Postnikov, A. (2009) “Permutohedra, Associahedra, and Beyond,”
International Mathematics Research Notices, Vol. 2009, No. 6, pp. 1026-1106
Advance Access publication January 7, 2009

do0i:10.1093/imrn/rnn153

Permutohedra, Associahedra, and Beyond

Alexander Postnikov

Department of Mathematics, Massachusetts Institute of Technology,
Cambridge, MA 02139 USA

Correspondence to be sent to: apost@math.mit.edu

The volume and the number of lattice points of the permutohedron P, are given by cer-
tain multivariate polynomials that have remarkable combinatorial properties. We give
several different formulas for these polynomials. We also study a more general class
of polytopes that includes the permutohedron, the associahedron, the cyclohedron, the
Pitman-Stanley polytope, and various generalized associahedra related to wonderful
compactifications of De Concini-Procesi. These polytopes are constructed as Minkowski
sums of simplices. We calculate their volumes and describe their combinatorial struc-
ture. The coefficients of monomials in Vol P, are certain positive integer numbers, which
we call the mixed Eulerian numbers. These numbers are equal to the mixed volumes of
hypersimplices. Various specializations of these numbers give the usual Eulerian num-
bers, the Catalan numbers, the numbers (n + 1)*! of trees, the binomial coefficients, etc.
We calculate the mixed Eulerian numbers using certain binary trees. Many results are

extended to an arbitrary Weyl group.

1 Introduction

The permutohedron Py,(xj,...,X%,) is the convex hull of the n! points obtained from

(x1,...,%,) by permutations of the coordinates. Permutohedra appear in representation
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theory as weight polytopes of irreducible representations of GL, and in geometry as
moment polytopes.

In this paper we calculate volumes of permutohedra and numbers of their in-
teger lattice points. Let us give a couple of examples. It was known before that the
volume of the regular permutohedron P,(n —1,n —2,...,0) equals the number n"2 of
trees on n labeled vertices, and the number of lattice points of this polytope equals
the number of forests on n labeled vertices. Another example is the hypersimplex
Agn = Pp(1,...,1,0,...,0) (with k ones). It is well known that the volume of A, is the
Eulerian number, that is the number of permutations of size n — 1 with k — 1 descents,
divided by (n — 1)!. This calculation dates back to Laplace [23]. These examples are just a
tip of an iceberg. They indicate a rich combinatorial structure. Both the volume and the
number of lattice points of the permutohedron P,(xi,...,x,) are given by multivariate
polynomials in x, ..., X, that have remarkable properties.

We present three different combinatorial interpretations of these polynomials
using three different approaches. Our first approach is based of Brion’s formula that
expresses the sum of exponents over lattice points of a polytope as a rational function.
From this we deduce a formula for the volume of the permutohedron as a sum on n!
polynomials. Then we deduce a combinatorial formula for the coefficients in terms of
permutations with given descent sets. We extend the formula for the volume to weight
polytopes for any Lie type. There are some similarities between this formula and Weyl's
character formula.

Our second approach is based on a way to represent permutohedra as weighted
Minkowski sums ) y;A; of the coordinate simplices. We extend our results to a larger
class of polytopes that we call generalized permutohedra. These polytopes are obtained
from usual permutohedra by parallel translations of their facets.

We discuss combinatorial structure of generalized permutohedra. This class in-
cludes many interesting polytopes: associahedra, cyclohedra, various generalized asso-
ciahedra related to De Concini-Procesi’'s wonderful compactifications, graph associahe-
dra, Pitman-Stanley polytopes, graphical zonotopes, etc. We describe the combinatorial
structure for a class of generalized permutohedra in terms of nested sets. This descrip-
tion leads to a generalization of the Catalan numbers.

We calculate volumes of generalized permutohedra by first calculating mixed
volumes of various coordinate simplices using Bernstein's theorem on systems of al-
gebraic equations. More generally, we calculate the Ehrhart polynomial of generalized
permutohedra, i.e. the polynomial that expresses their number of lattice points. Inter-

estingly, the formula for the number of lattice points is obtained from the formula for
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the volume by replacing usual powers in monomials with raising powers. We also found
an interesting new duality for generalized permutohedra that preserves the number of
lattice points.

We introduce and study root polytopes and their triangulations. These are convex
hulls of the origin and several positive roots for a type A root system. In particular, this
class of polytopes includes direct products of two simplices. We apply the Cayley trick
to show that the volume of a root polytope is related to the number of lattice points in
a certain associated generalized permutohedron. Each triangulation of a root polytope
leads to a bijection between lattice points of the associated generalized permutohedron
and its dual generalized permutohedron.

As an application of these techniques, we solve a problem about combinatorial
description of diagonal vectors of shifted Young tableaux of the triangular shape.

