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Some geometrical properties such as convexity and star-shapedness of level sets
of positive solutions to elliptic or parabolic equations have been studied via various
authors (see an excellent lecture set of notes by B. Kawohl, [8] and the references
therein). One reason to choose star-shapedness and convexity, other than other
properties, as geometrical properties, is that they can be easily described and are
accessible to variational and maximum principles in analysis. Here we are interested
in some general questions regarding level sets of solutions to elliptic and parabolic
equations, such as the size (i.e., Hausdorfl measure of appropriate dimension ) and
the topology of these level sets and estimates on critical point sets, etc. The study
of such problems was motivated by the study of moving defects in evolution prob-
lems of harmonic maps and liquid crystals (see [10]). In [10], I have studied a
model for the evolution of nematic liquid crystals. The singular set of optical axes
(i.e., defects) of liquid crystal in motion can be described precisely by the nodal
set of solutions to certain parabolic equations.

Recently, there were several rather interesting articles studying the nodal sets
of eigenfunctions of Laplacians on a compact Riemannian manifold by Donnelly
and Feffermann [2], [ 3] or, generally, solutions of second-order elliptic equations
in Hardt and Simon [6].

The present work can also be viewed as a natural extension of [2], [3], and
[6]. Our main result can be stated as:

THEOREM 4.2. Suppose (M", g} is an analytic compact Riemannian manifold
connected without boundary. Let u be a nonzero solution of

g
—u=A0Apyu in MX(0, ).
ot
Then
(0.1) H' Y{xEM:u(x,t)=0} = C(n, g, M)N(1).

Here N(t) is defined by (4.7).
The estimate (0.1) is optimal. In fact, if # = e ¢(x) where ¢(x), for x E M
satisfies Ay + A@ = 0 on M, then (0.1) implies that

0.2) H 'Y{xEM: ¢(x)=0} < C(n, g, M)VX.
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This is the optimal upper bound for the nodal set of an eigenfunction ¢ of Ay on
M, which was first shown by Donnelly and Feffermann in [2].

The proof of Theorem 4.2 is different from that of [2]. It is done first by an
interesting reduction of heat equation to an elliptic equation (see also [9]) and
then by a quantitative version of Cauchy’s uniqueness theorem Lemma 4.3, and
finally by reducing it to show the following:

THEOREM 3.1°. Let g be an analytic metric on By, and let u be a nonzero
solution of Ayu =0 in B,. Then

(0.3) H' Y {xE B u(x)=0} =C(n, &N,

where N = [ |Veu|?/ fop, 1ul”.

The quantity Nin (0.3) (and also N(¢) in (0.1)) is called the frequency of « on
B, . Previously, N. Garofalo and the author have used this quantity to give a quan-
titative version of unique continuation theorems (see [5]). This is a simple re-
placement for the quantitative Carleman-type inequality as shown by Donnelly
and Fefferman in [2].

Inequality (0.3) is proven by an integral geometry estimate and the following
fact about analytic functions in the unit disc of the complex plane.

LEMMA 3.2. Let f(z) be a nonzero analytic function in B; = {z € C: |z| =
1}. Then

(0.4) Card{z € B))»:f(z) =0} £ N,

whereN= fB, ivflz/faBl |f|2

The paper is written as follows. In Section 1 we discuss the relationship between
the vanishing order of a solution of a second-order elliptic equation and values of
the corresponding frequency function. As a consequence we also show that the
vanishing order of Ay;¢ + A¢ = 0 in M cannot be larger than C(#n, g, M) \/X, when
(M", g)is C"! (see [2]). In Section 2 we shall estimate the Hausdorff dimension
of nodal sets and singular sets, i.e., the set of points where both # and |Vu/| vanish.
The method we use is from geometric measure theory and is quite general. In
Section 3 we prove Theorem 3.17, to show how the frequency controls the size of
nodal sets. Finally, in Section 4, we shall prove our main result, Theorem 4.2.
Many results we have described above may also be generalized to nonanalytic cases;
we refer to various remarks in our paper.

1. Vanishing Order and Frequency

Let u be a nonzero harmonic function defined in the unit ball B;(0) of R". For
a€ B(0)and 0 <r=1 - |a|, we define
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(L1.1) H(a, r)=f u? do, D(a,r)=f |Vu|? dx
dB,(a) B(a)
and
_rD(a,r)
(1.2) N(a, r)_—_H(a,r) .

Here B,(a) = {xER": |x — a] <r}. N(a, r)is called the frequency of u on the
ball B,(a). The following fact was first observed by F. J. Almgren.

THEOREM 1.1. N(a, r) is a monotone nondecreasing function of r € (0, 1 —
lal), for any a € B,(0).

Since, by integration by parts, (d/dr)H(a, r) = (n— 1)/rH(a, r) + 2D(a,
r), that is

d = _2N(a,r)
(1.3) ;l,—rlogH(a, r)———~—-r .

