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Abstract

We give an explicit expression of the normalized characters of the symmetric
group in terms of the “contents” of the partition labelling the representation.

1 Introduction

The characters of the irreducible representations of the symmetric group play an important
role in many areas of mathematics. However, since the early work of Frobenius [5] in 1900,
no explicit formula was found for them. The characters of the symmetric group were
computed through various recursive algorithms, but explicit formulas were only known
for about ten particular cases [5, 9]. The purpose of this paper is to give such an explicit
expression in the general case.

The irreducible representations of the symmetric group S,, of n letters are labelled by
partitions A of n (i.e. weakly decreasing sequences of positive integers summing to n).
Their characters x* are evaluated at a conjugacy class of S,, labelled by a partition p
giving the cycle-type of the class. Let XZ\L be the value of the character x* at a permutation
of cycle-type p. We shall give an explicit formula for the normalized character f(;} =
X;/dim A, This result was announced in [20].

It should be first emphasized that our formula gives the dependence of )Zf; with respect
to A in terms of the “contents” of this partition. More precisely the normalized character
)AC;)} is expressed as some (unique) symmetric function evaluated on the contents of A.

This description of characters by content evaluation was proved in [13] and [3]. Pre-
viously the importance of contents had been apparent from the works of Jucys [11] and
Murphy [24]. The fact had been noticed by Suzuki [29], Lascoux and Thibon [15] and
Garsia [6].
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Later tables and conjectures were independently given by Katriel [12] and by the au-
thor [16, Sections 8-11]. Actually the conjectures of [16] were formulated in the framework
of Jack polynomials. But, as emphasized in Section 11 of [16], once specialized to o = 1,
they correspond to the characters of the symmetric group.

However the symmetric function expressing f(;\L remained quite obscure, even in the
very elementary situation of a partition p having only one non-unary part. The purpose
of this paper is to give an explicit expression.

It is a second remarkable fact that this symmetric function can only be written by
using a new family of positive integers, which we have introduced in [18]. The connection
of these integers with the symmetric group is still mysterious and certainly needs more
investigation.

We emphasize that our method provides a very efficient algorithm, implemented on
computer. Tables giving X, for [u| — (1) < 12 will be available on a web page [21].

2 Notations

We briefly recall some basic notions about the characters of the symmetric group, referring
the reader to [7] and to [22, Section 1.7] for an elementary introduction.

2.1 Characters

A partition A = (A, ..., \,) is a finite weakly decreasing sequence of nonnegative integers,
called parts. The number /() of positive parts is called the length of A, and [A| =377 A
the weight of A\. For any integer ¢ > 1, m;(\) = card{j : \; = i} is the multiplicity of
the part ¢ in X\. Clearly I(A) = > o, m;(A) and |[A| = > .o, im;(X). We shall also write
A= (1™ 2m2 3ms ). We set - -

Z) = H i N (W)

i>1

We identify A with its Ferrers diagram {(i,7) : 1 <i <I(A),1 <j < \}.

Let n be a fixed positive integer and .S,, the group of permutations of n letters. Each
permutation o € S, factorizes uniquely as a product of disjoint cycles, whose respective
lengths are ordered such as to form a partition u = (p1, ..., i) with weight n. This
partition is called the cycle-type of ¢ and determines each permutation up to conjugacy
in S,,. Conjugacy classes are thus labelled by partitions p with |u| = n.

The irreducible representations of S, and their corresponding characters are also la-
belled by partitions A with weight |[A\| = n. We write Xfl for the value of the character
x*(0) at any permutation o of cycle-type p.

The dimension dim A = y3. of the representation \ is well known, see [22, Example
1.7.6, p. 116] or [7, p. 54]. We have

n!

dim A = [T ci—-x+i—i).

18 -
Hz(:1)(>‘2 +1(A) —1)! 1<i<j<I(X)
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We write )A(ﬁ = Xf} /dim A for the corresponding normalized character.

2.2 Symmetric functions

Let A = {ay,a9,as,...} a (possibly infinite) set of independent indeterminates, called an
alphabet. The generating functions

E(A) = +za) =) Fer(4),  H(A) =[]0 —20)"" =D 2" hi(A)

acA k>0 acA k>0

define symmetric functions known as respectively elementary and complete. The power
sum symmetric functions are defined by pr(A) = Y., a¥. For any partition u, we define
functions e, h, or p, by -
U(p)
f,u _ Hf,uz _ H Jclzﬂk(:u)7
i=1 k>1
where f; stands for e;, h; or p;.

When A is infinite, each of the three sets of functions e;, h; or p; forms an algebraic
basis of S, the symmetric algebra with coefficients in R. Each of the sets of functions e,,,
hy, pu is a linear basis of this algebra.