Our third approach is based on a way to represent permutohedra as a Minkowski
sum of the hypersimplices Y uyAg. We express volumes of permutohedra in terms of
mixed volumes of the hypersimplices. We call these mixed volumes the mixed Eulerian
numbers. Various specializations of these numbers lead to the usual Eulerian numbers,
the Catalan numbers, the binomial coefficients, the factorials, the number (n + 1)*!
of trees, and many other combinatorial sequences. We prove several identities for the
mixed Eulerian numbers and give their combinatorial interpretation in terms of weighted
binary trees. We also extend this approach and generalize mixed Eulerian numbers to
an arbitrary root system.

A brief overview of the paper follows. In Section 2, we define permutohedra, give
their several known properties, and discuss their relationship with zonotopes. In Sec-
tion 3, we give a formula for volumes of permutohedra (Theorem 3.1) based on Brion's
formula and derive another formula for volumes (Theorem 3.2) that involves numbers of
permutations with given descent set. In Section 4, we give a formula for volumes and
lattice points enumerators of weight polytopes for any Lie type (Theorems 4.2 and 4.3).
In Section 5, we give a formula for volume of permutohedra (Theorem 5.1) based on our
second approach. In Section 6, we discuss generalized permutohedra and several ways to
parameterize this class of polytopes. In Section 7, we discuss combinatorial structure for
a class of generalized permutohedra in terms of nested sets (Theorem 7.4). In Section 8,
we apply this description to several special cases of generalized permutohedra. In Sec-
tion 9, we extend Theorem 5.1 to generalized permutohedra and calculate their volumes
(Theorem 9.3) using Bernstein's theorem. In Section 10, we give alternative formulas for
volumes (Theorems 10.1 and 10.2) based on our first approach. In Section 11, we state

a formula for the Ehrhart polynomial of generalized permutohedra (Theorem 11.3) and
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derive the duality theorem (Corollary 11.8). In Section 12, we discuss root polytopes and
their triangulations for bipartite graphs. In Section 13, we treat the case of nonbipar-
tite graphs. In Section 14, we show how triangulations of roots polytopes are related to
lattice points of generalized permutohedra. We also finish the proof of Theorem 11.3. In
Section 15, we describe diagonals of shifted Young tableaux. In Section 16, we discuss
our third approach based on the mixed Eulerian numbers. We prove several properties of
these numbers (Theorems 16.3 and 16.4). In Section 17, we give the third combinatorial
formula for volumes of permutohedra (Theorem 17.1) and give a combinatorial interpre-
tation for the mixed Eulerian numbers (Theorem 17.7). Finally, in Section 18, we extend
our third approach to weight polytopes for an arbitrary root system (Theorems 18.3
and 18.5). In Appendix, we review and give short proofs of needed general results on
enumeration of lattice points in polytopes.

Let us give a notational remark about our use of various coordinate systems.
We use the x-coordinates to parameterize permutohedra expressed in the standard form
as convex hulls of S,-orbits of (xi,...,x,). We use the z-coordinates to parameterize
(generalized) permutohedra expressed by linear inequalities as {t | fi(t) > z;}, i.e. the
z-coordinates correspond to the facets of these polytopes. We use the y-coordinates to
parameterize (generalized) permutohedra written as weighted Minkowski sums ) y;A;
of the coordinate simplices. Finally, we use the u-coordinates to parameterize permu-
tohedra written as weighted Minkowski sums ) uy A, of the hypersimplices. For all
other purposes we use the t-coordinates. Throughout the paper, we use the notation

[nl:={1,2...,n}and [m,n]l :={m,m+1,...,n}.

2 Permutohedra and Zonotopes

Definition 2.1. For xi,...,X%, € R, the permutohedron P,(xi,...,x,) is the convex poly-
tope in R" defined as the convex hull of all vectors obtained from (x, ..., x,) by permu-

tations of the coordinates

Py(xy,...,x,) ;= ConvexHull((x,1), ..., Xwm) | w € Sy),

where S, is the symmetric group. This polytope lies in the hyperplane H, = {(t, ..., ts) |
t1+---+t, =c} CR", where c=x; +---+ x,. Thus P,(x1,...,x,) has the dimension at
mostn — 1.

Without loss of generality, we will assume that x; > x, > --- > Xx;,. O
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For example, for n =3 and distinct numbers x,x,x;, the permutohedron
P3(x1, %2, x3) is the hexagon shown below. If some of the numbers x, %, x3 are equal

to each other then the permutohedron degenerates into a triangle, or even a single point.

