, | ={0}.
YEG#B
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Direct Products

{V,:v€ G} —— afamily of vector spaces over F
vV = X V.
yeG v
All functions v: G — U V., for which

- yeG
v(y) € V,, VveQG.

Write
vy, for w(7),
and
v=(vy)yeq, oOrjust v=(vy).
Define

v+w=(vy+wy) and av=(avy).
Then V is a vector space over F.
Example:
G=N=/{1,2,...}, each V,, =F.
Then
X V,=F=.

n>1
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(External) Direct Sums

{Vy:v€ G} —— afamily of vector spaces over F.
The subspace of X V,
yeG
@ Vy = consisting of those v for which
VEG vy = 0 except for finitely many v € G.

Example:
Forn=0,1,2,... let V,, = Span(e,) in FZ°. Then

Fo* =@ Va -

n>0

Example:
Forn=0,1,2,... let V,, = Span(z™) in P. Then

P=EV..

n>0
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(External) Direct Sums

Facts:
(a) If G is a finite index set,

X V, and @Vv

1€C yeG
are isomorphic.
(b) If each W, is a subspace of V and the sum
> w,
yeG

is direct, then it is naturally isomorphic to the external direct sum

P w,.

yeG



Let W be a subspace of V.
Define on V the equivalence relation
[ ~ 1] = [n—wneWl.
Define the quotient, denoted V /W, to be the set of equivalence classes
given by this equivalence relation.
Let v + W denote the equivalence class of v.
Define a vector space structure on V /W by defining

al(vl + W) —I-Oég(’llg + W) = (Oél’Ul + 0421}2) + W.

The codimension of W in V is

codim(W) = dim(V/W).
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