Math 408 Homework Set 1

Linear Algebra Review Problems
(1) Consider the system

41’1 - T3 = 200
91’1 + 19 — Trs3 = 200
71’1 — Iy + 2[L’3 = 200 .

Solution: (zy, s, 23)T = (30, —150, —80)7

(2) Represent the linear span of the four vectors

1 -1 2 3
0 1 1 —2

T = 2 ) Lo = 1 ) T3 = 7 ) and Ty = 0 )
1 —2 1 )

as the range space of some matrix.

1 -1 2 3

. 0 1 1 =2
Solution: 9 1 7 0
1 -2 1 5

(3) Compute a basis for nul (AT)+ where A is given by

1 -1 2 3
0 1 1 -2
A=19 17 o
1 21 5

Solution: Since nul (AT)+ = Ran (A), we only need to row reduce AT to get the basis u; :=
(1,0,2,0)", uy :=(0,1,3,0)7, uz :=(0,0,0,1).

1 2 0 6 2 =2
(4) Find the inverse of the matrix B= [ =1 —4 1. Solution:B~'=1|-1 -1 1
0o 2 1 2 2 2

(5) Solve the following system of linear equations

T + 2{E2 =1

—r1 — 4%2 + x3 = 2

2z + Trs = 0.
1 10
Solution: B! (2| =1 [ -3
0 6



(6) Determine whether the following system of linear equations has a solution or not.

1 1 0 0 0 7 1

-1 0 1 1 0 22

0 -1 -1 0 1 T 2

0 0 0 -1 -1 T 0
Is

Solution: No solution exists since the augmented matrix can be reduced to
10 -1 -1 0|2

00 O 1 1|1
00 0 O00¢0]1
00 0 O0¢0]1
(7) Find a 2 by 2 square matrix B satisfying
A=B-C,
3

B
0
3

(8) Show that the Gaussian elimination matrix for the vector

1 30 -1 —
whereA—(2 1 1)and0—(8 9

. -3 0
Solution: B = % [ 9 1}.

j=p)

where the pivot a € R is non-zero, a € R¥, and b € R™=*+1) is non-singular by providing an
expression for its inverse.
(9) What is the Gaussian elimination matrix for the vector

2
—10
= ?
v 16 |°
2
where the entry x; = 2 is the pivot? What is it if the pivot is x5 = —107
Solution: z5 = —10
1 0 00 1 1/5 00
o~ 01T 00 ., |0 —=1/10 0 O
Gauss: G := 0 85 1 0 Gauss-Jordan: J := 0 85 10
0 1/5 0 1 0 1/5 01

(10) Let A = (ay;) € R¥™™ and B = (b;) € R¥™™ where a;; and b;; is the 95" elements of A and
B, respectively. Denote the i*" row of A by a; (a row vector) and the j™ column of B by b; (a
column vector). By construction, AT B € R™™. If (AT B),; is the i element if AT B, show that
(ATB)Z‘J' = (azb])

Solution: By the definition of matrix multiplication, (AB);; = > 7_; aibr; = a;.b; which yields
the result.



(11)

(12)

(13)

Show that the product of two lower triangular n X n matrices is always a lower triangular matrix.

Solution: Let A, B € R"*" be lower triangular. Let a;. be the rows of A, 7 =1,...,n, and let b,
be the columns of B, j = 1,...,n. Since A and B are lower triangular, we have a;; = 0 for k > i
and by; = 0 for k < j, for all 4,5 € {1,2,...,n}. Let i < j. By the previous problem,

Jj—1
(AB)U = ai.b = Z alkbkj + Z azkb;w .
k=1 k=j
Since k < j in the first summand above, by; = 0 for £ = 1,...,j — 1 so that the first summand
is zero. Also, since k > j > 7 in the second summand above, a;, = 0 for £ = j,...,n so that the
second summand is zero as well. Consequently, (AB);; =0 for all 4,5 € {1,2,...,n} with i < j, or

equivalently, AB is lower triangular.
Show that the inverse of a non-singular lower triangular matrix is always lower triangular.

Solution: Let A = (a;;) € R™" be a nonsingular lower triangular matrix so that 0 # det A =
(11092 * - Apy. Consequently, the diagonal of A has no zeros. Let B be the inverse of A. If B is
not lower triangular, then there is a smallest ig € {1,...,n — 1} for which there is a jy > iy with
by, # 0. By definition, b, = 0 for s < ¢g. Then, as above,

10—1

i0jo — alo E aJOSbSlo + CLlolo 10J0 + E : alos sjo*

s=ig+1

0= (AB)

Since by, = 0 for s < 4y, the first Summand is zero. The second summand is also zero since a;,s = 0
for s > 1ig. But a;y;, # 0 and b;,j, 7# 0 so that a;,b;,;, 7 0. This contradiction implies that no such
biyjo 7 0 can exist, that is, B is lower triangular.