Here H(a, r) = H(a, r)/r"~'. We thus obtain

2RION(r)
" dar

H(a,2R) = H(a, R)exp( R

) < gMal-labf(q, R),
(1.4)

forall. 0 <R < {(1 - |al).
The latter inequality is due to the monotonicity of N(a, r).

A consequence of the doubling condition (1.4) is the following quantitative
version of the unique continuation theorem:.

PROPOSITION 1.2. The vanishing order of u at any point inside the ball
B, ,4(0) never exceeds C(n)N(0, 1).

Proof: By (1.3), (1.4) one has
(1.5) H(0, AR) = N2MODF(Q, R), forall 0 <R =4,
and 1 < A = 2. This implies, in particular, the vanishing order of u at the origin 0

is not larger than N(O, 1).
Next we integrate (1.5) with respect to R to obtain

(1.6) JCB u dx S NVOOf o udx, 0<RS<L, 1SA=2
\R(0)



290 F.-H. LIN
where fp u® dx = (1/p") pr u® dx. Hence, for a € B;,4(0), one has

(1.7) JC u?dx = C(n)42N(°'”JC u? dx.
Bya(a)

By o(a)

Then it is easy to see that

(1.8) f u?do = C(n)42N(°")JC u? do
3Bsg(a) 3By x(a)

and, by (1.3) and the monotonicity of N(a, r), that
(1.9) N(a,r)= N(a, 3) =CN(0, 1)+ C(n) for O0<r<i.

Thus the vanishing order of u at a € B;,4(0) is not greater than CN(O0,
1) + C(n).

Finally one notices that if N(0, 1) = e(n) < 1, and if faB, u? do = 1 (which
may always be assumed by a suitable normalization), then u#(a) # O forall ¢ €
B,,4(0). This is because

[Vu ”Lw(B|/2) = C(n)eU.?,
(1.10)
u(0)yz1- e(l,/,f

are valid under these hypotheses.
This completes the proof of the proposition.

Theorem 1.1 and Proposition 1.2 are in fact valid for solutions of more general
second-order elliptic equations. To be more precise, let us consider

(1.11) Lu= é (@ (x)uy)x, + % b (xX)uy, + c(x)u =10

Lj=1 i=1

in B,(0) C R” with u # 0, and coefficients verify the following assumptions:

(1) a’(x)&:¢ = Mg, VEER", xEB(0) and A>0;

(ii) 2 a7 ()] + Z [b(x)| + |e(x)| =K,  x € B,(0);
i J

(iii) > la(x)—a W = Klx—yl, x,y€EB(0);

LJ

for some positive constants K, K.
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THEOREM 1.3. (see [5]). There are positive constants ry = ro(n, A\, K|), A =
A(n, N\, Ky, K3) such that the function N(r)exp(Ar) is monotone nondecreasing on
(0, rp).

Here, for a € B, 2(0), H(r) = [,5 uu? de,

rD(r)
H(r) "

D(r)=f ulVMu|2=f a(X)ugu, dx and N(r) =
B,(a) B(a) B

Moreover, C,(n, A, K)) = u(x) = Cy(n, A, K)) for x € B(0). (See [5] for the
details.) We also note that if C(x) = 0 and a = 0, then r, may be taken to be 1.
From the proof of Proposition 1.2, one also easily deduces the following:

COROLLARY 1.4. Let u and L be as above. Suppose that H(2R) = 4 H(R)
for some R = 1ry/2 and N Z 1. Then the vanishing order of u at any point of By is
never exceeded by C(n, N\, K, K;)N.

To end the discussion in this section, we would like to remark that the vanishing
order of an eigenfunction can be estimated in terms of the eigenvalue. To see this,
we let (M", g) be a C*-connected Riemannian manifold and let # be an eigenfunction
of A, in M with eigenvalue A. That is A,z + Au = 0 in M. (In case IM # ¢ and is
of class C?, we will assume that # = 0 on dM). Consider the Riemannian manifold
M which is the cone over M with metric & such that d§* = dr? + r? dg*(x) for (7,
X)E (0, o) X M. Itis clear that g is a Lipschitz metric. Let A(r, x) = r*u(x) with
a=[VAN+ (n— 1)?—(n—1)]/2, then A.h = 0 in M. For the harmonic function
h on M we have the corresponding frequency function N(a, r). It is easy to check
that N(0, 2) < c(n) V.

By the arguments in the proof of Proposition 1.2, and by the C2-property of
the metric g in M, one then easily gets the vanishing order of u at any point of M
is less than C \/—X, where C is a positive constant which depends only on g (see
also [2]).

Finally if M is C%-submanifold, then one may apply the argument in the proof
of Theorem 2.3 below to obtain the same conclusion.

2. The Hausdorff Dimensions of Nodal and Singular Sets

The Hausdorff dimension of nodal sets of solutions of semilinear second-order
elliptic equations was studied earlier by Caffarelli and Friedman (see [1]). Arguments
of [1] were generalized to a more general class of second-order elliptic equations
by Hardt and Simon (see [6]).