Another linear basis is formed by the Schur functions s), which are defined by the
Jacobi-Trudi formula

sy = det |hy it
19',351[ ihdl:

with h; = 0 for ¢« < 0. This definition is usually written for a partition A\ with length

[. However it remains valid when \ is replaced by any sequence of integers A € Z', not
necessarily in descending order. Then using the obvious rule

S..ab,... = —S.. b—1,a+1,..

for b > a, it is easily seen that s, is either 0, either equal to £s,, with p a partition.

2.3 Shifted symmetric functions

Although the theory of symmetric functions goes back to the early 19th century, shifted
symmetric functions are quite recent. They were introduced and studied in [13, 26].

Being given a finite alphabet A = {aj,as,...,a,}, a polynomial in A is “shifted
symmetric” if it is symmetric in the shifted variables a; —i. When A = {a;,as,as,...}
is infinite, in analogy with symmetric functions, a “shifted symmetric function” f is a
family {f;,i > 1} such that f; is shifted symmetric in (a1, as, ..., a;), together with the
stability property fii1(as,as,...,a;,0) = fi(ar, a9, ..., a;).

This defines §*, the shifted symmetric algebra with coefficients in R, which is alge-
braically generated by the “shifted power sums”

pi(A) =) ((ai —i+ 1) — (—i+ 1)k).

1>1



Here for an indeterminate z and any positive integer p, the lowering factorial

p

(2)p=2(z2—1)...(z—p+1) =Y s(pi)2,

1=1

is the generating function of the Stirling numbers of the first kind s(p, 7). Conversely

= Z S(p,1)(2)

is the generating function of the Stirling numbers of the second kind S(p, ).

An element f € S* may be evaluated at any sequence (aq, as, ...) with finitely many
non zero terms, hence at any partition \. Moreover by analyticity, f is entirely determined
by its restriction f(\) to partitions. This identification is usually performed and S* is
considered as a function algebra on the set of partitions.

2.4 Contents

Given a partition A, the “content” of any node (i,j) € A is defined as j — i. Denote
Ay ={j—1, (i,7) € A} the finite alphabet of the contents of A\. The symmetric algebra
S[A,] is generated by the power sums

OYIDY
pk(A)\):Z j—i) ZZ]—Z
(6,3)EA i=1 j=1

It is well known [13, 26] that the quantities pi(A,) are shifted symmetric polynomials
of A\. Indeed for any integer k£ > 1, applying the identity r(z),_1 = (z + 1), — (2),, we
have

||
E

Z S(k,r)(j —1)r
1 (i,5)ex
(k,r)

r
1 + i=1

(kﬂ" "
1 pT’""l()\)’

T

(A
<)\ _Z_I'l 7’+1_( 7;_‘_]-)7“—i-1)7

I
Mc,j

—_

T

~—

|
Mw
W
_|_

r=1

Hence the statement. For instance we have

PA) = 3r(), (A = 2pO) o), ps(An) = 5 PO,

2 3 2 2

As a straightforward consequence, the shifted symmetric algebra S* is algebraically
generated by the functions pi(A,), k > 1 together with pj(A) = |\|. The latter corresponds
to the cardinal of the alphabet A).

Pi(A) +p5(A) +



Any shifted symmetric function may be written f(A,), with f € R[card, p1, p2, ps, - - ..
Moreover this expression is unique. From now on we shall abbreviate

PN = pe(An),  pu(N) = pu(Ay).

This notation will not bring any confusion with the power sum pg (A1, Ag,...) = > ;o pL
which is never used in the sequel.

2.5 Murnaghan rule

The transition matrices between Schur functions and power sums are given by the Frobe-

nius formulas
=32 x0p Pu=Y_Xps
wo Apps 2 oA
o A

Both formulas remain valid when the partition A, with length [, is replaced by any
sequence of integers A € Z'. This allows to define a generalized (or virtual) character x*
for any sequence of integers A € Z!.

For such A, given some positive integer r, we have [22, Example 1.3.11, p. 48]

+1

Pr S\ = E SA+re;s
i=1

with ¢; the sequence having 1 in the i-th place and 0 elsewhere.

The following recurrence property is a straightforward consequence. Given a partition
A with length I()), and two integers k,p with k < I(\), let A — peg be the multi-integer
()\1, RN )\k‘—la Ap — D, )\k-i-l, RN )\l()\)) € yAQN

Murnaghan rule. Let A\, i be two partitions with weight n. Let p be some part of i, and
w\ p the partition obtained by substracting p from p. Then we have

1N
A A—peg
Xp = Z Xpp -
k=1

In general the quantities y* P appearing on the right-hand side are not characters,
but virtual characters. In the usual formulation of the rule [22, Example 1.7.5, p. 117],
these virtual characters are expressed in terms of characters. This is Nakayama’s ver-
sion [25] of Murnaghan’s formula [23]. Our method has the advantage of making this
operation totally unnecessary.



