
 

I.ie 1tIItismtco piety
unless X is compeet

Let X be a locally compact Hausdorff topological
space

É radon measure

A Borel measure m is Redo if
a ace int ucu Ecu U open tetBx
b ulu sup Luck Kev Kcompeet to open

c neck La for all K compact

Def Positive Linear Functional

A linear functional L on Celt

is called positive if f 20 whenever

720



I If L is a positive linear

functional on Celx then for

each compact kex 7 constant Ck

such that

I LIF I Call flip

fall felecx such that supplfick

proofi Suppose F is real valued

Given K compact choose YE Calx

satisfying XCX C O B and

Y x I for all x Ek

If supp f CK then I fell 11711,46

Fix I 11fllallx and fix e I flood x

Therefore

11111,4 F 20 and L Nfl Y F 20
which implies

LIF I 11711 LIU and LIF I 11711 LIU

Moreover IL f I E 11 Filo LCU

Therefore Ck LLU 20
D



Partitionsoft

Def Partition of Unity

If IX e is a top space and

E X A partitionofunity on E

is a collection ha ay
of continuous

functions ha X o is such that

Each xtX has a ubud on which

finitely many ha's are nonzero

I ha for x EE

A partition of unity Shala is

subordinate to an open cover Up pep

of E if for each LEI Fu with

supp ha c Up



Prof Existence of a Partition of Unity

Let X be a locally compact Hausdorff

space K CX compact and Viii be

an open cover of 12 There is a partition
of unity on k subordinate to u

consisting of compactly supported functions

Ifor each x Ek x e Vj for some j
Local compactness F Nx compact S.t

X E Nx CV and int Nx eek
is an

open cover of K Therefore

KC E Nx for some Emmick
Define Fj U Nx

Nx cu i Fi is compact
and Fj C U

Ury sohn's Lemme implies that there exists

ga gut Calx such that

XF I 92 Xu and supply CV

IE g I on k since g 21 an F



Ury sohn's Lemme again implies
there exists face x such that

F l on K and

supple c Egg so

Let
gut l f

Then

II g so on X

Finally define

hi
I

II go
for j l n

Therefore
supp h supplgic Nj

and Il hi 1 on K
D



TherieszRepresentation
That If L is a positive linear

functional on Celt then there

is a unique Radon measure re

on X such that

f Sfdu for all fecelx

Moreover u satisfies

u U sup LIF Felix Fexu
supper cu

for all U CX open
and

eel K int Lcf f e Calx Fs xp

for all k CX compact

Proof

Uniqueness Ury Sohn Lemme

plus regularity



Existence This is difficult since XE K Cc x

For U ex open define

u b Sup LIF Fel ex Fero supp f cu

and for any E e Pex define the outer

measure

u E int ulu Ecu u open

Claim n't is an outer measure

First show that mcu E É Meu

U C É Vj Vj open

Let Fe Calx F exo supp F
CU

Let Kisupplf then K is compact

Therefore KC Vj for some n

There exists a partition of unity gil
on K subordinate to u I



g
s Xvi supply CV and

Ég 1 on K

Then I F Ig I f g
and f g I Xv supp f g Uj

LE II LIFg I É Nv E Zulu
i I

u u E É mtv

Countable sub additivity for all sets ECPA

follows by standard argument

Claimf Open sets are at measurable

We want to show u Env n Eru em E

for all EE PEX

First suppose E is open Then EAU

is open and trees
u Eru NCE n N