Here we want to show:

THEOREM 2.1. Let u be a nonconstant solution of (1.11). Then the nodal set
{x € B, : u(x) = 0} is of Hausdorff dimension less than or equal to (n — 1), and
the singular set {x € B, : u(x) = |Vu(x)| = 0} is of Hausdorff’ dimension not
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exceeding (n — 2). If, in addition, c(x) = 0, then the set {x € B, : |Vu(x)| =0}
is also of Hausdorfl dimension not greater than (n — 2).

Remark. A nonconstant solution # of (1.11) may have | Vu(x)| vanishes on
an open subset of B, if c(x) # 0.

The proof of Theorem 2.1 is based on Federer’s dimension reduction argument
[13] and the bound on frequency functions. Since very little knowledge of u being
a solution of equations of the form {1.11) is used, the present proof also has an
interesting application in studying the line defects of liquid crystals (see [10] for
details). Since, by an argument of {9], a suitable version of the Carleman type
inequality will lead to bounds for frequency functions, the conclusions of Theorem
2.1 will remain valid also for the case that

a(x) € C=(By), Lj=1,--,n
(2.1) b/(x) € LP(B,), j=1-,n and p=1i3n-2)
c(x) € L"*(B)), (see [61and [12]).

To prove Theorem 2.1, we let .L be the set of all second-order elliptic linear
partial differential operators L of the form (1.11),
5 0| . d G d
= —_ J e+ J — .+ ,
L= 2 =5 [a (x) = ] El bi(x) 75+ e(x)

=1

with coefficients satisfying (i), (i), and (iii).

Let #, = { E C B, : E is the nodal set of some nonzero H'-solution of Lu = 0
for some L € L}. It is clear that for E € ¥y, E is a relatively closed subset of B;.
We say E; — FE for a sequence of {E;} C Foand E € F, if

for each ¢ > 0 there is a i(¢) such that
(*)
B, NEC{x€B,:dist{E,x} <e} Vizi(e).

Now we want to verify the following two basic properties of F.

{(P,) (Closure under appropriate scaling and translation). If |y] =1 - ), 0<
A< 1,and if E € %o, then E,, € Fo. Here E,, = A7 (E — p).

This is because of the fact that if Lu = 0 in B, for some L &€ L, and « is not
identically zero in B, then u;,,(x) = u(y + Ax), x € B, is not a zero H-function,
for |y] =1—-X,0<AX<1,by[4]. Moreover, u,, is a solution of L, ,u,, = 0 in
B,, where L, (defined in the obvious way) € .L. It is then easy to see E,) =
{x € B, :u\(x)=0}, thus E,, € F,.
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(P,) (Existence of homogeneous degree zero “tangent set”). If |y| < 1, if
{A\} ¥ 0, and if E € F, then there is a subsequence { \-} and F € ¥, such that
E,, — Fand Fy, = Fforeach0 < A < 1.

It is in our proof of this property that we need the bound on the frequency
function (see Theorem 1.3). To show (P,), we let u € H'( B, ) be a nonzero solution
of Lu = 0 in B, for some L, and such that £ = {x € B, : u(x) = 0}. For |y| <
l,and A =1— |y| >0, we let ©,,(x) = u(y + Ax) for x € B,. Hence L,u,, =
0 in B, for a suitable L,, € .L which is obtained from L by a translation and a
dilation in coefficients, and u,,, # 0.

Without loss of generality, we may assume A, < X, (since A, ¥ 0) and u,\(0) =
0. For otherwise, it is clear by the continuity of u,,, at O that E,,, = & (the empty
set) for all sufficiently small A,. Then we simply take F to be the empty set and
(P,) is obviously valid.

Since u,,, is not zero, we have, from Theorem 1.3, that

(2.2) N0, r) = e*N(0, ry) < o0, VO <r=ryp.

Here N is the corresponding frequency function for u,,.

It should be pointed out that the right-hand side of (2.2) is certainly dependent
onuand y € By, | y| < 1. But the bound is uniform in r € (0, ry) whenever # and
y are fixed.

Now for each A, such that Ay = rh, we define ve(x) = w5 (X)/ o5 11t |2
Let Ly = L,,,, then L,v, = 0in B,. It is easy to check that L, = L, = 27 ,_, (9/
IxH[a'(y)(8/dx’) -] as k = oo (in the sense that the corresponding coefficients
converge uniformly in B;). Since (2.2), we have

(2.3) mﬁkf Vo (x)|2 dx = c(n, N\, K, K3)N(0, 0) < o0
By
and, by a doubling condition similar to (1.4),
(2.4) f |[ve]?> Z e(n, N\, K,, K3) >0 Vi large.
0Bz

. H’ Cce .
By taking a subsequence k’s we may assume that v;- — Vand vj, = vin B,.
It is obvious then L,v = 0 in B,. Moreover

lim lvwzf 10122 e(n, A, Ky, K2) > O,
k'’ aBl/z 531/2

(2.5) limf [oe-|2=1, v(0)=0 and
& Jap,

f [Vo]2(x) = c(n, A\, K;)N(D, 0) < 0.
B
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Let F= {x € B, : v(x) = 0} € F. We want to check E,,,, = F and F,, = F for
each A € (0, 1). e