(1,72, 23)

P3(zy, 20, x3) =

For a polytope P C H,, define its volume Vol P as the usual (n — 1)-dimensional
volume of the polytope p(P) C R*!, where p is the projection p:(ty,...,t,) —~
(t1,...,th1). If c € Z, then the volume of any parallelepiped formed by generators of
the integer lattice Z" N H, is 1.

In this paper, we calculate the volume

Volx1,...,%,) :=Vol P,(xq,...,X,)

of the permutohedron. Also, for integer xi,...,x,, we calculate the number of lattice

points

N,(x1,...,%,) := Pplx1,...,x,) NZ".

We will see that both V,(x,...,x,) and Ny(x,...,x,;) are polynomials of degree
n — 1 in the variables x, ..., x,. The polynomial ¥, is the top homogeneous part of N,.
The Ehrhart polynomial of the permutohedron is Ep, (t) = Ny(tx, ..., tx,). We will give
three totally different formulas for these polynomials.

The special permutohedron for (x1,...,x,)=n—-1,n—-2,...,0),

P,in—1,...,0 = ConvexHull((w(1) — 1,...,wn) — 1) | w € S,)

is the most symmetric permutohedron. It is invariant under the action of the symmetric

group S,. For example, for n = 3, it is the regular hexagon:
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regular hexagon subdivided into 3 rombi

We will call this special permutohedron P,(n —1,...,0) the regular permutohe-
dron. The volume of the regular permutohedron and its Ehrhart polynomial can be easily
calculated using the general result on graphical zonotopes given below.

Recall that the Minkowski sum of several subsets A,..., B in a linear space
is the locus of sums of vectors that belong to these subsets A+---+B:={a+---+D|
acA,....beB}.If A, ...,B are convex polytopes then so is their Minkowski sum. The
Newton polytope Newton(f) for a polynomial f= 3", ;. Bs t;" ---t% is the convex hull
of integer points a € Z" such that 8, # 0. Then Newton(f-g) is the Minkowski sum

Newton(f) + Newton(g). A zonotope is a Minkowski sum of several line segments.

Definition 2.2. For a graph I" on the vertex set [n] := {1, ..., n}, the graphical zonotope

Zr is defined as the Minkowski sum of the line segments:

Zr = Z le;, e;] = Newton 1_[ t—t) ],

(@, j)er @@, j)er

where the Minkowski sum and the product are over edges (i, j), i < j, of the graph I', and
e, ..., e, are the coordinate vectors in R". The zonotope Zr lies in the hyperplane H,,
where c is the number of edges of I". The polytope Zr was first introduced by Zaslavsky
(unpublished). O

The following two claims express well-known properties of graphical zonotopes

and permutohedra.

Proposition 2.3. The regular permutohedron P,(n —1,...,0) is the graphical zonotope
Zk, for the complete graph K. O
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Proof. The permutohedron P,(n —1,...,0) is the Newton polytope of the Vandermonde
determinant det(tij Iy j<n. On the other hand, the Vandermonde determinant is equal

to the product [[;;_;.,(t; — t:), whose Newton polytope is the zonotope Zg,. |
The following claim is given in Stanley [33, Exercise 4.32].

Proposition 2.4. For a connected graph I"' on n vertices, the volume Vol Zr of the graph-
ical zonotope Zr equals the number of spanning trees of the graph I'. The number of
lattice points of Z equals to the number of forests in the graph T'.

In particular, the volume of the regular permutohedron is Vol P,(n — 1,...,0) =

n—2

n" 4, and its number of lattice points equals the number of forests on n labeled

vertices. N

The zonotope Zr can be subdivided into unit parallelepipeds associated with
spanning trees of I', which implies the first claim.
In general, for arbitrary xi, ..., X,, the permutohedron P,(x, ..., %,) is not a zono-

tope. We cannot easily calculate its volume by subdividing it into parallelepipeds.

One can alternatively describe the permutohedron P,(xi, ..., X,) in terms of linear
inequalities.
Proposition 2.5. Rado [29] Let us assume that x; > --- > x,. Then a point (¢, ..., t;) € R”
belongs to the permutohedron P,(xi, ..., x,) if and only if

and, for any nonempty subset {iy,...,i} C {1,...,n}, we have
tiy, +- -+t <x1+ -+ X O
The combinatorial structure of the permutohedron P,(xi, ..., x,) does not depend
on xj,...,%, as long as all these numbers are distinct. More precisely, we have the

following well-known statement.

