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1. Human comment

The proof has been generated by ChatGPT. It has been reviewed for correctness and modified by
Claude. The human author did not check the correctness of the proof.

2. Introduction and statement

Let (Bk)k∈Z be independent standard Brownian motions, and let Tk be an almost surely finite
stopping time for the natural filtration of Bk. The stopped pieces (Bk

t )0≤t≤Tk
, k ∈ Z, are then inde-

pendent. Suppose that the lengths have divergent sums in both directions,
∑

k≥0 Tk =
∑

k<0 Tk = ∞
almost surely. Set S0 = 0 and Sk+1−Sk = Tk, and define the continuous concatenation X = (Xt)t∈R
by

X0 = 0, XSk+t −XSk
= Bk

t , 0 ≤ t ≤ Tk.

Write

(θsw)(t) = w(s+ t)− w(s), s, t ∈ R,
for a continuous path w, so that θsθs′ = θs+s′ , and let ν denote the law of a standard two-sided
Brownian motion rooted at zero, a probability measure on C(R) with its Borel σ-field. We say that
X has a Brownian origin if there is an almost surely finite random variable S, possibly defined on
an extension of the underlying probability space, such that θSX has law ν.

Burdzy’s Problem 8 asks whether a deterministic uniform bound on the lengths Tk guarantees
a Brownian origin [1]. When the stopped pieces are identically distributed and have finite mean
length, the answer is positive by [2, Theorem 5.1]. This note gives a negative answer without the
identical-distribution assumption. Only two stopping rules are used, in a deterministic nonperiodic
order, and every length belongs to [1, 2]; in particular the divergence of the length sums is automatic.

For a continuous path w, define, whenever the indicated window lies in its domain,

(1) Φs(w) =
√
30

∫ 1

0
(2u− 1)w(s+ u) du.

Since the weight integrates to zero, this functional is unchanged when a constant is added to w; it
depends only on the increments of w in [s, s+ 1]. Consequently

(2) Φs(θcw) = Φc+s(w) for all c, s ∈ R.

For a one-sided Brownian motion B, put

(3) T (B) = inf{t ∈ [1, 2] : Φt−1(B) = 0} ∧ 2,

with inf ∅ = ∞. The quantity Φt−1(B) depends only on B restricted to [t− 1, t], and s 7→ Φs(w) is
continuous (indeed continuously differentiable, see the proof of Lemma 2). Hence for t ∈ [1, 2] the
event {T ≤ t} = {∃ s ∈ [1, t] : Φs−1(B) = 0} is determined by (Bu)u≤t, so T is a stopping time for
the natural filtration of B, and 1 ≤ T ≤ 2.
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Theorem 1. Set

bn = 5n(n+ 1), an = −(bn + n), n ≥ 1.

For independent Brownian motions (Bk)k∈Z, choose

Tk =

{
T (Bk), k = an for some n ≥ 1,

1, otherwise,

where T is given by (3). Then each Tk is a stopping time for the natural filtration of Bk, 1 ≤ Tk ≤ 2
for every k, and the concatenation X has no Brownian origin.

We call the pieces with index an active. With a0 := 0 and b0 := 0,

(4) an−1 − an − 1 = bn − bn−1 = 10n, n ≥ 1,

so the indices an place 10n unit-length pieces between the nth active piece and the next active piece
toward the origin; for n = 1, the nearer endpoint is the origin itself. These increasing numbers of
unit pieces separate the Brownian windows relevant to different active pieces. The stopping rule
(3) produces monotone maps from possible starting times to stopping endpoints. The proof first
excludes infinite backward orbits for independent copies of these maps (Proposition 4), and then
transfers this exclusion to the concatenation (Section 5).

3. Zeros and monotone stopping maps

Under ν, let

Yt = Φt−1(W ), Z = {t ∈ R : Yt = 0}.

Lemma 2. (i) Y is a stationary, continuously differentiable, centered Gaussian process with
Yt ∼ N(0, 1) for every t. In particular P(t ∈ Z) = 0 for every fixed t ∈ R.

(ii) Almost surely, all zeros of Y are simple. Hence Z is a stationary locally finite point process,
and its intensity ρ satisfies ρ ≤

√
10/π.

(iii) 0 < q := P{Z ∩ (0, 1) = ∅} < 1.
(iv) For every a ∈ R, the deterministic path wa(t) = (a+ 1

2)t−
1
2 t

2 satisfies

(5) Φs(wa) =

√
30

6
(a− s) for all s ∈ R.