Since E, ; = {x € B, : v,(x) = 0} and since v,(x) = v(x) in B, with v # 0, it
is then clear that E,,; = F = {x € B, : v(x) = 0}. Next one observes, from (2.2)
and the monotonicity of e’ N(0, r), that the frequency function N.(0, 1) corre-
sponding to v, satisfies

N(O, 0) = lim e*N(0, 1) = eMAN(0, Aer)
(2.6) rho
= eWANL(D, r) < e2MAN(0, 2)

for all r € (0, 2). Hence the frequency function Ny(0, r) for v satisfies
(2.7) Ny(0, r) = N(0, 0) Vre (0, 2).

It is then clear that v(Ax) = AVOOp(x), 0 < X = 1 a homogeneous function of
degree N(0, 0). Hence Fy, = F for 0 < A = 1. This completes the proof of (P,).

By [13, Appendix A] we have the following:

LEMMA 2.2. Let ¥ be a collection of relatively closed proper subsets of B, =
{x ER": | x| < 1} which satisfies (P,) and (P,). Then

(+%) dim(B,NE)Ysn—-1 VEEZ.

(Here “dim” is Hausdorff dimension, so that (**) means H*~!*%(E) = 0 for all
§>0)

In fact either £ N B, (0) = J for every E € F or else there is an integer d €
[0, n — 1] such that

dm(ENB)=d VEETF

and such that there is some F € F which is a d-dimensional subspace of R” with
Fo=FforalyeF,0<XZ 1
If d = 0, then E N B, is finite for each £ € F and each p < 1.

Remark. If we define F,={ECB,:E={x€ B, :u(x)= |Vu(x)| =0}
where u is a nonzero solution of Lu = 0 in B, for some L € L}, then it follows
from the above arguments that ¥, satisfies (P,) and (P,). In particular we may
apply Lemma 2.2 to %,.

Proof of Theorem 2.1: If u is a nonzero solution of (1.11), then the nodal set
E = {x € B, : u(x) = 0} € ¥, which verifies the hypothesis of Lemma 2.2.
Therefore dim E < n— 1. Next welet S = {x € B, : u(x) = |Vu(x)| =0} € ¥,.
We apply Lemma 2.2 to &, to conclude that dim S = 4. We only need to check
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that d # n — 1. Since there is an F € F, which is a d-dimensional subspace of R”,
i.e., there is a nonzero w € H'(B,) and some L € L such that Ly = 0 in B, and
that F = {x € B, : u{x) = |Vu(x)] = 0}, we have, by the uniqueness of Cauchy’s
problem for equation (1.11), d # n — 1. We note also that if » = 2, then S consists
of isolated points.

Finally we let u be a nonconstant solution of (1.11) with ¢(x) = 0, and let
F={x€B,:|Vu(x)| =0}.Denote by F the collection of all such sets F. Since,
by [5]1, | Vu| is an A,-weight for some p > 1, one can verify easily that # satisfies
(P,) and (P,) as a doubling condition similar to (1.4) holds for |Vu|. Applying
Lemma 2.2, we conclude that there is an integer d € [0, n — 1] such that dim F =
d for all F € ¥ and that there is a d-dimensional subspace L € F. We apply again
the uniqueness of Cauchy’s problem for equation (1.11) to obtain d # n — 1.

We would like to conclude this section with the following:

THEOREM 2.3. Let u be a nonzero H'-solution of (1.11) in a C"! domain Q.
Let T CoQ be a CHY, (n — 1)-dimensional submanifold of 9Q such that u = 0 on
T'. Then the set {x € I': |Vu(x)| = 0} is of Hausdorff dimension not exceeding
n—2.

Remark. With a little more work, one can show that the above theorem
remains valid provided that 9, I' are C'* for some a > 0. It is, however, an
open problem when I' and 9% are only Lipschitz. In this case one does not even
know if the set {x € T': |Vu(x)| = 0} is of Hausdorff (» — 1)-dimensional
measure zero.

Proof of Theorem 2.3: By a suitable changing of independent variables, one
may reduce to the following situation: ¥ # 0 is a solution of

Lu:il(alj(x) ux])+b’(x)ux+c(x)u=0 in B+,
(2.8) o J

Ulx,-0=0 and u€ H'(B,) where B,={x€B :x,20},

and the coeflicients of L verify conditions (i), (ii), and (iii) in (1.11).
Following the arguments of [5], we let

H(r) = f e = | wid?,
aB,(0,r) {Ix|=r}NB,

2.9) D(r)=f uIVMu|2=f a’/(x)uyu,, and
B.(0,r) B.(0,r)

rD(r)

N(r)= _—H(r)

for O<r=ry<1.
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(See also Section 1 of the paper.) Then one also verifies that
(2.10) e*N(r) 1is an increasing function of r & (0, rp)

for some positive A = A(n, \, K, K, 3Q).
Now, as in the proof of Theorem 2.1, we consider the set

Fo={ECB,:E={xEB,:u(x)=0=|Vu(x)|}

for some nonzero H'-solution of (2.8) with L& L}.