A Housholder transformation on R™ is any n X n matrix of the form

o7
P—]—Q—
vTv

for some non-zero vector v € R™. The Householder transformation is the reflection across the

hyperplane vz = 0.

(a) Given any two vectors u and w in R" such that ||u|| = ||w|| and u # w, if P is the Householder
transformation based on the vector v := u — w, show that Pu = w.

Solution: Since u # w and ||u|| = |Jwl|, we have 0 # vTv = ||Ju||* — 2wTu + ||w||* = 2(]|u|* —
wTu). Hence (I — QZﬁy)u =u—2u-— w)% = w.
(b) If
3 —6
1 0
u=| g and w = e
1 0

explicitly construct the Householder transformation for which Pu = w.

12 1/6 5/6 1/6
1/6 —53/54 5/54  53/54
5/6 5/54 —29/54 /54
1/6 1/54  5/54 —53/54

Solution: P = —



(c) Show that every Householder transformation P satisfies PT = P and P? = I.

Multi-variable Calculus Review Problems

(1) Find the local and global minimizers and maximizers of the following functions.
(a) flx) =22+ 20

Solution: f'(z) =2(z+1), f'(x) =2. Global max at x = —1.
(b) f(z) =™

Solution: f(z) > 0 Vz and f'(z) = 2ze=*"(1 — 22). Global min at 2 = 0 and global max at
r = =£1.

(c) f(x) =2+ cosx
Solution: f'(z) =2z —sinx, f'(z) =2 —cosz > 0 Vz. Global min at z = 0.
(d) fz) =2 -2
Solution: f(z) = z(x — 1)(z1), f'(z) = 32> — 1, f'(x) = 6. Local max at x = ——, local
1

min at x = ek

(2) and (3) Compute the gradient and Hessian of the following functions. In the solutions below, for z € R",
diag (z) is the n x n diagonal matrix with diagonal entries given by the vector x in the order given.
(a) f(x)=a} +a3 —3x; — 1529 +25: f:R* >R

2 _
Solution:V f(x) = <33§1 135> , V2f(x) = 6diag (x1, 2)
, —

(b) f(x) =22 + 23 —sin(z122) [ R*—=R

211 — x9 cos(x1xg)
2wy — x71 cos(x1xg)

Solution:V f(x) = <

) , Vf(z) = (2 + a3 sin(z1ms) 129 sin(T179) — cos(T1 T

(€) fl@)=lal*=2 27 f:R"=R
Solution:V f(z) = 2z, V2f(z) = 21

(d) f(a) = el
Solution:V f(z) = 2zel*l*, V2 f(z) = 2¢I#I° (1 4 2227

(e) f(x) =x1m0m3 -~ 2, : f:R*"—=R
T2T3 Tn 0 3T Tm  TAT4Tp ccc BT Tp—1
) TIT3 - Tn T3Ty - T 0 TITZ - Tp o TIT3 - Tp—d
Solution: vf(z) = . , V23f(x) =
T1T2 Tp—1 Lo Tp—1  TITZ Tp—1 0
(f) f(z) = —log(z1zoxs - - - xy,) for z; > 0, j =1,...n, and undefined otherwise: f:R" = R.

Compute Vf(z) for z; >0, j=1,...n.
Solution:V f(x) = (=1/z1, —1/xy, ---, —1/x,)T, V?f(z) = diag (1/23, 1/23,---, 1/22)



(4) Let b € R™ and consider the matrix A € R™*" given by

a1 a2 a1z ... ... a1n
a91 a92 a923 ... ... Aop,
A=
Am1 Am2 Am3 .. ... Amn
and define the column vectors
;1 a1
;2 a2
a;.:= || i=1,2,...,m and a,;:=| B | j=1,2,...,n.
Qip, Amyj

(a) Define F; : R® — R by Fy(z) :=alx, i =1,2,...,m. What are VF;(z) and V*F,(z)?
Solution: VF(z) = a;., V?Fj(z) =0

(b) Define h; : R" — R by hi(z) := (alx — b;)*/2, i =1,2,...,m. What are Vh;(z) and V?h;(x)?
Solution: Vh;(z) = (alz — b))a;. = aj.alx — a.b;, V?hi(z) = a.al

(c) Define F : R® — R™ by F(z) := [Fi(x),..., F,(z)]T. What is the Jacobian matrix for F'?
Solution: VF(z) = A

(d) Define h: R™ — R by h(z) = 37", hi(x). Show that h(z) = 3| F(z)|3 = 3| Az — b||3.
Solution: h(z) =", hi(z) =2 37" (alz — b;)? = L[| Az — .

(e) Show that ATA =" a;al.

a

a
Solution: ATA = [al. as. - am.] =" aal
T

iven h as defined in above, what are ) an x)
f) G h as defined d) ab h Vh d V2h(z)?

e Ll

Qa

Solution: Vh(z) = >, Vhi(z) =Y 1" apalx —anby = (31 anal)x — ATb = AT Az — ATh =

AT(Az —b) and V2h(x) = ATA .