We shall need a formulation of the previous rule in terms of normalized characters.
Given a partition A with weight n and length I()), and two integers k,p with & < I(\),
we write

n! dim (A — peg)

di(k,p) =

Ak p) (n—p)! dim A
eI — k). ﬁAk—A +i-k—p
(eI k p‘ Me— N +1—k

The Murnaghan rule then writes

~A—pe
PXM Zd)‘kpxu\;k'

This recurrence relation is our first ingredient for the computation of )A(;\L

3 Lagrange interpolation

Our second ingredient is Lagrange interpolation, written under the following form [14].
For any two alphabets A and B, their difference A — B (which is not their difference as
sets) is defined by

HbeB(l - Zb)
HaeA(]' - ZCL) .

Alain Lascoux [14] mentions that when B is empty, the following result was already known
to Euler.

Lagrange lemma. Let A and B be two finite alphabets with respective cardinals m and
n. For any integer r > 0 we have

[-0v

Z a bEB - h’n—m—i—r—i—l (A - B)
acA H (a - C)
cEA, c#a

Given a partition A, let » be the number of nodes in the main diagonal of its Ferrers
diagram, and «; (resp. [;) be the number of nodes in the i-th row (resp. column) on
the right of (resp. below) the node (i,7). The couples («;, 3;),i = 1...r are known as
Frobenius coordinates.

The “Frobenius function” is defined by

T

Z— z2— AN+
F(z;\) = _ )
() gz—i-ﬂﬁ—l H z+1



The equality goes back to Frobenius [5], see [22, Example 1.1.15, p. 17] or [10].
For any indeterminate z and positive integer p, we consider the function

Flz—pA) I(A)z—)\mtz'—p z41

(z)pm—(z)pq 24+i—p z—N+1

1=

and its expansion in descending powers of z, i.e. its Taylor series at infinity,

Fz— X
(2 p ZC (Ap)z

r>—p
Theorem 1. For any r > 0 we have

LN
Crar(Aip) = —p Y _dalk,p)(\e — k)"

k=1
Remark 1. For r = 0, this result is due to Frobenius [5], see [22, Example 1.7.7, p. 118].
The cases r = 1,2 were investigated by Ingram [9].

Proof. We apply the Lagrange lemma for the two following alphabets

A:{CI,Z:)\Z—Z, Zzl,,l()\)},

We have
1\ 1— —itp) p
H.(A—B)= 1_”_Z H 1+ 2(I(\) —p+1))
F(1/z = p; )l(/\)1+zz— P
F(1/2A) el E 1+Z p+z))
(1/2 A B
o) H(1+z(z )
_p (1/z=p;A)
A TiVESY
Therefore
(Z)p% =2’Hy).(A - B) = ; 7 Fhy(A - B) = T;pz—’“ hyp(A = B).

On the other hand, it is obvious that

—pda(k,p) = —=2



and for any » > 0 the Lagrange lemma writes

1)
—p Y da(k,p) (A — k)" = heipia(A— B).

k=1

Hence the statement. O

4 Explicit series expansion

Our third ingredient is a formula giving explicitly the Taylor series at infinity of

F(z —p; M)
DTN

Some preliminary results are necessary.

4.1 Positive integers

Let n, p, k be three integers with 0 < p < n and k > 1. Define

n _@Z p\ n—p\(n—r—1
), k —\r r k—r—1)°
We have obviously

R R R B

These numbers generalize the classical binomial coefficients, since we have

0. =@ 0=+ G).=C)

the last property being a direct consequence of the classical Chu-Vandermonde formula.
The numbers (;‘)k were studied in [18]. It was proved that they are positive integers,
and their generating function

Guly,2)=>_ > (n) y"2
p=0 k=1 P/ k

was shown to be [31]

Guly,2) =27 (14 9)(1+2) + /(L + )21+ 2) = dy(T+ 7))

+ 2—n((1 )1+ 2) — /(I + )21+ 2)2 — dy(1+ z)) 1oy




4.2 Extension to partitions

For any integers 0 < p < |A| and k& > 1, we define
1)

W, ZEI(),

the sum being taken over all decompositions p = Ei()‘l) i, k= Zl()‘ k; with 0 < p; <\
and k; # 0 for any i. Observe that there is no such restriction for p;.
This definition yields easily

A
< > =0 except if () <k <A
P/
Indeed it is obvious that <2>k = 0 for £ < I()), and since (;L)k = 0 for k£ > n, we have also
(), =0 for k> [Al.