One then verifies that (P,) and (P») are valid for F,. Hence, by Lemma 2 and
by the uniqueness of Cauchy’s problem for equations (2.8) with L & L, we have

dm(E)=d=n—-2 foreach E€&¥,.

The conclusion of Theorem 2.3 follows.

3. Controlling the Size of Nodal Sets by the Frequency

Let P(x) be a degree N polynomial, x € R”. Suppose dim{x € R" : P(x) =
0} = k. Then it is a classical fact that H*{x € B, : P(x) =0} £ C(n)N"~*. From
the discussions in Sections 1 and 2 above, it is natural to make the following con-
jectures:

Conjecture 1. H" '{xE B, u(x) =0} =c(n, N\, K, K;)N.

Conjecture 2. H" ?{x € By,;: u(x) = |Vu(x)| =0} = c(n, \, K, K;) N2
Here u is a nonzero solution of (1.11) such that

(3.1) N(a,rn)=N forall a€ B _,(0);
(ro = ro(n, A, K;) is given in Theorem 1.3).
It was shown by Hardt and Simon in [6] that
(3.2a) H" Y{XxE€ By, : u(x) =0} < cexp(cVNlog N).
Here u is a solution of (1.11), and satisfies (3.1), where ¢ is a positive constant
which depends only on #, A, K|, and K;. On the other hand, Donnelly and Fefferman

show that

(3.2b) H 'Y{xEM:u(x)=0}=c(n, g)Vx
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for eigenfunctions A u + Au = 0 on an analytic manifold (M", g). Here we will
show that Conjecture 1 is true for solutions of (1.11) provided that all the coefficients
are real analytic in B;. More precisely we have the following:

THEOREM 3.1.  Let u be a nonzero solution of (1.11). Suppose all the coefficients
of (1.11) are real analytic in By, and that (3.1) is valid. Then there is a positive
constant C which depends on X\, n, K|, K, and the analyticity of the coefficients such
that

(3.3) H" '{xEB,,: u(x)=0} = CN.

Remark (a). Let u be a solution of the uniformly elliptic equation
(3.4) a(xX)u; + b'(x)u; + e«(x)u=0 in B} R”

with all coefficients bounded measurable in B7. For (x, x,,,) € BI*' C R"*!,
we define V(x, x,4 ) = (2 ~ X,y )u(x). Then

@'V, +b',=0 in B}T' where

(3.5)

(a'l) 0), Bix)

’ bi(s) for 1=i=Zn
0 1 () =

(') = (

—(2—x,41)c(x) for i=n+1.

Next we let W (X, X, 11, Xp42) = (2 = Xpe 2)V (X, Xy 1) fOr (X, X415 X042) €
B7*2, and let M be a suitably large number; then

AW, =0 in B{*? where

(avy, =b/2(2 — x,42)
(3.6) A4 = h
—(—2—) (2 = Xns2)s M?

Obviously equation (3.6) is also uniformly elliptic. One also notices that W' (x,
Xps1s Xna2) = 0for (X, Xp41, Xn+2) € B¥*2if and only if u(x) = 0 for x € BY.

Remark (b). Let u be a solution of the uniformly elliptic equation
3.7 a’(x)u; =0 in B

with @’/ € C*(B%). Then

i} . d o .
—_ ij —_ | = i) - : n
ax"<” (x) pwr u) (axia (x))uxj 0 in BT
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Therefore

a (.. d _ .
(3.8) éy(a‘f(x,x,,+l)§ju)=0 in Bt!

where u(x, x,+,) = u(x), and

(a(x)), x,mb)

(@Y(x, Xp41)) = ( Xou b M

with b/ = —(3/0x")(a*/(x)) and M a suitable large number. It is clear that (3.8)
is uniformly elliptic. Because the doubling condition similar to ( 1.4) is equivalent
to the bound on frequency functions, and because of the above remarks, we conclude
that to prove Theorem 3.1 is equivalent to showing the following:

THEOREM 3.1, Let g be an analytic metric on B\, and let u be a nonzero
solution of Agu = 0 in By. Then

(3.9) H" " Y{x€By,:u(x)=0} <C(n, g)N

where N = an IVyu|2/faBl ul.