Moreover, for every compact interval J and every ϵ > 0,

(6) P
{
sup
s∈J

|Φs(W )− Φs(wa)| < ϵ
}
> 0.

Proof. (i) Let G(u) = u2 − u, so that G′(u) = 2u− 1 and G(0) = G(1) = 0. Integration by parts
gives

Φs(W ) = −
√
30

∫ 1

0
G(u) dWs+u =

∫ 1

0
h(u) dWs+u, h(u) =

√
30u(1− u).

Thus Y is a centered Gaussian process, stationary because the increments of W are stationary, with

VarYt =
∫ 1
0 h(u)

2 du = 30
∫ 1
0 u

2(1− u)2 du = 1. For every continuous w, differentiating (1) under
the integral sign after the substitution t = s+ u gives

d

ds
Φs(w) =

√
30

(
w(s+ 1) + w(s)− 2

∫ s+1

s
w(t) dt

)
,

which is continuous in s; so Y is continuously differentiable. Integrating by parts once more,
d
dsΦs(W ) = −

∫ 1
0 h

′(u) dWs+u, so that VarY ′
t =

∫ 1
0 h

′(u)2 du = 30
∫ 1
0 (1 − 2u)2 du = 10 and

Cov(Yt, Y
′
t ) = −

∫ 1
0 h(u)h

′(u) du = −1
2

[
h(u)2

]1
0
= 0. Being jointly Gaussian, Yt and Y ′

t are in-
dependent.
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(ii) We recall the short argument excluding multiple zeros. Fix a compact interval I and δ, η > 0,
and let ωδ = sup{|Y ′

s − Y ′
t | : s, t ∈ I, |s− t| ≤ δ}. Cover I by at most |I|/δ + 2 mesh points ti ∈ I

with spacing δ. If Yt = Y ′
t = 0 for some t ∈ I and ωδ ≤ η, then the mesh point ti nearest to t satisfies

|Yti | = |
∫ ti
t Y ′

s ds| ≤ ηδ. Since each Yti is standard normal, with density bounded by (2π)−1/2,

P{∃ t ∈ I : Yt = Y ′
t = 0} ≤ P{ωδ > η}+ Cη(|I|+ 2δ).

Since Y ′ is uniformly continuous on I, letting δ ↓ 0 and then η ↓ 0 excludes a simultaneous zero of
Y and Y ′ on I, almost surely. Hence all zeros are simple; being isolated, there are finitely many on
each compact interval. Thus Z is almost surely a locally finite set; it is a random closed set (for
instance, {Z ∩ I ≠ ∅} = {inft∈I∩Q |Yt| = 0} for every compact interval I with rational endpoints,
by continuity of Y ), and its law is translation invariant by stationarity of Y .

For the intensity, fix a compact interval I. Almost surely, Y is continuously differentiable on I,
has finitely many zeros in I, all simple, and Y ̸= 0 at the two endpoints of I (by (i)). For such a
path and all sufficiently small ϵ > 0, the set {t ∈ I : |Yt| < ϵ} is a finite union of disjoint intervals,
one around each zero, on each of which Y is a diffeomorphism onto (−ϵ, ϵ); the change of variables
y = Yt therefore gives

#(Z ∩ I) = lim
ϵ↓0

1

2ϵ

∫
I
1{|Yt| < ϵ}|Y ′

t | dt almost surely.

Fatou’s lemma, Fubini’s theorem, stationarity, and the independence of Y0 and Y ′
0 yield

E#(Z ∩ I) ≤ lim inf
ϵ↓0

1

2ϵ

∫
I
E
[
1{|Yt| < ϵ}|Y ′

t |
]
dt = |I| lim

ϵ↓0

P(|Y0| < ϵ)

2ϵ
E|Y ′

0 |

= |I| · 1√
2π

·
√
10

√
2

π
=

√
10

π
|I|.

Thus the stationary point process Z has a finite intensity ρ ≤
√
10/π. (Rice’s formula gives equality,

which is not needed.)
(iv) For a continuously differentiable path w, the integration by parts in (i) reads Φs(w) =∫ 1

0 h(u)w
′(s+ u) du. With w′

a(t) = a+ 1
2 − t,

Φs(wa) =
√
30

∫ 1

0
u(1− u)

(
a+ 1

2 − s− u
)
du =

√
30

(a+ 1
2 − s

6
− 1

12

)
=

√
30

6
(a− s).