For instance <;>1 = 0 except if A is a row partition (n), in which case <(z)>k = (Z)k
We have easily

O on G o), <2>f(|;|)'

As a direct consequence of their definition, the generating function for the positive integers
<;>k is the following

XAI: i < >yz —ll(i\[G,\ (y, 2 —H(G (y,z))mi(/\).
p=0 k=I()\) i>1

4.3 New symmetric functions

For any integers n > 1, k > 1 and 0 < p < n, we define the symmetric function
)

P’k Du

I

ank -
|ul=n
Since <Z>k = 0 for £ < [(u), this sum is restricted to partitions with {(x) < k. Similarly
since <g>k =0 for k > |u|, one has F,,;, = 0 for k > n.

For k = 0 the previous definition is extended by the convention F;,,, = 0 with the only
exception Fjpg = 1. For k =1 and any p < n we have F,,; = p,. For kK = n we obtain

n Pu n n
Fn n — - = Fn n — hna
g (p) Z::n 2 (p) " <p)

|l

where we have used [22, p. 25]. We have also F,1x = kF o, and Fpp = Fypnep k-

From now on we abbreviate F,,pr(\) := Fppr(Ay), the value of the symmetric function
F,p, on the alphabet A,. As a consequence of Section 2.4, it is a shifted symmetric
function of \.




4.4 Taylor expansion

For any partition A the “content polynomial” of X is defined by

Ciz) =[] (z+4—-19).

(4,7)EX
Since
+7—1 Z(A)z+)\ 7
z — P
C',\z—l HHZ+]—Z—1 H z—1
i=1 j=1 i=1
we have

F(z—p;A) _ Cx(=2+p) Ci(—z-1)
F(z; ) Ch(—z+p—1) C\(—2)

Given two indeterminates x,y, the expansion of

C)\((L’—y—Fl) C)\
C',\(x—y) C)\( y+1 xz

in descending powers of y was explicitly obtained in [19, Corollary 5.2, p. 3464], in the
more general context of “a-contents”. The coefficients ¢)}(x) are given by

cr(x) =
min(m,r—2m—1i)
m+i+j—1 Al +m—1
> (o)) ( ; ) ( ( o) Fremeign(A) ).
i =

We have cj(z) = —1/z since Fyo(A) = 1, and ¢} (z) = 0 since Fio(\) = 0. With
T = x + 1, first values are given by

@) = @) =2p\) + A,
Aa) =30 + 380 oM7) a2,
() = 4ps(A) + 63pa(A) — 21Xl + 1) (21 () + 3] ) + 4% (A) + A

From Section 2.4 it is obvious that any c¢}(x) is a shifted symmetric function of \.
These auxiliary functions will be our main tool in the sequel.

Theorem 2. We have the following Taylor series at infinity

D DTV (RN T I DR

r,8,t>0

10



Proof. We have

Eetd) 5w+ = (7 aw

r>0 r,s>0

The following result asserts that some rational function of A (defined at the left-hand
side) is actually a shifted symmetric polynomial.

Theorem 3. For any r > 0 we have

1(\)

ZdA (k,p) (e — k)" = (=1)" Y (~1) C)s(er Li—j)c(p).

1,520

Proof. By Theorem 1 the left-hand side is the coefficient of z="~! in the Taylor series
expansion of (—1/p)(2),F(z —p; A)/F(2; A). By Theorem 2 this coeflicient evaluates as

2(4)]‘ (Z +§_ 1)s(p,i +—r—1)cp)
But we have N
;}(—1)1' (z Jgiz 1)S(p,z' +j—r—1)=(-1) ;0(_1)’“ (;;)S(p +1,i—k).

This is a direct consequence of the Chu-Vandermonde identity

)20

together with the easy r = 0 case

5 (42 ) ) stwom = vl = lstp+ 1.5

m>0

5 One non-unary cycle

Let |A| = n, p a partition with |p| < nand p = (p, 177 11). A fundamental result [30, 13, 10]
asserts that the normalized character (n), )Zf; is a shifted symmetric function of A. Our
purpose is to express this character in terms of the auxiliary shifted symmetric functions
c)(p) previously introduced.

The proof is done by recurrence over the number of parts of u distinct from 1, i.e. the
number of non-unary cycles of permutations having cycle-type p.

We begin with permutations which are p-cycles, i.e. having only one cycle of length p
and all other cycles unary.

