



































































































































Introduction
The mathematical area of geometric

measure theory is broad enough

that naming a course geometric

measure theory is not sufficient

to give a clear picture of what

will be covered In this course

we will focus on the topics

Fractals

Distances Projections and other

related problems including Kelley






































































































































The first topic concerns

sets that are self similar in

nature For example sets that can

be constructed iteratively like the

Sierpinski triangle

x a liiit
The second topic involves

problems in analysis with

discrete counterparts For example

given N points in d dimensional

Euclidean space how many distinct

distances must the set here

This is Erdis's distance set problem

and it is unresolved in all dimensions

There is an equivalent analysis

question Given a set of dimension s

must the set have a distinct distance

set of positive Lebesgue measure






































































































































Measurtheo Review

we will focus our attention on Euclidean
space for now

OutmentesExteriormeasures

Def A function u D Ird 20,003

is called an outermeure on Ird

provided that

i m d 0

ii countable subadditivity if

AC Ai then

am

iEEI

aaa

is a algebra if

i IRd E M

ii A 3 CM A EM

iii AEM A EM






































































































































Def Given a o algebra M

a measure u M 0,0 is

a function satisfying
i u 4 0

ii Countable additivity

A E.im A y A nA 0

Asubset NcPLIRd is
if

sniffer
ii A B E N AMBEN

iii AFN Rd A finite union of

pairwise disjoint

5 Asubet.org fI
if i E 0

ii A BE 0 AN B E 0

iii A to 112 AEO






































































































































For any finite collection of sets F

let o F denote the smallest o algebra

containing F Also known as the

EE.ua EtetieiEn
Let N be a semi algebra

If u N 0,0 is a a additive

set function there is a unique measure

defined on o N which extends u






































































































































Iterated Function Systems as

ame ofunderstandingdimension

Def Let m 2 and d 1 We

call the tuple I 1 4m of m

contracting similarity transformations acting

on Id an IIS on Ird

with contraction ratios Ocr 21

i l m if

em x yeird

11 y Erillx yll

We assume that not all of the fixed points

EEIiii.it
a unique compact set A satifying

A film
This is known as the actor of

the IFS






































































































































Exampled

MiddleThirdcantorset
Define

Ic 41,42 4 B IR

111 1 x 0

x

We can visualize the attestor of

this IFS in the following way

step 1 I 1

step 2 in Al

Step 3 a 1 1 to

44 84






































































































































IE

iitiiii

ii
is

1122 1122
1013 43,0

I.IE
IIp1I1

Steph

Fistitititis

Step 3

iiiftp.sisyItsi
EFk l i






































































































































Line
Define

Ie 4

1R 1R

1 x x 1,0
x txt 3,0

DID

siiitsiis.is

This example
raises the question of

what the best way to represent

the sequence of sets that converge to

the attractor






































































































































II Let I 4 be an IFS

on Rd Then there exists a unique non empty

compact set Ec Ird that satisfies

E U b E

i i

Define Io A 11,4 A IFA

and I A IMCA

Then

1 For any Ac Ird A compact

Iso I A E
convergence in the

Hausdorff metric

2 IF I A CA then

am.FI EI E
sets then the Hausdorff metric on K is

defined by

d F Fz inf d F cNo F and FzcNs F






































































































































PE IF A B are compact then

d ICA BS d AS Bs

d b AS 4 B

dCA B

1

Therefore I K 12 is a

contraction mapping and has a unique
fixed point and

IMATE
Now for if I A CA

I A COINCA

It In A IMCA 15 E






































































































































Example

Let I d be an IFS on Rd

with 1lb x dily Er llx ylla.mx all

and b E let the unique point sit

b bi

Then for R my 11

I BLOT C BCR

ME Bars E attractor for I


