Description of the Final

The final exam will have 5 sections. Each section will be worth 60 points for a total of 300 points.
The following titles describe the content of each section.

(1) Fixed Income Securities: Bonds
(a) Cash flow streams
(b) present value
(c) internal rate of return
(d) the bond pricing formula
(2) Linear Programming: modeling and duality theory

(3) Nonlinear Programming: Constrained and Unconstrained
(

)
(¢) Verification of regularity
) Location of KKT points
)
tions)
onvexity
a) Testing for and verification of the convexity of a set and a function
b) Constrained and Unconstrained optimality conditions with convexity
(5) The Markowitz QP
a
b

(4)

) Formulate and solve Markowitz QPs
) Interpret the solution of Markowitz QPs
(¢) minimum variance and market weights
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1. Fized Income Securities: Bonds
Fifteen years ago today Mary purchased a 10% bond with 30 years to maturity and a face value of
$10,000. Assume the yield at the time of purchase was 10% and the yield today is 3%. Also assume

that the coupon payments occur only once a year.
I expect you to compute a numerical value for each question. Since calculators are not allowed, you

may use the following helpful numbers:

1 30 1 15 1 30 1 15
— =0. — =0.24 — =0.41 — =0.64
(1.1) 0.057, (1.1) 024, (1.03) 041, (1.03) 0.6

(a)(20 points) At what price did Mary purchase the bond 15 years ago?

(b)(40 points) At what price can she sell the bond today?
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2. Linear Programming
(a)(40 points) A municipality has the following schedule of liabilities:

Year 2004 | 2005 | 2006 | 2007 | 2008 | 2009 | 2010 | 2011
Dollars | 12,000 | 18,000 | 20,000 | 20,000 | 16,000 | 15,000 | 12,000 | 10,000

The bonds available for purchase today are given in the following table. All bonds have a face value
of $100. The coupon figure is annual. For example, bond 5 costs $98 today and pays back $4 in 2004,
$4 in 2005, $4 in 2006, and $104 in 2007. All of these bonds are widely available and can be purchased

in large quantities at the stated prices.

Bond 1 2 3 4 5 6 7 8 9 10

Price 102 99 101 98 98 104 | 100 | 101 | 102 | 104
Coupon | 5% | 4% | 5% | 4% | 4% | 5% | 3% | 4% | 5% | 5%
Maturity | 2004 | 2005 | 2005 | 2006 | 2007 | 2008 | 2008 | 2009 | 2010 | 2011

Formulate a linear program to find the least cost portfolio of bonds to purchase today to meet the
obligations of the municipality over the next 8 years. Assume that any surplus cash in a given year
can be re-invested for a year at annual rate of 2.5%.
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2.(b)(20 points) Let A € IR™*"™ and ¢ € IR™. Use the Strong Duality Theorem of linear programming

to show that the system
Az <0 and 'z>0

is unsolvable if and only if the system
ATy=¢ and 0<y

is solvable.
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3. Nonlinear Programming
Let £ € IR™ and u € IR™ and consider the boz
B={zeR": {;<z;<u fori=1,2,...,n}.

a)(30 points) Show that the vector d € IR" is an element of the tangent cone to B at the point x € B
if and only if

di < 0ifz; =u;, and
d; is free to be any real number if [; < x; < u; .

b)(30 points) Let f : IR™ — IR be continuously differentiable. Show that if Z € B solves the problem

min{f(z) : = € B}, then

0 otherwise.
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4. Convexity
(a) (30 points) Let A € R™*™ and C C IR™. Show that the set

{r |Az € C,z € R"}

is a convex subset of IR".

(b) (30 points) Let v € IR, g € IR", and H € IR™" with H symmetric, and consider the quadratic
function .

qz)=vy+g"x+ ExTHx :
Given z € IR™ show that there always exists o > 0 such that the function

gal(2) = g(x) + Fllo - 7|1

is convex.
BONUS POINTS: (5 points) What is the smallest value that « can take that insures that g, is convex?
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5. The Markowitz QP
(a) (20 points) Consider the no short selling minimum variance Markowitz portfolio problem

My + minimize  fw’Tw

subject to 0 < w, eT

w=1,
where ¥ € IR™ "™ is symmetric and positive definite, and e € IR"™ is the vector of all ones. Use the
complementarity conditions for this problem to show that the unique solution must satisfy
e < Yw
— wlSw
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5.(b)(40 points) Consider the following Markowitz mean-variance portfolio optimization problem for
the two financial assets ¢ = 1,2 having rates of return r; and r:
E(r1) = 0.02, E(ry) =0.01, E(rs) = 0.02,
var(r;) = 0.04, var(ry) = 0.02, var(rs) = 0.02
cov(ry,re) = 0.02, cov(ry,rs) =0, and cov(rg, r3) = 0.
The target rate of return on the portfolio is 0.03.
(i) What is the covariance matrix ¥ for 7, and ro and what is its inverse?

(ii) Solve this Markowitz QP.