11



Theorem 4. For p= (p,1"?) we have
() Xp =Y s(p+1,i)c}(p).
i>2

Proof. By the Murnaghan rule, we have

1N
(n)y Xp =Y _ da(k,p).
k=1

We apply Theorem 3 with r = 0. O

For p = 1 the sum is restricted to i = 2 and we recover ;. = 1. Frobenius [5]
computed the three cases 2 < p < 4, Suzuki [29] the cases p = 2,3 and Ingram [9] the
case p = 5. Their results may be recovered as follows :

(n)2 Xg1n—2 = 3(2) = 3¢3(2) = 2p(N)

(
(4) = 10¢3(4) + 35¢3(4) — 50c3(4) = 4ps(A) — 4(2n — 3)p1(N)
(5) — 15¢2(5) + 85¢, (5) — 225¢5(5) + 274cy(5)

(1)4 924)1\,17%4 =C
(n)s 92?,1%5 =

= 5pa(\) — 5(3n — 10)pa(N) — 10p2(\) + 25 (’;) 15 (Z) .

Remark 2. Since the left-hand side is a shifted symmetric polynomial of A, Theorem 4
keeps true for virtual characters, i.e. when A is replaced by any sequence of integers, not
necessarily in descending order. This extension is obtained by analytic continuation.

6 Two non-unary cycles

The second step of our recurrence corresponds to a permutation having only two non-
unary cycles with lengths p > ¢, whose cycle-type is the partition u = (p, ¢, 1"7~9). We
shall need two auxiliary lemmas.

Lemma 1. Given four positive integers i, k,p,q with k < l(\), we have

N =g +pr Y, @ —k+g+1) (N —k—p+1).
7"—1-7:97—81—’:‘?53:2'

Proof. By analytic continuation, both sides being shifted symmetric polynomials of A, we
may assume that \ — peg is a partition. By definition we have

Flz—q—-1A=pe&) Flz—=1))  z—=M+k+p—qg—1 z—-X+k—1

Fz—=1;A—pe) Flz—q—1;)) z2—M+k—q—1 z=XN+k+p—1

14 Pq
(z—Ak+k—q—1)(z—)\k+k+p—1)

:1+% M —k+q+1)" (M —k—p+1)°27"7%

r,s>0

12



Expanding series and identifying coefficients, we can conclude. O

Lemma 2. Given two indeterminates x,y and two positive integers a,b, we have

= ()= ()

r,8,u,v>0
r+s=a

Proof. A direct consequence of the Chu-Vandermonde identity together with the two

elementary properties
r u r—u __ r r—k
> () ()= (oer
u>0
0=y
> (1) ()= ()
= k) \1l b+1 T —y

k+l=a—b

Theorem 5. For u = (p,q, 1" P~7) we have

(Mpra Xp = > M) (@) s(p+1,4) s(q +1,5)
i,j>2

a+ 1\ p(=p)® + ¢+ : .
+pq ZC?(MC?(@(Z (b+1)%S(p+1,z—a+b)s(q+l,j+a+2) .
$,7>0 a,b>0 pTq

Proof. Both sums are obviously finite. The second is restricted to i + 5 < p + ¢ and
b <a<q—1. The Murnaghan rule writes

1N
A ~A—pe
(n)P-HZ X;\,q,I"*P*‘I = Z d)\(k:> p) (TL - p)q Xq715*§1*q'
k=1

In general A — pej is not a partition. However taking Remark 2 into account, Theorem 4

yields
1)

(n)p+q )A(;))\,q,lnfpfq = Z d)\(k> p) Z S(q + ]-7 Z) Cj_pEk (Q)
k=1

1>2

By Lemma 1 we have

iy
(7)pq f(;);\,q,lnfpfq = Z s(q+1,1) C?(Q) Z dx(k,p)
i>2 k=1
1)
+pg Y di(k,p) > slg+1,1) D QM —k+g+1) M —k—p+1)°

k=1 i>2 r,8,t>0
r+s+t+2=1

13



Applying Theorem 3 with » = 0, the first term on the right-hand side is clearly
> p)ca) sp+1,i)s(g+1,5).
§,j>2

The second term can be written

1IN

o X strres a2 (0) (C) a0 S an) (-

r,8,t,u,0v>0 k=1

Applying Theorem 3 we obtain

N r S rT—u S—v
X sartrrs+i+220(]) (D aroa-p
7,7,8,u,v>0
e X0 () s - b
i,k>0
We conclude by using Lemma 2. O

For ¢ = 1 the sums are restricted to j = 2 (resp. j = a = b = 0), and we recover
Theorem 4. Suzuki [29] computed the case p = ¢ = 2, and Ingram [9] the four cases
2<p<4,qg=2and p=gq=3 (with many misprints).

