Math 408 Homework Set 3

This homework set will focus on the optimization problem

1
Q min éxTHw +4g'x,

reR™

where H € R™*" is symmetric and g € R".

(1) Each of the following functions can be written in the form f(z) = 2" Hx+¢"z with H symmetric.

For each of these functions what are H and g
(a) f(z )—x1—4x1—|—2x2+7

(c) f(z) =] — 2my20 + 223 — Buy

(d) fla) = 2wy — 22)* + (02— )? (e 1)
(e) f(x) = 2% + 167129 + 41273 + 73

(2) Let H € 87, and g, 7, d € R" with d # 0, and consider the functions f : R* = R and ¢ : R =+ R
given by

f(z) = %ITHJJ + gz and ¢(t) := f(Z + td).
What is the solution to the problem min;eg ¢(t)?

(3) Let o, B € R and define ¢ : R — R by ¢(¢ : «, 8) := %t* + St. Compute the values ¢(a, 8) :=
min {¢(t: o, ) |0 <t <1} and the set I'(a, 8) := argmin {¢(t;«, 5) |0 <t <1} for all possible
values of (a, 8) € R%

(4) For each of the matrices H and vectors g below determine the optimal value in Q. If an optimal
solution exists, compute the complete set of optimal solutions.

(a)

210 3
H=1|1 21 and g= |1
01 2 1
(b)
21 0 3
H=|1 2 1 and g= |1
01 =2 1
(c)
5) 2 -1 3
H=12 1 -1 and g= |1
-1 -1 2 0
(5) Consider the matrix H € R3*3 and vector g € R3 given by
1 4 1 1
H= (4 20 2 and ¢g= |0
1 2 2 0

Does there exists a vector u € R3 such that f(tu) 1% oo? I yes, construct wu.

(6) A mapping (-, -) : R — R" is said to be an inner product on R” is for all x,y, z € R"
1



(i) (z,z)>0 Non-Negative
(ii)) (z,2)=0& 2=0 Positive

(iil) (x 4y, 2) = (x, )+ (y,2z)  Additive

(iv) (az,y)=alz,y) VaeR Homogeneous
v) (z,9)=(y,x) Symmetric

Two vectors z,y € R™ are said to be orthogonal in the inner product (-, -) if (x, y) = 0.

Unless otherwise specified, let (z, y) denote the usual Euclidean inner product:

(a)

(b)

(@, y) =a"y =z
=1

Let (z, y) be the standard Euclidean inner product on R™. Given A € R"*" show that A =0
if and only if

(x, Ay) =0 Vaz,yeR".
Let H € R™"™ be symmetric and positive definite (i.e. H = H' and 2" Hz > 0V z € R*\{0}).
Show that the relation

<J], y>H = xTHy vxuy € R"

defines an inner product on R".

Every inner product defines a transformation on the space of linear operators called the ad-
joint. For the Euclidean inner product on R"”, this is just the usual transpose. Given a linear
transformation M : R" — R", the adjoint is defined by the relation

(y, Mz) = (M*y, x), forall z,y,€ R™.

The inner product (-, -}y defined above, also defines an adjoint mapping which we can denote
by MT#. Show that

M™ =H'M"H .
The matrix P € R™ " is said to a projection if P> = P. Clearly, if P is a projection, then so is
I — P. The subspace PR™ = Ran (P) is called the subspace that P projects onto. A projection
is said to be orthogonal with respect to a given inner product (-, -) on R” if and only if

(I-—P)x,Py)y=0 Vz,yeR",
that is, the subspaces Ran (P) and Ran (I — P) are orthogonal in the inner product (-, -).

Show that the projection P is orthogonal with respect to the inner product (-, -)y (defined
above), where H € R™*" is symmetric and positive definite, if and only if

P=H'P'H.