For continuous paths w, w̃ and every s, (1) gives |Φs(w)− Φs(w̃)| ≤
√
30 supt∈[s,s+1] |w(t)− w̃(t)|,

and Φs is unchanged by adding a constant to its argument. Let J = [c, d] and ϵ > 0. The process
(Wt −Wc)t∈[c,d+1] has the law of a Brownian motion started at zero, which charges every uniform
neighborhood of every continuous path started at zero (the support theorem for Wiener measure).
Hence the event

sup
t∈[c,d+1]

∣∣(Wt −Wc)− (wa(t)− wa(c))
∣∣ < ϵ/

√
30

has positive probability, and on this event sups∈J |Φs(W )− Φs(wa)| < ϵ. This proves (6).

(iii) Apply (6) with J = [−1, 0]. For a = 1, (5) gives Φs(w1) ≥
√
30/6 on J , so with ϵ =

√
30/6

we obtain an event of positive probability on which Yt = Φt−1(W ) > 0 for all t ∈ [0, 1]; hence q > 0.
For a = −1

2 , (5) gives Φ−1(wa) =
√
30/12 and Φ0(wa) = −

√
30/12, so with ϵ =

√
30/12 we obtain

an event of positive probability on which Y0 > 0 > Y1; by continuity Y then has a zero in (0, 1),
and q < 1. □

For a locally finite set Z ⊆ R (possibly empty), define

(7) f(x) = min{inf(Z ∩ [x+ 1,∞)), x+ 2}, x ∈ R,
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with inf ∅ = ∞. Both functions in the minimum are nondecreasing in x. Thus f is nondecreasing
and

(8) x+ 1 ≤ f(x) ≤ x+ 2.

Since Z is locally finite, for every x there is δ > 0 with Z ∩ [x + 1 − δ, x + 1) = ∅, so x′ 7→
inf(Z ∩ [x′ + 1,∞)) is constant on (x− δ, x]; hence f is left-continuous. Its right limits are

f(x+) = min{inf(Z ∩ (x+ 1,∞)), x+ 2},
so f is continuous at x unless x+1 ∈ Z: the discontinuities of f lie in Z−1. When Z is the random
set of Lemma 2, the map f built from Z − c is x 7→ f(x+ c)− c, and Z − c has the law of Z; hence
the displacement field x 7→ f(x)− x is a stationary process. We write P{·} and E[·] for probabilities
and expectations under this law.

For the backward-orbit argument we need closed images. Define the correspondence

(9) F (x) = {f(x), f(x+)}, F (A) =
⋃
x∈A

F (x).

At a jump, this includes only the two limiting endpoint values. The graph {(x, y) : y ∈ F (x)} is
closed. Indeed, let (xi, yi) → (x, y) with yi ∈ F (xi). If xi < x for infinitely many i, then along these
indices f(xi) ≤ f(xi+) ≤ f(x) and f(xi) → f(x−) = f(x), so y = f(x); if xi > x for infinitely many
i, then along these f(x+) ≤ f(xi) ≤ f(xi+) and f(xi+) → f(x+), so y = f(x+); and if xi = x for
infinitely many i, then y ∈ F (x) because F (x) is finite. Moreover, F (A) is closed whenever A is
closed: if yi ∈ F (xi) with xi ∈ A and yi → y, then xi ∈ [yi − 2, yi − 1] by (8), so a subsequence of
(xi) converges to some x ∈ A, and the closed graph gives y ∈ F (x).

Put

(10) H = {y : Z ∩ (y − 1, y) = ∅}.
Its complement Hc =

⋃
z∈Z(z, z + 1) is open, so H is closed; and since Z is locally finite, every

boundary point of this union of open intervals is an endpoint of one of them, so ∂H ⊆ Z ∪ (Z + 1).
Furthermore

(11) F (R) ⊆ Z ∪H, y /∈ Z, y ∈ F (x) =⇒ x = y − 2.

Indeed, if inf(Z ∩ [x + 1,∞)) is finite it is attained, because Z is closed; so f(x) /∈ Z forces
f(x) = x+2 and Z ∩ [x+1, x+2] = ∅, whence f(x) ∈ H. Likewise f(x+) /∈ Z forces f(x+) = x+2
and Z ∩ (x+1, x+2] = ∅, whence f(x+) ∈ H. In words, a stopping endpoint outside Z must come
from the cutoff. From (10), stationarity, and ∂H ⊆ Z ∪ (Z + 1),

(12) P{y ∈ H} = q, E#(∂H ∩ I) ≤ 2ρ|I|
for every deterministic y and every bounded interval I.