Theorem 3.1’ is proven by induction on # and an integral geometry estimate.
We start with the following:

LEMMA 3.2. Let f(z) be a nonzero analytic function in B, = {z€C: |z| =
1}. Then

(3.10) Card{z € B,,,: f(z) = 0} = N,
where N = [ |Vf1?/ [o5 IfI%

Proof. Letf(z)= 22¢a;z’/,for |z| < 1. We normalize fso that

@G0 S lal?= [ -t
j=0 aBy
Fix 4 > 0 which will be chosen later, and let z;, -+, z,, be zeros of fin

B;(0) = {z € C: |z| = 8}. Denote by p(z) = [I}2, (z ~ z) and g(z) = f(2)/
p(z) = Z20 bjz’/. Then

J

(3.12) ORCIEEN IPLENER
-0 9B,
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Since ao = (—1)" 1%, z;bo,

a =(—1)"‘(H zi+by— 2 [] zj-bo), etc.,
j=1

i=1j#i
we see that
lag|? = lbolzazm,

la]? = (1bo]® + |5:2)(8%" + m?82m=2), - - -,

[m2/] m
la[m/2]lzé( Z 'bjlz) (52m+m262m—2+...+( m)am)
2

)]

(3.13)

Therefore

[m/2]

> Iaj|2__<=m(1 _6)——2m (62m+m252mA2+ cee o+ (

j=0
44 m
= m((l - 5)2) '

On the other hand,

v lVfIZ/LBI 1= J v ey

= Zj|aj|2-

o3 3

(3.15)

Hence

(3.16) > lal*z i

JS3IN

Now if 6 = §, then (3.14) and (3.16) imply that m < max { ¢, c;N}. It is also clear
if N = ¢, then f(z) # 0 for z € B ,,(0). We thus have m = ¢,N.

Remark (c). Viathe discussions in Section 1, we can easily generalize Lemma
3.2 to show that if
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(3.17) Tt
Izl =172 1zl =1

then

(3.18) Card{z€ B;,,: f(z) =0} = ¢,N,

and

Card{z€ B,:f(z) =0} =2 C(p)N, for p€E(0,1).

Remark (d). By [12] we see that a solution # of A,u = 0 in B, is analytic in
B, if g is an analytic metric. Moreover, there is a py = po(#, g) > 0 such that u(x)
extends to an analytic function #(z) on

D={z€C":z=x+1iy, XEBsu, YE(—po,po)}
with |u(z) |20y = C(n, @) |u(x)llL2sy.

These remarks will be needed in the proof of Theorem 3.1".

Proof of Theorem 3.1:  We may assume that [,, 4> = 1. From the discussions
in Section 1, we obtain

(3.19) f Iulza’xé4'CNf lul? dx
B(a) Byla)
for a € B;,4(0) and 0 < p < {, and also that

(3.20a) f |u)2dxz 47N, for a €& B;,4(0).
Byj10(a)

In particular, there is a point x, € By, ,0(a) such that |u{x,)| = 27V,
J
e A e

Now we choose ay, - -, a, € B;,4(0), a; = (0,0---30---0), and let Xq €
B, /16(a;) be such that |u(xs,)| 2 27N j=1,--,n.

For each j and w € $"~' we consider fi(w, 1) = u(x,, + tw) for t € (—5/8,
5/8).1Itis obvious that f;(w, ¢) is an analytic function of t € (—5/8, 5/8). Moreover
Ji{w, t) extends to an analytic function fj(w, z) for z = t + iy, |t] < 5/8 and
| ¥l < po. (See Remark (b) above.) Since |fj(w, 0)] = 27V and

|fi(w, t +iy)| = C(n,g) by Remark (d).
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Applying Lemma 3.2 to f(w, -) we see, via Remark (c), that
Card{7: u(x; + tw)=0 and
(3.20b)
X, + 10 € By;14(0)} = Nj(w) = C(n, g)N.

From an integral geometry estimate (see [4, Chapter 3]), we have

(321) H"" Y{xE B, 1s(0) : u(x) =0} = c(n) X f lNj(a)) dw=C(n, g)N.
j=1 VST

Now (3.9) follows simply by a suitable finite covering of B,,,(0) by balls of
radius 1/16. This completes the proof of Theorem 3.1".

Remark (e). By using the same proof as for Theorem 3.1’, one can show that
if

(3.22) f(x)=3 ax for x€ B}0),
A

andif N= 23, |a,\|?|A|/ 2 |ax|* < o, then H* "{xE B,,,: f(x) =0} = C(n)N.

It was shown by R. Thom and J. Milnor (see [11]) that if f( x) is a polynomial
of degree less than or equal to N for x € R”, then the

Total Betti number of {f(x) =0} = C(n)N".

It is, therefore, natural to conjecture that if an analytic function is given by (3.22),
then the

Total Betti number of {x &€ B,;>:f(x) =0} = C(n)N".
We also conjecture that if # is as in Theorem 3.1, then the
Total Betti number of {x € By,»: u(x) =0} = C(n, g)N".
Remark (f). A generalization of Theorem 3.1’ to the case that u is defined
on an analytic bounded domain © with analytic boundary 39 is possible as in [3].

Also, the estimate (3.2) is a consequence of Theorem 3.1 and the discussions at
the end of Section 1.

