Homework Problems
Math 525, Winter 2023
Due 11:00 pm, January 26, 2023

Instructions: Please write your solution to each problem on a separate page, and please include the full
problem statement at the top of the page. All solutions must be written in legible handwriting or typed (in
each case, the text should be of a reasonable size).

Your solutions to all problems should be written in complete sentences, with proper grammatical struc-

ture.

If your solutions are not typed, you must scan your written solutions and submit the digital copy. When
submitting problems through LaTex, the LaTex source file (.tex) must be included in the submission.

1. Show that every nonempty weakly open subset of an infinite dimensional normed linear space is un-
bounded with respect to the norm.

2. * (Folland, Chapter 5, Section 1, Problem 12) Let X be anormed vector space and M a proper closed
subspace of X.

a

(a)
(b)
()
(d)
()

|+ M| = inf{||z +y|| : y € M} is a norm on X/M.

For any € > 0 there exists © € X such that ||z|| =1 and ||z + M| > 1 —e.
The projection map 7(z) =« + M from X to X/M has norm 1.

If X is complete, so is X/M.

The topology defined by the quotient norm is the quaotient topology as defined in Exercise 28 in
Chapter 4, Section 2.

3. * (Folland, Chapter 5, Section 1, Problem 16) Let (X, M, u) be a measure space, % a separable
Banach space, and Lo the space of all (M, Bgy )-measurable maps from X to %, and Fg the set of
maps f: X — % of the form

f(z) = Z XE; (2)y;
j=1

where n € N, y; € #, Ej € M, and p(E;) < oo. If f € Ly, since y — ||y|| is continuous, x — || f(z)||
is (M, Bg)-measurable and we define

171 i= [ 15 dita).

Finally, let LY, = {f € Ly : || f|l1 < oo}.

Ly is a vector space, Fiy and L}, are subspaces of it, F C L}, and || - ||; is a seminorm on L},
that becomes a norm if we identify two functions that are equal u-a.e.

Let {y,}]" be a countable dense set in Z. Given e >0, let BS ={y € & : ||y — yull < llynll}-
Then J;° BE D (#\{0}).

If f € L', there is a sequence {h,} C F with h,, — f a.e. and ||h, — f||; — 0. [With notation as
in (b),let A, = B}l/j\ U’;L_:ll B,ln/j and E,; = f~! (An;), and consider g; = Y {° YnXEn,; ]

There is a unique linear map [ : L}, — % such that [yxg = u(E)y for y € # and E € .4
(u(E) < o0), and || [ f[| < [Iflx-

The dominated convergence theorem: If {f,} is a sequence in ng, and there exists g € L' such
that || f(2)|] < g(z) for ae. z, and f, — f a.e., then [ f, — [ f.

If % is a separable Banach space, T' € L(%, %), and f € L},, then To f € LYy and [T o f =
([ )
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12.
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(Prelim 2014) Let B be a real Banach space. Denote by || - || the norm on B. Suppose that B satisfies
the best approximation property, that is: Given a closed subspace M of B and given = € B there exists
Yy € M such that ||z — y,| = infyenm [Jy — x| = dist(z, M).

Prove that for every bounded linear function f € B* there exists z € B such that z # 0 and f(z) =
Iz

(Folland, Chapter 5, Section 2, Problem 17) A linear functional f on a normed vector space 2 is
bounded iff f~1({0}) is closed.

* (Folland, Chapter 5, Section 2, Problem 19) Let X be an infinite-dimensional normed vector space.

(a) There is a sequence {z;} in X such that ||z;|| =1 for all j and ||z; — x| > % for j # k.
(b) X is not locally compact.

olland, Chapter 5, Section 2, Problem and Y are normed vector spaces, define o : X*xY™* —
Folland, Ch 5, Section 2, Problem 21) If X and Y d defi X*xY*
(X xY)* by a(f,9)(z,y) = f(x) + g(y). Then « is an isomorphism which is isometric if we use the

norm ||(z,y)|| = max(||z]], |ly||) on X x Y and the corresponding operator norm on (X x Y)*, and the
norm [|(f, g)|| = [[f[I + llgll on X x Y.

* (Folland, Chapter 5, Section 2, Problem 23) Suppose £ is a Banach space. If .Z is a closed subspace
of 2" and .4 is a closed subspace of 27*,let #° = {f € 2*: fly =0}and /L ={z € 27 : f(x) =0
for all f € A}, (Thus, if we identify 2~ with its image in 27, 4+ = 49N %)

(a) .#° and .4+ are closed subspaces of 2°* and 2" respectively.
(b) (jfo)J_ = ./ and (z/VJ‘)O DN If X is reflexive, (JVJ-)O = .

(c) Let m: 2" — 2 /4 be the canonical projection, and define o : (2 /#)* — 2* by a(f) = fom.
Then « is an isometric isomorphism from (2" /.#)* onto .#°, where 2" /.# has the quotient norm
(cf. Exercise 11).

(d) Define 8 : 2 — .#* by B(f) = (f|l.«)- By Exercise 14, 8 induces a map 3 : 27*/.4° — M*.
This B is an isometric isomorphism.
* (Folland, Chapter 5, Section 2, Problem 25) If X is a Banach space and X* is separable, then X is
separable.

(Folland, Chapter 5, Section 3, Problem 27) There exist meager subsets of R whose complements have
Lebesgue measure zero.

(Folland, Chapter 5, Section 3, Problem 30) Let Y = C([0,1]) and X = C*([0, 1]), both equipped with
the uniform norm.

(a) X is not complete.
(b) The map (d/dz) : X — Y is closed but not bounded.

(Folland, Chapter 5, Section 3, Problem 31) Let X,Y be Banach spaces and let S : X — Y be an
unbounded linear map. Let T'(S) be the graph of S, a subspace of X x Y.

(a) T'(S) is not complete.
(b) Define T': X — I'(S) by Tz = (z,Sx). Then T is closed but unbounded.
(¢) T71:T(S) — X is bounded and surjective but not open.

(Folland, Chapter 5, Section 3, Problem 38) Let X and Y be Banach spaces, and let {T},} be a sequence
in L(X,Y) such that lim T}, x exists for every x € X. If Tz = lim T,,x, then T' € L(X,Y).

Prove that if (X,d) is a complete metric space and F' : X — R is a pointwise limit of continuous
functions on X then the set, E, of points of continuity of F' is dense in X.