We give the examples

(M6 X5 .1n-0 = (c1(3) = 663(3) + 1165(3)) (€1 (3) — 6¢3(3) + 20c3(3))
—9¢3(3) 4+ 90c3(3) — 375¢,(3) + 810c3(3) — 876¢5(3)

()7 X3 g1n7 = (3(4) — 106} (4) + 35¢3(4) — 50¢3(4)) (¢}(3) — 6¢3(3) + 23¢2(3))
— 12 (c2(4) — 15c4(4) + 95¢3(4) — 325¢;(4) + 624¢3(4) — 620c5(4)) .

Remark 3. The expression given by Theorem 5 is not symmetrical with respect to (p, q),
though actually f(ﬁ is. Thus the equivalence of formulas written for (p,q) and for (q,p)
yields identities between the 03\ ’s. The simplest case of such an identity is obtained for
p = (2,1"7%). Then writing Theorem 5 for (2,1) and for (1,2), we have

(n)3 Xa,n—2 = (3(2) = 363(2))(2(1) = 2) = =2¢3(1) + 3(1)(c5(2) — 3(2) + 4),

which gives
3¢5(2) — 2¢5(1) = 3(2) — 3 (1) = n.

14



7 The general case

Theorem 5 may be written in a more compact form, by using the following notations. Let
e € {0,2}. Define § =1 if ¢ = 0 and 6 = pq otherwise. Then Theorem 5 reads

(n):n—I—q X;\,q,ln*P*q = Z Z A(€ ] )C;\(q)7
£€{0,2} i,j>0
with

. a+ 1\ p(—p)® + ¢"*! _ :
Agj)(p,q) = Z 6 <b+1)Ts(p+l,z—a+b)s(q+ Lj+a+e),
a,b>0

and the convention that the sum on a, b is restricted to a = b = 0 when € = 0.

A similar notation will be useful in the general case. Let p = (p1, ..., p,) be a partition
with weight |p| < n. Let M) denote the set of upper triangular r x r matrices with
nonnegative integers, and 0 on the diagonal. For any 1 <i < j <7 let ¢;; € {0,2}, and
define 0,; = 1 if ;; = 0 and 6;; = p;p; otherwise.

Theorem 6. For = (p1,...,py, 1"71?1) we have

(W xn= > S ALY o) T on):
k=1

€€{0,2}r(r=1)/2 (i1,...,ir)ENT

with
a;; +1 ( pi)bij + p.bij+1
AL o) = Y ( 11 ew<bf+l) ek
a,beM()  \ 1<i<j<r ij Pi T Pj
X S(ﬂk + 1,0 + Z(alk +ew) — Z(akl — bkl)),
k=1 1<k I~k

and the convention that the sum on a;;, b;; is restricted to a;; = b;j = 0 when €;; = 0.

Remark 4. The right-hand side is a finite sum. Indeed for any s > 1, if we sum up the
r — s+ 1 conditions

i+ Z(alk +ew) — Z(sz —by) < pr+1

i<k >k

from k = s to k = r, we obtain

Z(zk+26lk+Zbkl+Zalk) gZ pr+1).

k=s <k 1>k I<s

Hence any summation quantity remains bounded.

15



Proof. Assuming the property true for » — 1, we shall apply the Murnaghan rule under

the form
UGN

() X = > dalls p1) (0 = p1) - Xyt
=1

In general A — pi¢ is not a partition. However by analytic continuation of a shifted
symmetric polynomial, the recurrence assumption still writes

SA—prep E § (") A— p161
(n - p1)|p|—p1 X“\pl - AZ27ZS, i p2a s >p7“ Ciy, ?
€{0,2)(r—D(r=2)/2 (ig,....ip)ENT—1

A— plfz(

with &’ standing for {e;;,2 <i < j <r}. By Lemma 1 each ¢ pr) can be written

C?k_plq (px) = C?k (pr) + p1Pk Z c?(pk)()\l — 4o+ 1) (N —1—p +1)°

r,8,t>0
r4+s+t+2=1y
" 5 r—u $—v u+v
~aren X () (D) ak - oo,
r,s,t,u,v>0
7“+s-‘:t-t+2:ik
Defining
uto T S r—u s—v
Butrsvnn) = (0 (1) () 0+ g1 -
we obtain
Ci)\k_plq(pk) - Z elk Z Ci\k (pk) Z Bk(rka Skaukavk) (_)\[ + l)uk+vk,

81k6{072} TkSkytk >0 . U,V >0
Te+spHltein=1x

with 01 = 1 if ey, = 0, 01x = p1pr if €1 = 2, and the convention that the sum on 7y, si
is restricted to r, = s, = 0 when 1, = 0. Inserting this expression in the recurrence
assumption, we get