Lemma 3. Let Z1,Z2, . . . be independent copies of the point process Z of Lemma 2, and let fn
be the map (7) built from Zn. For every deterministic x < y, the two trajectories obtained by
successively applying f1, f2, . . . to x and to y meet after finitely many steps, almost surely.

Proof. Let Fn = σ(Z1, . . . ,Zn), U0 = x, V0 = y, Un+1 = fn+1(Un), Vn+1 = fn+1(Vn), and
Dn = Vn − Un. By monotonicity, Dn ≥ 0, and by (8), |Dn+1 −Dn| ≤ 1. Since fn+1 is independent
of Fn while Un and Vn are Fn-measurable, the stationarity of the displacement field (applied with
the shift Un) gives, for every bounded measurable ψ : R2 → R,
(13) E

[
ψ
(
fn+1(Un)− Un, fn+1(Vn)− Vn

) ∣∣Fn

]
= Ψ(Dn), Ψ(d) := E

[
ψ
(
f(0), f(d)− d

)]
.

Taking ψ(α, β) = β − α shows E[Dn+1 −Dn | Fn] = E[f(d)− d]
∣∣
d=Dn

− E[f(0)] = 0, so (Dn) is a

nonnegative martingale. Taking ψ(α, β) = (β − α)2 shows

E
[
(Dn+1 −Dn)

2
∣∣Fn

]
= v(Dn), v(d) := E

[
(f(d)− f(0)− d)2

]
, d ≥ 0.
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Clearly v(0) = 0. The function v is continuous on [0,∞): by Lemma 2(i), a fixed deterministic point
is almost surely outside Z − 1, hence a continuity point of f ; so f(d′)− f(0)− d′ → f(d)− f(0)− d
almost surely as d′ → d, and the differences are bounded by 2, so bounded convergence applies.

We also have v(d) > 0 for every d > 0. Fix d > 0, choose a ∈ (0,min(d, 14)) and δ ∈ (0,min(a, d−
a)), and apply (6) with J = [0, d+ 1] and ϵ =

√
30 δ/6. By (5), on the resulting event of positive

probability, Φs(W ) > 0 for s ∈ [0, a − δ] and Φs(W ) < 0 for s ∈ [a + δ, d + 1]; that is, Y > 0 on
[1, 1 + a− δ] and Y < 0 on [1 + a+ δ, d+ 2], and by continuity Y has a zero in (1 + a− δ, 1 + a+ δ).
Hence the first mark in [1,∞) lies in (1 + a − δ, 1 + a + δ) ⊆ (1, 32) (recall a + δ < 2a < 1

2),

so f(0) < 3
2 , while [d + 1, d + 2] ⊆ [1 + a + δ, d + 2] contains no mark, so f(d) = d + 2. Thus

f(d)− f(0)− d = 2− f(0) > 1
2 on an event of positive probability, and v(d) > 0.

The nonnegative martingale Dn converges almost surely to a finite limit D∞. For an integer
M > D0, let τM = inf{n : Dn ≥M}. The stopped martingale Dn∧τM is bounded by M + 1, and by
the orthogonality of martingale increments

E
[
D2

n∧τM
]
= D2

0 + E
∑

j<n∧τM

v(Dj) ≤ (M + 1)2,

so E
∑

n<τM
v(Dn) ≤ (M + 1)2 by monotone convergence. Almost surely the convergent sequence

(Dn) is bounded, hence τM = ∞ for some integer M , and therefore
∑

n v(Dn) < ∞. If D∞ > 0,
then Dn eventually lies in the compact interval [D∞/2, 2D∞] ⊆ (0,∞), on which the continuous
function v is bounded below by a positive constant, contradicting the summability. Hence Dn → 0.

Finally, there is p > 0 such that

(14) inf
0<d≤1/2

P{f(0) = f(d)} ≥ p.

Choose a ∈ (12 ,
3
4), δ ∈ (0,min(a − 1

2 ,
3
4 − a)), and apply (6) with J = [0, 1] and ϵ =

√
30 δ/6. As

above, on the resulting event Y > 0 on [1, 1 + a− δ] ⊇ [1, 32 ], Y < 0 on [1 + a+ δ, 2], and Y has a

zero in (1 + a− δ, 1 + a+ δ) ⊆ (32 ,
7
4). Let p > 0 be the probability of this event. On it, there is no

mark in [1, 32 ] and the first mark z in [1,∞) lies in (32 ,
7
4). For d ∈ (0, 12 ] we have d+ 1 ≤ 3

2 , so z is
also the first mark in [d+ 1,∞), and z < 2 ≤ d+ 2; hence f(0) = z = f(d). This proves (14).

