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note on unbounded linear

functions

QeHoudoesoneprevetheth
unbounded linear operators

I Consider X 19in Y IR

By Pret 1 7 Hamel basis enact
of X Let fu enact be
a countably infinite subset of Late
Define

T
g

2 full ex fu
I

eat Fufor
every x ex 7 ta such that

x It taiedi define The Estate
Then T lol in IR is linear but

I
TIFFT 2



Notes IF TELEX Y SELLY Z

the Sot ST EL X Z

In particular LEX X is an algebra

T t 214,4 is inertible if T is

a bijection and T is abounded
linear map
T is an isometry if 11Telly lx lx

AImpo
tantciass.fop.fi

ttX

The Dual Space

Def Let X be a normed linear space

The dualspect of X denoted X

is defined as

x LLX.IR

Elements in X't are called linearfunetels



Cori X't is a Banach space

Example Ird t I Ird Poet 1

Notatif For xeX text we at

times denote fax as a pairing
of F and X

F xD fix

IEDoublebud
a normed linear

space X 11.71

and its dual X define

X x

define I SIR

by 4 If Fx fix

claim I e X Observe t
fast



The
map

X is X is called the

naturelembedding of X into X

Exercise x tsx is an isometry

EIdesx.tt

nontrivial elements

At Yes we will constrict many using
axiom of choice

Important statements

Hausdorff Maximal Principle

Every partially ordered set has

a maximal linearly totally ordered subset

Zorn's Lemme

If X is a partially ordered set

and every linearly ordered subset of X
has an upperbound then X hes a maximalelement



DEI Sublinear Functional

Let X be a linear space A sublineer

Functional on X is a map p X IR

such that

platy E p x ply txytX
a p xx I Xp lx for t o EX

Geometric Intuition

Linear functional hyperplane through
on Md the origin in Adel

sublinear functional upward cone w vertex

É
Let X be a real linear space p a sublimer

functioned on X M a subspace of X

and f a linear functional on M such

that fix Ip x Ux em Then there exists
a linear functional F on X s t

FG Eph Vx EX and F m f



proof
Plan Show that we can extend f by
one dimension then use Hausdorff Maximum

Principle to choose a maximal extension

Let F Meir fix Eph for xem

Let x ex M and IRxo txoeX ter

We want to show Fg Mt Rx R

sat g is linear gla f and

g Ep on Mt lRxo

Aside A Bad Strategy
Tet B p exo and define

g m tired IR by

gextxxo fix xp
Then

g is linear glaxo e pl xo

and glx Epix for all XEM
But gextxxo is not necessarily less then

plxtxxo



Example Define F IRx 03 CIR IR

by fix o X Define play x2142

Then
f x e E p lx o

Define glx y xty then

Glx o fix o pix o and glory peony

but gli 1 2 s p lil D

anti art
Observe for Y yet M

Fey t fly 7 fly y I ply 1yd e ply xo platy

fly ply xo e platys fly
sup
y em

fly ply xo e Ifm platy fly

Let a satisfy
sup
yen

fly ply xo s at inf platy fly

Now define g 112 0 112 by g l xx fly tha



Claim g is linear gla f and

g Yt Xxo I ply xx o Yy em Keir

Proffitt
In cases

i g ly fly I ply by assumption

x o

glytxxo fly x X f Y a

I X fly plot YA f YA

plythxo
Too similar

Nextstep consider the class

I gins
Mine 91mF gipon

linear subspace

d
is a partially ordered set

If gin in ga Nz Ir belong to F

g 2
gz N c Nz and gag on Na



Hausdorff Max Dri c

I maximal linearly totally
ordered family

gala et
CI

ga Nat IR

Define F Y Na IR

FLx G lx if Xena

Note F is well defined since

go go
na

when ga 922

IN is a linear space

IN X since gaze is maximal

F is linear

F e p
D