Proposition 2.6. Let us assume that x; > --- > x,. The d-dimensional faces of
P,(x,...,x,) are in one-to-one correspondence with disjoint subdivisions of the
set {1,...,n} into nonempty ordered blocks B;U---UB, 4 ={1,...,n}. The face

corresponding to the subdivision into blocks Bj,..., B,_4 is given by the n — d linear

¥T02 ‘Sg Yole|N uo uolbulysepn Jo Aisieaiun e /Biosfeulnolpioixo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

Permutohedra, Associahedra, and Beyond 1033

equations
Z ti=x1+ -+ Xpu.up, fork=1,...,n—-d.
i€B,U---UBg
In particular, two vertices (xy), ..., Xum) and (x,q), - .., Xwm), U, w € S,, are connected by
an edge if and only if w = us;, for some adjacent transposition s; = (i,i + 1). O

3 Descents and Divided Symmetrization

Our first approach to computation of volume of permutohedra is based on the following

theorem.
Theorem 3.1. Let us fix distinct numbers 14, ..., A, € R. The volume of the permutohe-
dron P, = P,(xi,...,X,) is equal to

X1 + 4 Ay X))

Vol P, = .
" (Tl - 1)' wes, ()\w(l) - )\w(Z))()\w(Z) - )"w(S)) e ()\w(n—l) - )\w(n))

Notice that all A;'s on the right-hand side cancel each other after the symmetriza-
tion. Theorem 4.2 below gives a similar formula for any Weyl group. Its proof is based
on the Brion's formula [3]; see Appendix A.

Theorem 3.1 gives an efficient way to calculate the polynomials V,, = Vol P,. How-
ever, this theorem does not explain the combinatorial significance of the coefficients

in these polynomials. The next theorem gives a combinatorial interpretation for the

coefficients.

Given a sequence of nonnegative integers (cy, ..., c,) such thatc; +--- +¢c,=n — 1,
let us construct the sequence (e, ..., €2,_2) € {1, —1}*"2 by replacing each entry “c;” with
“1,...,1,—1" (¢ 1's followed by one “—1"), for i = 1,...,n, and then removing the last
“—1". For example, the sequence (2,0,1,1,0, 1) gives (1,1,—-1,-1,1,—-1,1,—1,—1,1). This
map is actually a bijection between the sets {(c1,...,¢:) € ZL; | c1 + -+ ¢ =n — 1} and

{(€1,..., €mn_2) € {1,=1}2""2 | ¢, + .- 4+ €2,_5 = 0}. Let us define the set I, by

1/--+/Cn

I ={1€f{l,....n =1} |1+ -+ €1 <0}

.....
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The descent set of a permutation we S, is I(w)={ie{l,...,n—1} | w() >

w(i + 1)}. Let D,(I) be the number of permutations in S, with the descent set I'(w) = I.

Theorem 3.2. The volume of the permutohedron P, = P,(x,..., X,) is equal to
X7 X%
_ _1)\epen a .. In
Vol P, = Z( 1) 1 D (Icl ,,,,, cn) Cl! col ’
where the sum is over sequences of nonnegative integers ci,...,c, such that ¢ +--- +
c,=n-—1. [l

We can graphically describe the set I, as follows. Let us construct the lattice

Lo Gt
path P on Z? from (0,0) to (n — 1,n — 1) with steps of the two types (0, 1) “up” and (1, 0)
“right” such that P has exactly ¢; up steps in the (i — 1)-st column, fori =1, ..., n. Notice
that the (2i — 1)-th and 2i-th steps in the path P are either both above the x = y axis or
both below it. The set I, ., is the set of indices i such that the (2i — 1)-th and 2i-th steps

in P are below the x = y axis.

( Cl(J) (271707170707213~01071)
= {5,6,7,10}

Example 3.3. We have I, = x; — x; and V3 = %f + xX1X) — 2X1X3 — 2% + X x3 + Xé The fol-

lowing figure shows the paths corresponding to all terms in V; and V3.

wy < wa wy > wa
T —Z2
wy < wy < w3 wy < wp < w3 wy < wy > wg wy > wy < w3 wy > wy > w3 wy > wy > w3
fZ ;7‘7( - f ,fr ,ﬂ
Ty T3
7 X1 *2.@11’5 ToT3 T

For example, I o1 = {2} and there are 2 permutations 132,231 € S; with the de-

scent set {2}. Thus the coefficient of x; x3 in V3 is —2. O
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For a polynomial f(Ay,...,Ay,), define its divided symmetrization by
o f()"ll~--l)"n) )
V= u% v <(x1 —h2lhz —2a) - (hnt — ) )

where the symmetric group S, acts by permuting the variables A;.