4. Nodal Sets of Heat Equations

In this section we will derive estimates on the size of nodal sets of solutions to
a class of parabolic equations with time independent coeflicients.
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To start with we consider the following

a—iu= Ayu in M X (0, )
4.1)

u(x, 0) = uo(x)
where (M", g) is an n-dimensional connected smooth Riemannian manifold without
boundary.
Let {¢,} be eigenfunctions of A, on M with corresponding eigenvalues {\;}
such that 0 = Ay < A; =\, = - -- and such that {¢;} form an orthonormal basis

of L2(M, R). Thus we may write uy(x) (which we will assume to be in L2(M, R)
in its Fourier series:

(4.2) up(x) = 2 ¢o(x).
j=0
1t is then easy to see, for each 1 > 0, that the solution « of (4.1) can be written as

(4.3) u(x,t) = ‘Z ce Mei(x).

ji=0

We define, for y € R!, a new function

J

(4.4) i(x,t,y)= § cje“*f’(bj(x)cosh(\/xy).
=0

(It is clear that the series in (4.4) converges uniformly for | y| = 10 and each fixed
t>0)
As in [9] we see that
(4.5) Agu+ i, =0 in MX(—10,10)
and
u(x,t,0)=u(x,1t)

(4.6) for (x,1)eEM X (0, ©).

i,(x,1,0) =0

Let N(1) = 108( [5yx(—22) #2(xX, 1, ¥) dX AY/ [yrn -1y #2(X, 1, ¥) dx dy). A
simple calculation shows
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(4.7) N(t)=log(§ 7 ‘”'(“Smh 4‘[_)/2 e l( smzhvz‘v_))'

THEOREM 4.1. If (M", g) is an analytic manifold with real analytic metric g,
then

(48) H'{(x,y)EMX(—-1,1):iu(x,t,y)=0} = c(n, g, M)N(2).

Remark. 1If (M", g)is only C'!, then the right-hand side of (4.8) should be

replaced by CN (t)Cﬁw_’ where ¢ = c(n, g, M). This follows from the arguments

below and estimates by Hardt and Simon in [6].

Proof of Theorem 4.1: By a suitable scaling in metric g, we may assume that
the injectivity radius of (M, g) is not less than two and the diam(M) = D, We also
normalize & so that [, _, ,, #%(x, ¢, y) dx dy = 1. Hence, for some xo € M, one
has

(4.9) f wldcdyzc(g, M)>0,
Bi(x) X (—~1,1)
and
(4.10) f u?dxdy = 4™0,
Ba(x0) X (~2.2)

By the arguments in Section 1, we conclude that

(4.11) f uldxdyz p= N9
B, (x)X(—p,0)

for all x € Bs;3(xp), p € (0, 1) and for some positive constant ¢ which depends
only on g in B>(xp).

Recall that M is connected. If x € M is arbitrary, we may join x; to x by an
overlapping chain of balls, with radius 1 /4, whose centers are separated by a distance
at most 1/8. Using (4.9), (4.10), (4.11) inductively, we see that, for any x* € M,
pE€(0,1),

(4.12) aldxdyz 4 N,

J;11/4(4\"‘)><(—1/4,l/4)

and

(4.13) f #ldxdyz p VO,
B,(x*)X(—p,0)
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Here C is a constant depending on D, the ellipticity bound of A, and the Lipschitz
continuity of g on any B (x), x € M.
Finally Theorem 4.1 follows from (4.12), (4.10), and Theorem 3.1".

The main result of this section is the following:

THEOREM 4.2.  Suppose (M™", g) is an analytic compact Riemannian manifold
connected without boundary. Let u be a nonzero solution of (4.1). Then

(4.14) H' Y xEM:u(x,t)=0}=C(n, g, M)N(2).

To prove Theorem 4.2, we need a quantitative Cauchy uniqueness theorem.
This can be stated as:

LEMMA 4.3. Let u be a solution of (1.11) in BY with ||ull s, = 1. Suppose
that |ul| vy + 1(0u/0x,) | L2ry S € < 1, where T' = {(x', 0) ER": | x'| < 3/4}.
Then |ull Lzt = ce® for some positive constants C, a which depend only on n, A,
K, K.

Proof of Theorem 4.2: From the proof of Theorem 4.1, we see that, for p €
0, 1), x* € M, and for some C = C(n, g, M) > 0,

(4.15) f ﬁzdxdy§4‘CN(’)f u?dxdy.
B,(x*)X (~p,p)

By, (X*) X (—2p,2p)

We want to deduce the same doubling condition for # restricted to the hyperplane
y = 0 that is, by (4.6),

(4.16) f ul(x, 1) dx z 4=CNO f u*(x,t) dx
B,(x*) By, (x*)

for p € (0, 1), x* € M and a constant C which (possibly different from that in
(4.15)) depends only on M and g.

Since u( -, t) is real-analytic, the discussion in Section 3 can easily be applied
to u( -, t). We conclude, from (4.16), that (4.14) 1s true.