Now fix an integer N ≥ 0. On the FN+j-measurable event {DN+j ∈ (0, 12 ]}, (13) and (14) give
P{DN+j+1 = 0 | FN+j} ≥ p. Consequently

P
{
DN+j ∈ (0, 12 ] for j = 0, 1, . . . , k

}
≤ (1− p)k −→ 0 (k → ∞).

Taking the union over N , almost surely there is no N such that Dn ∈ (0, 12 ] for all n ≥ N . Since

Dn → 0, some N has Dn ≤ 1
2 for all n ≥ N , and therefore Dn = 0 for some n. Once Dn = 0 the

trajectories coincide forever. □

4. Absence of infinite backward orbits

Proposition 4. Let Z1,Z2, . . . be independent copies of the point process Z of Lemma 2, and let fn
and Fn be the map (7) and the correspondence (9) built from Zn. Almost surely there is no sequence
of real numbers (xn)n≥0 such that

(15) xn−1 ∈ Fn(xn) (n ≥ 1).

Proof. Step 1: nested closed sets. For m ≥ k ≥ 1, define

Ek,m = Fk ◦ · · · ◦ Fm(R), E(k) =
⋂
m≥k

Ek,m.

Each Ek,m is closed, as an iterated image of the closed set R, and Ek,m+1 ⊆ Ek,m. For a compact
interval I, a point y ∈ I can only arise as y ∈ Fk◦· · ·◦Fm(x) with x ∈ [inf I−2(m−k+1), sup I−(m−
k+1)], by (8), and along such a chain each map is evaluated at points of [inf I− 2(m−k+1), sup I],
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where fj depends only on Zj ∩ [inf I − 2(m− k + 1) + 1, sup I + 2]. Thus Ek,m ∩ I is determined by
the restrictions of Zk, . . . ,Zm to a bounded window; in particular each Ek,m is a random closed set,
with measurable hit events {Ek,m ∩ I ̸= ∅}. Since the sets Ek,m ∩ I are compact and decreasing in

m, {E(k) ∩ I ̸= ∅} =
⋂

m≥k{Ek,m ∩ I ̸= ∅}, so E(k) is a random closed set as well.
Step 2: the recursion. Compactness of the successive preimage sets gives

(16) E(k) = Fk(E
(k+1)).

The inclusion ⊇ is clear from E(k+1) ⊆ Ek+1,m for all m. For ⊆, let Km = Ek+1,m, m ≥ k + 1,

a decreasing sequence of closed sets, and let y ∈ E(k) =
⋂

m>k Fk(Km). Choose xm ∈ Km with
y ∈ Fk(xm); then xm ∈ [y − 2, y − 1] by (8). A convergent subsequence has a limit x which lies in

every Km (closed and decreasing), that is, x ∈ E(k+1), and the closed graph of Fk gives y ∈ Fk(x).
This proves (16). Iterating (16) along k = 1, 2, . . . and choosing preimages successively shows that

every x0 ∈ E(1) is the root of a sequence satisfying (15); conversely, a sequence satisfying (15) has

x0 ∈ E1,m for every m. Thus E(1) is exactly the set of possible roots x0 in (15).

Step 3: E is locally finite. Write E = E(1), and let Hk be the set (10) built from Zk. Consider a
sequence (xn) satisfying (15) with root y = x0. Say that the orbit has a marked endpoint in layer
j if xj−1 ∈ Zj . If there is no marked endpoint in layers 1, . . . , k − 1, then (11) gives successively
xj = xj−1 − 2 and xj−1 ∈ Hj for j < k, so xj = y− 2j for j ≤ k− 1 and y ∈ Hj +2(j− 1) for j < k.
Thus either there is a first marked endpoint, or

y ∈ Q∞ :=
⋂
k≥1

(
Hk + 2(k − 1)

)
.

We first show that Q∞ = ∅ almost surely. For a compact interval I = [a, b] and m ≥ 1, put
Qm =

⋂m
k=1(Hk + 2(k − 1)), a closed set. Suppose Qm ∩ I ̸= ∅ and let y = min(Qm ∩ I). If y > a,

then y is the limit of points yi ↑ y with yi /∈ Qm; each yi fails to belong to some Hki + 2(ki − 1),
some index k occurs infinitely often, and therefore y ∈ ∂(Hk + 2(k − 1)) while y ∈ Hj + 2(j − 1) for
all j ̸= k. Hence

P{Qm ∩ I ̸= ∅} ≤ P{a ∈ Qm}+
m∑
k=1

E
∑

y∈∂(Hk+2(k−1))∩I

∏
j ̸=k, j≤m

1{y ∈ Hj + 2(j − 1)}.