Proposition 3.4. Let f be a polynomial of degree n — 1 in the variables A;,...,A,. Then
its divided symmetrization ( f) is a constant. If deg f < n — 1, then (f) = 0. O

Proof. We can write (f) = g/A, where A = ]_[i<j(ki — A;) is the common denominator
of all terms in (f) and g is a certain polynomial of degree deg A = (}). Since (f) is a
symmetric rational function, g should be an antisymmetric polynomial, and thus it is

divisible by A. Since g and A have the same degree, their quotient is a constant. If

deg f <n —1, then degg < deg A and, thus, g = 0. [ |
Proposition 3.5. We have (A{' - --2%) = (=1)!!D,(I), where ci, ..., ¢, are nonnegative in-
tegerswithe, +---+c,=n—land I =1, . O

1

Proof. We can expand the expression ;—-,
i—Aj

i < j as the Laurent series that converges

in the region A; > --- > A, > O:

1 1
Al =N arklak
Aj —Aj L 1—Aj/A kX:zO L J

C;
)“11 Ry
(A1 =22)(Ap_1—2p)

converges in this region. Let CT, be the constant term of the series f,,. Then, according
to Proposition 3.4, we have (A7 -+ -1%) = 3"

constant term in the series w=1(f,), i.e. the Laurent series obtained by the expansion of

Let us use this formula to expand each term w( ) as a Laurent series f,, that

CT,. Equivalently, the number CT, is the

weS,

1 . AL A
each term o I s o as
Y oaEak,, for w(i) < wii + 1),
1 _ k=0
hi—hip | = AT for wii) > w(i + 1),

k>0

Let I =1I(w) be the descent set of the permutation w. Then CT, equals (—1)

times the number of nonnegative integer sequences (ki,...,k,—1) such that we have
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(c1,....,cn) =v1 + -+ vy_1, where

o — (ki+1)e —kie, forig I (wli) <wli+ 1)),
" —kie + (ki + e, forie I (wi) > wli + 1),

and the e; are the coordinate vectors. Notice that, for a fixed permutation w, there is at
most one sequence (ky, ..., k,_1) that produces (¢, ..., c,), as above. Thus CT, € {1,—1,0}.

Let P be the lattice path from (0, 0) to (n — 1, n — 1) constructed from the sequence
(c1,...,c,) as shown after Theorem 3.2. In other words, P is the continuous piecewise-

linear path obtained by consecutively joining the points
(Or O)r (OI Cl)l (1!01)/ (lrcl + CZ)I (Z,Cl + CZ)r (2! C1 + Cy + C3)l ce ey (n - 1rn - 1)

by line segments.

Let r be the maximal index such that w(l) < w(2) < --- < w(r). Then we have
a=ki+1, coc=koy+1-ky, ..., ¢cc1=k_1+1—-k,_2, ¢c=—k-—k,_1. Thus k; =c; +
ot —-1>0,fori=1,....r—2,k_1=c+---+¢_1—(r—1)=0,and k, = ¢. = 0. This
means that the path P stays weakly above the x = y axis as it goes from the point (0, 0) to
the point (r — 1,7 — 1), then it passes through the point (r — 1,7 — 1), and goes strictly be-
low the x = yaxis (if r < n+1). Fori = 1,...,r — 1, the number k; is exactly the distance
between the lowest point of the path P on the line x = i and the point (i, i).

Let ' be the maximal index such w(r) > w(r +1) > --- > w(r’). Then we have ¢, =
-k =0, ¢r1=kr+1—-kry1, ..., w1 =kp 2+1—ky_y, and ¢ = (kp_1 + 1) + (k + 1).
Thus ki=i-r-¢—---—¢g=i—-1—-c¢c—---—¢>0,fori=r,...,¥—1,and k» = ¢ +
-+++ ¢» —r > 0. This means that the path P stays weakly below the x = y axis as it goes
from the point (r — 1,r — 1) to the point (' — 1,7 — 1), then it passes through the point
(r" — 1,7 — 1) and goes strictly above the x = yaxis (if ¥ <n+1). Fori=r,...,r — 1, the
number k; is the distance between the highest point of the path P on the line x=1i—1
and the point (i — 1,7 — 1).

We can continue working with maximal monotone intervals in the permutation
w in this fashion. Let r” be the maximal index such that w(r’) < --- < w(r”). Similarly to
the above argument, we obtain that that path P’ stays weakly above the x = y axis until
it crosses it at the point (" — 1,r” — 1), etc.