To show (4.16) we need Lemma 4.3. By a rescaling, we may assume p = 1/2
and x* = 0 for simplicity. We normalize i so that

f wldxdy=1.
Bi(0)x (~1,1)

Hence by (4.15) we have

(4.17) uldxdy=4-NO,

J;31/4(0)><('~1/4,l/4)
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Let e = |lu(-, )llg«ry = il (r), since (dii/dy) =0on T = {(x,0): x E
B;,3(0)}, one has, by Lemma 4.3 and (4.17), that

(4.18) €= 4-CNO,

Since |Vullpzry = 8l Aull 2y + (¢/8) lull 2y = 8¢ + (¢/8) [u| Lyr) for any
6 € (0, 1), the last inequality is deduced from the interior elliptic estimates and
"ﬁ“Lz(le(—l,l)) = 1.

Choosing § so small that dc ~ ¢/2, we obtain
(4l9) ||u“Lz(]-)§Cﬁe%C'6224_CN(1).
Finally we also have, by the elliptic interior estimate, that

(4.20) ()| 285,000 = €.

Combining (4.19) and (4.20), we obtain a doubling condition (4.16) for
u?(-, t) on M. This completes the proof of Theorem 4.2.

Proof of Lemma 4.3: Let 5 be a smooth cutoff function such that = I on
Bs/3(0), n = 0 outside B;,4(0), and |Vn| = C. Let u, be the solution of

Luy=0 in B,
(4.21) uy=mu on T
u =0 on 0B, ~T

and let u, = u — u,. Since ||u| g = ¢ it is clear that

(4.22) luillL2s,,» = ce, and I g}u—:‘ v = ce
Now we consider u,. From (4.21) we have
(4.23) Lu,=0 in By, p=u—nu on 4B,.
Moreover,
ou du du
l 6x: oy l ax, I 12,y c'ix,: L = Ce

It suffices to show that |u]| 251, = ce*. This was done by a version of Carle-
man’s inequality (see [14]).
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Consider

u,(x) for x€ B,

u*(x = )
2 (%) 0 for x€ B_

and let 7 be as above; we apply Carleman’s inequality to the function nu3 to obtain,
for all large ¢ < 0, that
(4.24) l f—’w(x”)ﬂu; ||L2(B) = Colle"’"x"’L(nu? ) ”LZ(B)-

Here ¢(x,) = (x, + §) + 1 (x, + )%
Asin [9], we obtain from (4.24) the following:

d(nu3)

(4.25) e'f Hu; “L2(B.,z) = Co(em ax,,

+ elC”u2”L2(8)) .
LYT)

Here A < B < C are positive constants. Hence
(4.26) luall st = Cole' Bee + €/€~ D]

for all large negative 7.
We choose ¢ so that

e!=B) ~ ol(C—B)
ie.,
€~ et(C_A).
Then
lluall 28z, S ce®

follows from (4.26).

Remark (a). Let u be a nonzero solution of (1.11) in B,(0). Then we see,
by Theorem 1.3, that

f u*de = 4‘””JC u? do
3B,(a) By,(a)

fora € B,_,(0) and r € (0, ry), where N = N(a, rp) and c is a positive constant
which depends on A, #, K|, K.
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Suppose now u(a) = 0 and TI',(a) is the intersection of the ball B,(a) with a
hyperplane passing through . Then Lemma 4.3 implies that

~

lla]

nory Z clld| Fosy 1 125,

for some positive constants ¢ and « as in Lemma 2. Here

. 1
0128,y = f u? dx=—~,,f u?,
B, p" JB,

1 1
o) — 2 ! 2 ’
”””H'(F»)‘_‘,,n—nfr u? do +p"*3fr, lu, | dx.

»

By Poincaré’s inequality, one has also that

f u? dx’éc(n)pzf L |? dx’.
T,(a)

I'y(a)

Therefore
p3—nf ]ux'|2 dX’ZCpCN
Tu(a)

for p € (0, rp).

Remark (b). Asin [3], Theorem 4.2 remains true in the case that oM + &
and is real analytic. Also one can easily generalize Theorem 4.2 to the case that

u,=Lu in QX(0, ©),
u(-x’ 0) = uO(x)a
u=90 on 99 X (0, o),

where £ = R" is the bounded domain with real analytic boundary, and L is as in
(1.11), where all coefficients are real analytic in Q. If Q and L are only suitably
smooth, then a weak estimate as in [5] 1s valid.

Remark (‘(7‘); It is easy to see from (4.7) that if u(x) = ¢,(x) for some j, then
N(t) = log(4VX; + sinh 4V};)/(2VN; + sinh 2VX;) < max(log 2, 3V);). Theorem
4.2 implies, in particular, that

H" Y{xEM: ¢;(x) =0} < c(n, g, M)V\,.
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We should point out that in general it is possible to estimate H" '{x €
M : u(x,t) =0} in terms of

[Vul?(-, t) dx
A() =

fM u?(-t) dx

for suitably large 7 (say ¢ = 1). One notices also that A(¢) is 2 monotone nonincreasing
function of ¢.
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