~A—p1E
(= P1)iplp: Xu\ppll = Z Z H O c?k (%)

€€{0,2}r(r=1)/2 (ta,...,t;)ENT"1 k=2

X Z Bi(ry, 8y wi, i) (=N + D" FAED (pay o pr),s

Tk,8k 20
U,V >0

where for clarity of display, the notation z; (2 < j < r) stands for z; = r; + s; + t; + 1.
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Now we may insert this expression in the Murnaghan rule and apply Theorem 3. We
obtain

pxa= > S T e (on)

€€{0,2}r(r=1)/2 (ta,...t,)ENT—1 k=2
€/
X : : Bk('f’k, 8k7 Uk, Uk) Agg,)zg,...,zr (p27 st 7p7“>

T8 20
U,V >0

x Yy (-1y (ZM(W * ”l))s(pl + 1t —j) & (p).

t1,j>0 J

Writing 7 = 2122 ji and applying the Chu-Vandermonde formula, this can be rewritten

M= D o e [ e (on) 0

€€{0,2}r(r=1)/2 (t1,...,t»)ENT k=2
i U, + Vg
X § (—=1)7 By (7, Skﬁkﬂk)( )
TkySk,Jk >0 Jk
U, v >0

X 8<P1 + 1.t — ij) Aii',)zgv___@(pz, s Pr)-

>1

But by Lemma 2 we have

birp+1 birp+1
U + Vg by, (G + 1\ ot — (=p1)™*
B — (—1)ak b1k .
E k(Thy Sk, Uk, Vi) <a1k —blk) (=1) <blk+1) Pr + p1

TksSkyUk,Vk >0
Tk+Sk=0a1k

Writing 71, + sk = ay and jx = ayx — big, (2 < k <), we obtain

ol A/Ai = ?1 1 i\k k zeg,zg,...,zr. 25y Pr
() X (o) [ e (oe) AS L, . (p2s s pr)
fe=2

€€{0,2}7(r=1/2 (t1,...,tr)EN" (a12...a1,)

(b12...b1r)
ap +1 p1(—p1)b““ + pzlkﬂ (
X 0 5 +1,t — ay —b ),
1k (bm 4 1) P P1 1 bzl( 1 1)
where z; stands now for z; = t; 4+ a;; + ;5. Hence the result. O

For p, = 1 either all ¢, 1 <[ < r — 1, are equal to 0, and the sum is restricted to
1, = 2. FKither only one ¢, is equal to 2, and the sum is restricted to 7, = 0. Or two
or more ¢, are equal to 2, such a contribution being zero. Summing up the r non zero
contributions brings a factor (n — Z::_ll pi), and we recover the formula for r — 1.
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Ingram [9] had only computed the case p = (2,2, 2) (with many misprints). It writes

(n)6 W3 201n0 = (3(2) = 33(2))" +2 (4(2) — 363(2)) (2763(2) — 473(2) — 6¢}(2))
+40c3(2) — 240¢;(2) + 560c3(2) — 600c5(2).

For p = (3,2,2) a new example is

(n)7 92?;\,2,2,1"77 =
((@(2) = 36(2)) - 42(2) +186)(2) = 5063(2) ) (2A(3) — 64(3) + 11c3(3))
—12(3(2) — 3¢3(2)) (A(3) — 8¢1(3) + 23¢3(3) — 28¢3(3))
+ 72 (c3(3) — 10c3(3) + 40c; (3) — 80c5(3) + 79¢5(3)) -

Remark 5. As mentioned in Remark 3, since the order of the p; is irrelevant, there are
many ways of writing the right-hand side in terms of the c? ’s. Their equivalence yields

identities between the c?‘ ’s.

8 Jucys-Murphy elements

We briefly recall the connection of our results with the structure of the center Z, of the
group algebra CS,, of S,,. These facts are not new, and may be found in [3, Section 4].

Given a partition 1, denote C, the conjugacy class of permutations having cycle-type
1, and identify this class with the formal sum of its elements. Then it is well known that
we obtain a basis of Z,,.

For 1 <i <n the Jucys-Murphy elements J; are defined by J; = >_;_;(ji), where (ji)
is a transposition. These elements were introduced independently in [11] and [24]. They
generate a maximal commutative subalgebra of CS,,.

Jucys proved the two following fundamental properties.