We deduce that the indices r, 7/, 7”,... characterizing the descent set of w corre-
spond to the points where the path P crosses the x = y axis. Thus the descent set of w

is uniquely reconstructed from the sequence (¢, ..., ¢c,) as I = I, .. Moreover, for any

.....
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permutation w with such descent set, the nonnegative integer sequence (ki, ..., k,—1) is
uniquely reconstructed from the sequence (cy,...,c,) as
k min{y—1 | (i, y) € P} ifigl,
i =

min{i —1—y|(i—1,y)e P} ifiel,

and, thus, CT, = (—1)!l. This shows that only permutations with the descent set I =

.....

is (=1)1I, This finishes the proof. [ ]

Proof of Theorem 3.2. According to Theorem 3.1, the volume of the permutohedron can

be written as the divided symmetrization of the power of a linear form:

1 n—1 a Cn XICI X'
Vn:m<(xl)¥l+"'+Xn)‘n) ): Z <)\1)un)a;
ci+tep=n—1 n
Now apply Proposition 3.5. |

4 Weight Polytopes

Theorem 3.1 can be extended to any Weyl group, as follows. Let ® be a root system
of rank r. Let A be the associated integer weight lattice and Agr = A ® R be the weight
space. The roots in ® span the root lattice L € A. The associated Weyl group W acts on

the weight space Ag. Let (x, y) be a nondegenerate W-invariant inner product on Ag.

Definition 4.1. For x € Ag, we can define the weight polytope Py(x) as the convex hull

of a Weyl group orbit:

Py(x) ;= ConvexHull(w(x) | w € W) C Ag.

For the Lie type A4,, the weight polytope Py(x) is the permutohedron P, (x). O

Let us fix a choice of simple roots «;,...,a, in ®. Let Vol be the volume form on

Ag normalized so that the volume of the parallelepiped generated by the simple roots «;
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is 1. Recall that a weight A € Ag is called regular if (A, @) # 0 for any root « € ®. A weight

A is called dominant if (A, «;) > 0, fori=1,...,r.

Theorem 4.2. Let A € Ar be a regular weight. The volume of the weight polytope is

equal to

Vol Pylx) = © > (h, w(x)" )

r! = Aowlag) -, wiey)

For type A,, W = S.;; and Theorem 4.2 specializes to Theorem 3.1.

Let G be a Lie group with the root system ®. For a dominant weight A, let V; be
the irreducible representation of G with the highest weight A. The character of V; is a
certain nonnegative linear combination ch(V;) of the formal exponents e, u € A. (These
formal exponents are subject to the relation e - e¢” = e#*”.) The weights that occur in
the representation V, with nonzero multiplicities, i.e. the weights u such that e* has a
nonzero coefficient in ch(V;), are exactly the points of the weight polytope Py () in the
lattice L + A (the root lattice shifted by A). Let

S(Pw) = Y e

HEPw(MN(L+2)

be the sum of formal exponents over these lattice points. In other words, S(Py (1)) is ob-
tained from the character ch(V;) by replacing all nonzero coefficients with 1. For example,
in the type A, ch(V;) is the Schur polynomial s;, and the expression S(P,(%)) is obtained
from the Schur polynomial s, by erasing the coefficients of all monomials.

We have the following identity in the field of rational expressions in the formal

exponents.

Theorem 4.3. For a dominant weight A, the sum of exponents over lattice points of the

weight polytope Py/(A) equals

ew()»)
S(PW()»)) = Xm:/ 1— e—w(ﬂll)) (1= e—w(ozr)) ' 0
€

Notice that if we replace the product over simple roots «; on the right-hand side
of Theorem 4.3 by a similar product over all positive roots, we obtain exactly Weyl's
character formula for ch(V3).

Theorems 3.1, 4.2, and 4.3 follow from Brion's formula [3] on summation over lat-

tice points in a rational polytope. In Appendix, we give a brief overview of this result and
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related results of Khovanskii—Pukhlikov [20, 21] and Brion-Vergne [4, 5]. The following

proof assumes reader’s familiarity with the Appendix.

Proof of Theorems 3.1, 4.2, 4.3. Let us identify the lattice L + » embedded into Ag with
Z" C R". Then (for a regular weight A) the polytope Pw(}) is a Delzant polytope, i.e. for any
vertex of Py()), the cone at this vertex is generated by an integer basis of the lattice Z"; see
Appendix A. Indeed, the generators of the cone at the vertex A are —«y, ..., —«,. Thus the
generators of the cone at the vertex w(A), for w € W, are g; ) = —wle), i =1,...,r. Now
Theorem 4.3 is obtained from Brion's formula given in Theorem A. 2(2). As we mention
in the proof of Theorem A. 3(1), this claim remains true for nonregular weights A when
some of the vertices w(A) may accidentally merge. Similarly, Theorems 3.1 and 4.2, are
obtained from Theorem A. 2(4). [ |

In a sense, Theorems 4.2 and 3.1 are deduced from Theorem 4.3 in the same way

as Weyl's dimension formula is deduced from Weyl's character formula; cf. Appendix.

5 Dragon Marriage Condition

In this section we give a different combinatorial formula for the volume of the permuto-

hedron.
Let us use the coordinates yj, ..., y, related to xi,..., x, by
h=—x
n=-x+x
V3 =—X3+2X — X1
o =—("6) %+ (") Koy = £ (0] 3
Write V,, = Vol P,(xi, ..., X,) as a polynomial in the variables y1,..., y.