By independence of the layers and (12), P{a ∈ Qm} = qm, and conditioning on Zk in the kth term,
each point y of ∂(Hk + 2(k − 1)) ∩ I belongs to the other m− 1 sets with conditional probability
qm−1; so

(17) P{Qm ∩ I ̸= ∅} ≤ qm + 2ρm|I|qm−1 −→ 0 (m→ ∞),

because q < 1. Since Q∞ ⊆ Qm, the set Q∞ misses I almost surely, and a countable union over
intervals with rational endpoints shows Q∞ = ∅ almost surely.

Consequently, almost surely every root y ∈ E has a first marked endpoint, in some layer k, and
then y − 2(k − 1) ∈ Zk while y ∈ Hj + 2(j − 1) for j < k. Hence, almost surely,

E ⊆ C :=
⋃
k≥1

(Zk + 2(k − 1)) ∩
⋂
j<k

(Hj + 2(j − 1))

 .
The first-moment (Campbell) formula for the stationary point process Zk + 2(k − 1), followed by
conditioning on Zk and independence of the layers, yields for every bounded interval I

(18) E#(C ∩ I) ≤
∑
k≥1

ρ|I| qk−1 =
ρ|I|
1− q

<∞.

Hence C, and therefore E, is almost surely locally finite.
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Step 4: E is a stationary point process. The joint law of (Zk)k≥1 is invariant under a simultaneous
translation of all the mark sets, and such a translation by c translates every Ek,m, hence E, by c.
Therefore the random closed set E (Step 1) has a translation-invariant law, and by Step 3 it is
almost surely locally finite with λ := E#(E ∩ [0, 1]) ≤ ρ/(1− q) <∞. Thus E is a stationary point
process of finite intensity λ, and E#(E ∩ I) = λ|I| for every bounded interval I.

Step 5: E is the injective image of an independent copy. The tail set E′ = E(2) is built from
Z2,Z3, . . . exactly as E is built from Z1,Z2, . . .; hence it has the law of E and is independent of Z1.
Conditionally on E′, its countably many points are fixed, and by Lemma 2(i) each of them belongs
to Z1 − 1 with probability zero. Thus F1 is single-valued on E′ almost surely, and (16) with k = 1
reads

(19) E = f1(E
′) almost surely.

Now let Ξ have the law of E and be independent of a map f built from a copy of Z. Then (f,Ξ) has
the law of (f1, E

′), so f(Ξ) has the law of E by (19). For a bounded interval I, the image counted
with multiplicities has expected mass

E
∑
x∈Ξ

1{f(x) ∈ I} = λ

∫
R
P{f(x) ∈ I} dx

= λ

∫
R
P{x+ f(0) ∈ I} dx = λE

∫
R
1{x+ f(0) ∈ I} dx = λ|I|.

Here the first equality is Campbell’s formula, valid because f is independent of Ξ, and the second
uses stationarity of the displacement field. The image counted without multiplicities, #(f(Ξ) ∩ I),
has expected mass λ|I| as well, because f(Ξ) has the law of E. Both quantities are finite with
the same expectation, and their difference

∑
x∈Ξ 1{f(x) ∈ I} −#(f(Ξ) ∩ I) is nonnegative; so it

vanishes almost surely. Taking a countable cover of R by bounded intervals shows that f is injective
on Ξ almost surely.

Step 6: conclusion. Start from Ξ as in Step 5 and iterate independent maps f1, f2, . . ., also
independent of Ξ, setting Ξ0 = Ξ and Ξn = fn(Ξn−1). By induction using (19), each Ξn−1 has
the law of E and is independent of fn; so by Step 5, fn is injective on Ξn−1 almost surely, for
every n ≥ 1. On the event that Ξ contains at least two points, choose two of them measurably (for
instance, the two points nearest to the origin, the left one first in case of a tie), and call them x < y.
Conditionally on Ξ, these are deterministic and the maps f1, f2, . . . are independent copies of (7), so
Lemma 3 shows that the trajectories of x and y merge at some finite step n, almost surely; at that
step fn is not injective on Ξn−1. This has probability zero, so P{#Ξ ≥ 2} = 0: the stationary point
process Ξ contains at most one point on the whole line. Then λ|I| = E#(Ξ ∩ I) ≤ 1 for arbitrarily
long intervals I, so λ = 0, and consequently E = ∅ almost surely. □

5. Proof of Theorem 1

Each Tk in the theorem is a stopping time for the natural filtration of Bk (Section 1), and
1 ≤ Tk ≤ 2. It remains to show that X has no Brownian origin. We first make precise the constraint
that a root of the decomposition imposes on a path.