(i) We have S[Jy,...,J,] = Z,. More precisely the elementary symmetric functions
ex(Jr, ..., J,) are given by

en(Ji, )= Y. Cu

|l =l (w)=Fk

(ii) Viewing any central function y as the formal sum ) _x(o)o, for any symmetric
function f, we have

f(le"an)X)\:f(A)\)XA-

Now for any p = (p, 1"71Pl) with p = (pi, ..., p,) having no part 1, define z, = z,. As
in Section 2.4, we write

(1)1l X = fu(AN),
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for a unique f,, € Rlcard, p1, p2, ps, .. .]. Therefore the central character of A at p is
A —10A -
w, = n! zulxu = zulfH(A)\).
Thus we have
Cux* = wi Xt =2, fu(AN) X = 2, fulJn, - Jn) X

which yields immediately
Co=2,"fulJr,.. ., ).

Since f, is unique, this expression of C,, as a symmetric function in the Jucys-Murphy
elements is unique. Similarly from

(A = Yz fulAy),

lul=U(p)=k

= >, Z'ln

=)=k

we obtain the decomposition

For instance we have

1 1 n 1 3 n
€2 = §f31n*3 + §f221n74 =DP2 — ( ) + —P% — 5P2t < )

2 2 2 2
The expression of the power sums of the Jucys-Murphy elements py(Ji,...,J,) in
terms of the conjugacy classes C, was studied in [15]. To give a similar expression of
Fope(J1, ..., Jn) is an interesting open problem.

9 Application to Hecke algebras

The Hecke algebra H,(q1,q2) is a deformation of the group algebra CS,,. More precisely
H,(q1,q2) is the algebra over C(q1, g2), the field of rational functions in two indeterminates
(g1, q2), generated by Ty, T5, ..., T,,_1 with relations

(T; — q1)(T; — ¢2) = 0, LT = T 1T, T, =11;, if |i—j|>1

The case of S, corresponds to ¢ = —qo = 1, and T; = s;, the simple transposition
switching ¢ and 7 + 1. The algebra H,(qi, ¢2) has a linear basis {T,,0 € S,,} defined by
T, = TsilTsi2 .. .Tsik where s;,;, ... S;, is any reduced decomposition of o.

Like those of S,,, the irreducible representations of H,(qi, ¢2) are indexed by partitions
|A\| = n and have dimension dim A\. We shall denote x3, (resp. X73;) the corresponding
character (resp. normalized character).

For any permutation o € S, with cycle-type pu = (u1, fto, ..., 1), we write 7, =
T, XYpg oo X Yy with 7y, the k-cycle s;_1Sg_2...81 € Sk. Then it is known [27, Corollary 5.2,

p. 477] that the characters x7; are uniquely determined by their values x7(7},), || = n.
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In the following we adopt “A-ring” notations (see [27, p. 471] or [17, p. 220] for a
short survey). In other words, given any symmetric function f taken on an alphabet A,
we shall write f[(¢1 + ¢2)A] for the image of f under the ring homomorphism uniquely
determined by

prl(q + @) Al = (¢f — (=@2)")pr(A) = (¢f — (—g2)*) D _a".

Then we have the generalized Frobenius formulas

(@1 +a2) " Whul(g + @) A ZXH

sal(q + a2)A] = Z(m + 02) WX (T,) miu(A),

I

with m,(A) the monomial symmetric function of A, i.e. the sum of distinct monomials

;a;"" such that (m;) is a permutation of p. The first of these formulas was proved in [27,
Theorem 4.14, p. 475], see also [28]. For their equivalence, see [4].

By a classical result (see for instance [17, p. 238]), for any positive integer r we have

hel(q1 + q2) A Z H )7) pp(A).

lp|=r

As a direct consequence, for p = (uq, ..., ) we have
1(p™)) o "
X)) = (@ + @) Z Hzpm H (0 — (~a2)” )Xém(“’
[P =pa,|p D =gy =1 7=1

with Xé,p(i) given by Theorem 6. Here the partition p U v is formed by parts of p and v.

10 Final remark

In this paper the normalized characters of the symmetric group have been written in
terms of the contents of the partition A\. A different approach has been recently devoted
to the same problem, using “Kerov polynomials”.

In this alternative framework the “free cumulants” of A are considered. These prob-
abilistic quantities R;(\),i > 2 arise in the asymptotic study of the representations of
symmetric groups [1].

In the simplest case of a p-cycle p = (p,1"7?), Kerov set the problem of writing
the normalized character (n), X;vln,p as a polynomial in the free cumulants R;()\). He
conjectured that the coefficients of this polynomial are positive integers.

In [2, 8] this normalized character was obtained as a particular coefficient in some
Taylor series. Special cases were also computed. However Kerov’s positivity conjecture
is still open. It would be interesting to study the connection between both descriptions
(contents vs free cumulants).
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