Theorem 5.1. We have

1
VolP, = — Z Vinl - Vidwals
L A

where the sum is over ordered collections of subsets Jj, ..., J,_1 C [n] such that, for any
distinct iy, ..., i, we have |J;, U--- U J, | > k + 1. O
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We will extend and prove Theorem 5.1 for a larger class of polytopes called
generalized permutohedra; see Theorem 9.3. Theorem 5.1 implies that (n — 1)! V, is a

polynomial in y», ..., v, with positive integer coefficients.

Example 5.2. We have V, = Vol ([(x1, %), (x2, x1)]) = x1 — % = y» and 2V3 = Xf + 2x1X%7 —
4x1x3 — 2%+ 2%+ X, =65 + 6 3 + 13 O

Remark 5.3. The condition on subsets J;,...,J,_; in Theorem 5.1 is similar to the
condition in Hall’s marriage theorem [18]. One just needs to replace the inequality > k + 1

with > k to obtain Hall's marriage condition. O

Let us give an analogue of the marriage problem and Hall’s theorem.

Dragon marriage problem. There are n brides, n — 1 grooms living in a medieval town,
and 1 dragon who likes to visit the town occasionally. Suppose we know all possible
pairs of brides and grooms that do not mind to marry each other. A dragon comes to
the village and takes one of the brides. When will it be possible to match the remaining

brides and grooms no matter what the choice of the dragon was?

Proposition 5.4. Let Ji,...,J,_1 C [n]. The following three conditions are equivalent:

For any distinct iy, ..., i, we have |J;, U--- U J, | > k + 1.

2. For any j € [n], there is a system of distinct representatives in Jj,..., J,_1
that avoids j. (This is a reformulation of the dragon marriage problem.)

3. There is a system of 2-element representatives {a;, b;} C J;,i=1,...,n—1,

such that (a;, b1), ..., (ay_1,by_1) are edges of a spanning tree in K. O

Proof. Itisclearthat (2) implies (1). On the other hand, (1) implies (2) according to usual
Hall's theorem. We leave it as an exercise for the reader to check that either of these two

conditions is equivalent to (3). [ |

We will refer to the three equivalent conditions in Proposition 5.4 as the dragon

marriage condition.

Example 5.5. Let M, be the number of sequences of subsets Ji, ..., J;,—1 C [n] satisfying
the dragon marriage condition. Equivalently, M, is the number of bipartite subgraphs
G C Ky, _1,, such that for any vertex j in the second part there is a matching in G cov-

ering the remaining vertices. According to Theorem 5.1 with y3 =--- = 5, = 1, we have
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M, = (n — 1)! Vol P,(—1, -2, —4,...,—2"!). Let us calculate a few numbers M, using The-

orem 3.1.

S

(N
w
N

5 6 7 8
M, || 1| 13 | 1009 | 354161 | 496376001 | 2632501072321 | 52080136110870785

6 Generalized Permutohedra

Definition 6.1. Let us define generalized permutohedra as deformations of the usual
permutohedron, i.e. as polytopes obtained by moving vertices of the usual permuto-
hedron so that directions of all edges are preserved (and some of the edges may ac-
cidentally degenerate into a singe point); see Appendix A. In other words, a general-
ized permutohedron is the convex hull of n! points v, € R" labeled by permutations
w € S, such that, for any w € S, and any adjacent transposition s; = (i,7 + 1), we have
Vy — Vs, = kyil€yi) — ewi+1), for some nonnegative number k,; € R-o, where ey,..., e,

are the coordinate vectors in R”, cf. Proposition 2.6. O

Each generalized permutohedron is obtained by parallel translation of the facets
of a usual permutohedron. Recall that these facets are given by Rado’s theorem (Propo-
sition 2.5). Thus generalized permutohedra are parameterized by collections {z;} of the
2" — 1 parameters z;, for nonempty subsets I C [n]. Each generalized permutohedron has

the form

n
PZ({zr}) = i(tl, oo ty) e R Zti = Zn], Zti > z;, for subsets I} .
i=1 iel
Note that not every polytope of this form is a generalized permutohedron. Informally,
we only allow parallel translations of the facets that “don't go past the vertices.” The
polytope P/({z;}) is a generalized permutohedron whenever the collection of parameters

{z;} belongs to a certain polyhedral subset D, ¢ R?"~!

of top dimension. We call D,, the
deformation cone. We will discuss it in greater details in Appendix.
The polytope P/({z;}) is a usual permutohedron if z; = z; whenever |I| = |J|.

