Matrix Secant Methods



Matrix Secant Methods

We now consider Newton-Like methods of a special type. In a
Newton-Like method the iteration scheme takes the form

Tht1 = a2k — My, ' g(ar),
where M}, is meant to approximate ¢'(x). In the one dimensional

case, a choice of particular note is the secant approximation
M, = 9(@r-—1)—g(@k)
Tk—1—Tk
With this approximation one has
/ -1 —1 _ g(@x—1)—[g(@r)+g' (@) (@r_1—2k)]
g'(@k) ™ = My = T o) oo
Also, near a point x* at which ¢’ is non—singular there exists an o > 0

such that a [z —y|| < [lg(x) — g(y)|, so

-1 1H 3 ||xk 1 ka2

<K ||wg—1 — x|
allg’ (@e)|l lzr—1 — ol

g’ (k)
for some constant K > 0 whenever x; and xj_1 are sufficiently close
to z*. Therefore, the secant method is locally two step quadratically
convergent to a non-singular solution of the equation g(x) = 0. An
additional advantage of this approach is that no extra function
evaluations are required to obtain the approximation Mj.



Matrix Secant Methods

Unfortunately, the secant approximation

9(%4) —g(xk)

* M =
) * Th—1 — Tp

is meaningless in the n > 1 dimensional case since division by vectors
is undefined. However, this can be rectified by simply writing

My (vk—1 — z1) = g(T1—1) — 9(T).

This equation is called the Matrix Secant Equation (MSE) or the

Quasi-Newton Equation (QNE) at x and it determines M}, along an
n dimensional manifold in R™*™. Thus equation (%) is not enough to
uniquely determine M), since (x) is n linear equations in n? unknowns.
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Consequently, we may place further conditions on the update My, if
we wish to do so. In order to see what further properties one would
like the update to possess, let us consider an overall iteration scheme
based on

() Tpp1 = x — My Yg(ar).

At every iteration we have (xy, M) and compute z11 by (x). Then
M4 is constructed to satisfy (MSE).

If My is close to ¢'(zy) and x4 is close to xy, then M1 should be
chosen not only to satisfy (x) but also to be as “close” to My, as
possible. In what sense should we mean “close” here?

In order to facilitate the computations it is reasonable to mean
“algebraically” close in the sense that M}, is only a rank 1
modification of My, i.e. there are vectors u,v € R™ such that

M1 = My, + uv’.



Broyden’s update

M1 = My + uv’

Define
sp = Tpy1 — o and yr = g(Trg1) — g(Tr).
Multiply the matrix update by s and use the MSE My, 1s, = yx to
obtain
Yk = Miq18, = Mysi + uv' sy

Hence, if v"sy, # 0, we obtain

Yk — Misg
u = Ik kS

(yr — Msp)v"
vT s '

d M =M
an ket kot vT sy

This equation determines a class of rank one updates that satisfy the
MSE by choosing v € R" so that v"s; # 0. An obvious choice for v is
sk # 0 yielding the Broyden update

(yr — Mysi)sy,

My = My =
S Sk



Optimality of Broyden’s Update

Theorem: Let A € R"*" s, y € R", s # 0. The Broyden update

— A T
A, =4y WZA9sT

sTs
is the unique solution to the problem
min{||B — Al : Bs = y}.
Proof:
(y — As)sT

sTs

Ay — Al I

.
SS

B—A|||l—=—| < ||B-A4]|.

1B - Al < 1B - Al

I=1(B—4)

sS H
sTs

IN



Broyden’s Method
Algorithm:
Initialization: xg € R™, My € R™*"
Having (zp, M) compute (xg41, Mz+1) as follows:

Solve Mysy = —g(xy) for s and set
Th41: = Tk + Sk
Yo = g(zk) — 9(@p41)

(yr — Mysk)sy,

Mgy = Mi+ Ts,
k



Broyden’s Method
Algorithm:
Initialization: xg € R™, My € R™*"
Having (zp, M) compute (xg41, Mz+1) as follows:

Solve Mysy = —g(xy) for s and set
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Inverse Updating: ]ka] = W}, where

(81 — Wiyk) s Wi,

Wi =Wy +
SEWryk




Matrix Secant Methods for Optimization

P : minimize
e )

where f : R® — R is C2.
Goals:

1. Since My, is intended to approximate V2 f(zy) it is desirable
that M} be symmetric.

2. Since we are concerned with minimization, then at least
locally one can assume the second-order sufficiency
condition holds. Consequently, we would like the Mj’s to
be positive definite.



Matrix Secant Methods for Optimization

P : minimize
e )

where f : R® — R is C2.
Goals:

1. Since My, is intended to approximate V2 f(zy) it is desirable
that M} be symmetric.

2. Since we are concerned with minimization, then at least
locally one can assume the second-order sufficiency
condition holds. Consequently, we would like the Mj’s to
be positive definite.

The Broyden update fails these conditions.



The BFGS Update

Suppose M € S}, and s,y € R"\ {0}.
Find M € 8" so that Ms = y.



The BFGS Update

Suppose M € S}, and s,y € R"\ {0}.
Find M € 8" so that Ms = y.

Assume M = LLT and M = JJT where both L, J € R™ " are

nonsingular.

The MSE implies that if
J's=wv then Jv=uy.
Our approach is the apply the Broyden update to J and L

giving
— Lo)oT
Jopy W Lot
vTo
Hence,
v(y — Lv)"s

v=J's=L"s+ =
vTv

Hence v = aLTs for some o € R.



The BFGS Update

Substituting this expression for v back in gives

aLlTs(y —aLL"s)"s
a?sTLLTs

o? = sTy
| sTMs |

That is, J exists only if sTy > 0 in which case

al’s=L"s+

Hence

(y —abMs)s"L _ sTy 142
+ asTMs »oW @ sTMs ’
yielding
= M+ yy'  MssTM

yTs sTMs ~



sty >0
In the iterative context
s=sp = —NM'Vf(zr) and y =y, = Vf(zp1) — V().
So

y's=yisk = Vf(ape1) sk — Vf(zp) sk
= MNVSf(xp 4+ Medi)Tdi — AV f (@) Tdy,
= M(Vf(xp + Med) "di, — V f (z) i),

where dj, := —M,;lv!f(xk). Since M}, is positive definite the
direction dj is a descent direction for f at x; and so Ag > 0.
Thus, we need to show that A\; > 0 can be chosen so that

V f(zg + Medy) "di, > BV f ()" dg

for some § € (0,1).



The Inverse BEFGS Update

Mk_IZWk

W (s —Wy)sT+s(s—Wy)T (s —Wy)Tyss’

yTs (y7s)?