Definition 5. Let w ∈ C(R). For A ∈ R put

TA(w) = T (θAw) = inf{t ∈ [1, 2] : ΦA+t−1(w) = 0} ∧ 2,

where the second equality is (2). A real number r is a root of w if there are real numbers
A1 > A2 > · · · such that, with A0 := r,

(20) An−1 = An + TAn(w) + 10n (n ≥ 1).

Let R ⊆ C(R) denote the set of paths that have a root.
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In words, r is a root of w if w admits a decomposition into consecutive pieces with the lengths
prescribed by Theorem 1, rooted at r: the nth active piece, counting into the past, occupies
[An, An + TAn(w)], its length being the stopping rule (3) evaluated on that piece of w, and it is
followed by 10n unit pieces (recall (4)). Only the active pieces constrain the path; the unit pieces
impose nothing, and the pieces with nonnegative index impose nothing either. Note that a root
need not determine the times An.

To remove the deterministic lengths, write

(21) x0 = r, xn = An + bn (n ≥ 1),

so that (20) and (4) become

(22) xn−1 = xn + Txn−bn(w) (n ≥ 1),

and, since TA(w) ∈ [1, 2],

(23) xn = r −
n∑

j=1

TAj (w) ∈ [r − 2n, r − n] (n ≥ 1).

For n ≥ 1 and w ∈ C(R) let
Zw
n = {t ∈ R : Φt−bn−1(w) = 0}.

By definition of TA, for every x ∈ R,
(24) x+ Tx−bn(w) = min

{
inf

(
Zw
n ∩ [x+ 1, x+ 2]

)
, x+ 2

}
= min

{
inf

(
Zw
n ∩ [x+ 1,∞)

)
, x+ 2

}
,

because x− bn + t− 1 ∈ (Zw
n − bn − 1) if and only if x+ t ∈ Zw

n . In other words, whenever Zw
n is

locally finite, the right-hand side of (22) is the map (7) built from Zw
n , evaluated at xn.

Lemma 6. For every s ∈ R and every outcome, −s is a root of θsX.

Proof. Put An = San − s for n ≥ 1 and A0 = −s = S0 − s. By (4), between the active pieces an
and an−1 there are exactly 10n unit pieces, so An−1 −An = San−1 − San = Tan + 10n. It remains to
check Tan = TAn(θsX). Since θAnθsX = θSan

X, and this path coincides with B := Ban on [0, Tan ]
by construction, it suffices to show that T (u) = T (B) for every continuous u that coincides with B
on [0, τ ], τ := T (B). For t ∈ [1, τ ], the window [t− 1, t] lies in [0, τ ], so Φt−1(u) = Φt−1(B). If τ < 2,
then Φτ−1(B) = 0 and Φt−1(B) ̸= 0 for t ∈ [1, τ); the same holds for u, so T (u) = τ . If τ = 2, then
Φt−1(B) ̸= 0 for t ∈ [1, 2), hence also Φt−1(u) ̸= 0 for t ∈ [1, 2), so T (u) = 2. (This is the statement
that T is a stopping time: its value is determined by the path up to time T .) □

Proposition 7. There is a Borel set N ⊆ C(R) with ν(N ) = 0 and R ⊆ N . That is, a path of law
ν almost surely has no root.

Proof. Let W have law ν. Fix an integer M ≥ 1 and let RM be the set of paths with a root in
[−M,M ]. By (23), a root r ∈ [−M,M ] has xn ∈ [−M−2n,M−n] for all n ≥ 1. By (24), to evaluate
x+ Tx−bn(W ) for every x ∈ [−M − 2n,M − n] it suffices to know ZW

n ∩ [−M − 2n+ 1,M − n+ 2],
that is, the values Φt−bn−1(W ) for t ∈ [−M − 2n+ 1,M − n+ 2], and these depend only on the
increments of W on

(25) Ln(M) = [−bn − 2n−M, −bn − n+M + 2].

The interval Ln+1(M) lies to the left of Ln(M), and the gap between its right endpoint and the left
endpoint of Ln(M) is

(−bn − 2n−M)− (−bn+1 − n− 1 +M + 2) = bn+1 − bn − n− 1− 2M = 9n+ 9− 2M.

Choose N = N(M) such that 9n+ 9− 2M > 0 for all n > N . Then the intervals Ln(M), n > N ,
are pairwise disjoint, so the increment processes of W on these intervals are independent.

Let (W (n))n>N be independent two-sided Brownian motions defined on a probability space (Ω′,P′),
and work on the product space C(R)×Ω′ with the measure ν ⊗ P′, where W is the first coordinate;
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thusW and (W (n))n>N are independent. For n > N define the path Ŵ (n) by Ŵ
(n)
t =Wt−bn−Wℓn−bn

for t ∈ Ln(M) + bn = [−2n−M, −n+M + 2], where ℓn = minLn(M) + bn, and by attaching the

increments of W (n) continuously outside this interval: Ŵ
(n)
t = Ŵ

(n)
ℓn

+W
(n)
t −W

(n)
ℓn

for t < ℓn, and

similarly to the right of maxLn(M)+ bn. The increments of Ŵ (n) on Ln(M)+ bn are those of W on

Ln(M), and outside they are those of W (n); hence (Ŵ (n))n>N are independent two-sided Brownian

motions up to additive constants, which do not affect (1). Let Ẑn = {t : Φt−1(Ŵ
(n)) = 0}, and let

f̂n and F̂n be the map (7) and the correspondence (9) built from Ẑn. By Lemma 2, (Ẑn)n>N are
independent copies of Z, so Proposition 4, applied after reindexing, shows that the event

G̃M =
{
every Ẑn (n > N) is locally finite, and there is (xn)n≥N

with xn−1 ∈ F̂n(xn) for all n > N
}

is measurable with ν ⊗ P′(G̃M ) = 0. Let Ω1 be the event that every Ẑn, n > N , is locally finite;
ν ⊗ P′(Ω1) = 1 by Lemma 2(ii).

Since Φ is unchanged by additive constants, Φt−1(Ŵ
(n)) = Φt−bn−1(W ) whenever [t − 1, t] ⊆

Ln(M) + bn, i.e. for t ∈ [−M − 2n+ 1,M − n+ 2]. Hence Ẑn ∩ [x+ 1, x+ 2] = ZW
n ∩ [x+ 1, x+ 2]

for all x ∈ [−M − 2n,M − n], and (24) gives, for every outcome,

(26) x+ Tx−bn(W ) = f̂n(x) for all x ∈ [−M − 2n,M − n], n > N.

Now suppose W ∈ RM , with root r ∈ [−M,M ] and times An as in Definition 5, and let xn be given

by (21). Then xn ∈ [−M − 2n,M − n] by (23), and (22) with (26) gives xn−1 = f̂n(xn) ∈ F̂n(xn)
for all n > N . Thus

(27) {W ∈ RM} ∩ Ω1 ⊆ G̃M .

By Fubini’s theorem, the functions ϕ(w) = P′{ω′ : (w,ω′) ∈ G̃M} and ϕ1(w) = P′{ω′ : (w,ω′) ∈ Ω1}
are Borel on C(R) with

∫
ϕdν = 0 and

∫
ϕ1 dν = 1. Hence NM := {ϕ > 0} ∪ {ϕ1 < 1} is a Borel

set with ν(NM ) = 0. If w ∈ RM , then (27) gives ϕ(w) ≥ ϕ1(w), so w ∈ NM . Therefore RM ⊆ NM ,
and N :=

⋃
M≥1NM is a ν-null Borel set containing R =

⋃
M RM . □

Proof of Theorem 1. Suppose that S is an almost surely finite random variable, possibly defined
on an extension of the probability space, such that θSX has law ν. The map (s, w) 7→ θsw is
continuous, so θSX is a random element of C(R). By Lemma 6, θSX ∈ R ⊆ N on the event
{S is finite}, with N the ν-null Borel set of Proposition 7. Hence P{θSX ∈ N} = 1, whereas
P{θSX ∈ N} = ν(N ) = 0. This contradiction shows that X has no Brownian origin. □

Remark 8. (a) The proof shows more than stated. For every almost surely finite random time
S, the law of θSX gives full mass to the Borel set N , which is ν-null; so the law of θSX and
ν are mutually singular.

(b) The specific sequence bn = 5n(n+ 1) enters only through bn+1 − bn − n→ ∞, which makes
the windows (25) eventually disjoint for every fixed M . Gaps growing at least linearly are
needed for this argument, because the set (23) of possible positions of the nth active piece
has length n.

(c) Only the inequality q < 1 of Lemma 2(iii) is used, in (17) and (18); the inequality q > 0
plays no role.
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