The following figure shows examples of generalized permutohedra:
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According to Theorem A. 3, we have the following statement.

Proposition 6.2. The volume of the generalized permutohedron P/({z;}) is a polynomial
function of the z;'s defined on the deformation cone D,. The number of lattice points
PZ({z;}) N Z™ in the generalized permutohedron is a polynomial function of the z;'s defined

on the lattice points D, N Z%"~! of the deformation cone. O

Let us call the multivariate polynomial that expresses the number of lattice
points in P?({z;}) the generalized Ehrhart polynomial of the permutohedron.

Let us give a different construction for a class of generalized permutohedra. Let
A = ConvexHull(ey, . .., e,) be the standard (n — 1)-dimensional coordinate simplex in
R™. For a subset I C [n], let A; = ConvexHull(e; | i € I) denote the face of the coordinate

simplex Ap,;:
A7 = ConvexHull(e; | i € I).

Let {yr} be a collection of nonnegative parameters y; > 0, for all nonempty subsets I C [n].
Let us define the polytope PY({y;}) as the Minkowski sum of the simplices A; scaled by
the factors y;:

PI({y1}) := Z V- Ag.

Icln]

Proposition 6.3. Let {y;} be any collection of nonnegative real numbers for all nonempty

subsets I C [n], and let {z;} be the collection of numbers given by

Zr = Z ys, for all nonempty I C [n].
JcI

Then P} ({yr}) is the generalized permutohedron PZ({z1)). O
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Proof. Let us first pick a nonempty subset Iy C [n] and set y; = (I, Iy) (Kronecker's
delta). Then P}({yr}) = Ay, because the Minkowski contains only 1 nonzero term. In this
case, we have z; =1, if I D Iy, and z; = 0, otherwise. The inequalities describing the
polytope PZ({z;}) give the same coordinate simplex Ay . The general case follows from
the fact that the Minkowski sum of two generalized permutohedra P?({z;}) and P7({z}}),
for {z;},{2}} € Dy, is exactly the generalized permutohedron P}({z; + z;}) parameterized

by the coordinatewise sum {z; + z;} € D,. This fact is immediate from the definition of

Pr({zr}). [ |
B
A
1 1
N\
1 , 2 _ c
N =

2 D

3 + .

3 3 4

E

Remark 6.4. Not every generalized permutohedron P/({z;}), for {z;} € D,, can be written
as a Minkowski sum Pj({y;}) of the coordinate simplices. For example, for n = 3, the
polytope PY({yr}) (usually a hexagon) is the Minkowski sum of the coordinate triangle
A and the three line segments Ay 2), A3, Aqz,3 parallel to its edges (scaled by some
factors); see the figure above. For this hexagon we always have |AB| < |DE|. On the
other hand, any hexagon with edges parallel to the edges of A is a certain generalized
permutohedron P;({z;}).

The points {z;} of the deformation cone D,, that can be expressed as z; = ng Vs
through nonnegative parameters y; form a certain region D;, of top dimension in the de-
formation cone D,,. Since the volume and generalized Ehrhart polynomial are polynomial
functions on Dy, it is enough to calculate them for the class of polytopes Pj({y;}) and

then extend from D), to D,, by the polynomiality. O

In what follows will refer to the polytopes Py ({yr}) as generalized permutohedra,

keeping in mind that they form a special class of polytopes PZ({z;}), for {z;} € Dy.

7 Nested Complex

The combinatorial structure of the generalized permutohedron PY = pY ({yr}) depends

only on the set B C 2™ of nonempty subsets I C [n] such that y; > 0. In this section,
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we describe the combinatorial structure of P} when the set B satisfies some additional

conditions.

Definition 7.1. Let us say that a set B of nonempty subsets in S is a building set on S if

it satisfies the conditions:

(B1) IfI,JeBandINJ#@,thenIUJ € B.
(B2) B contains all singletons {i}, fori € S. O

Condition (B1) is a certain “connectivity condition” for building sets. Note that
condition (B2) does not impose any additional restrictions on the structure of generalized
permutohedra and was added only for convenience. Indeed, the Minkowski sum of a
polytope with Ay, which is a single point, is just a parallel translation of the polytope.

Let Bpax C B be the subset of maximal by inclusion elements in B. Let us say
that a building set B is connected if it has a unique maximal by inclusion element S.
According to (B1) all elements of B¢ are pairwise disjoint. Thus each building set B is
a union of pairwise disjoint connected building sets, called the connected components
of B, that correspond to elements of Bpax.

For a subset C C S, define the induced building set as Blc ={I € B|I C C}.

Example 7.2. Let I"' be a graph on the set of vertices S. Define the graphical building
set B(I') as the set of all nonempty subsets C C S of vertices such that the induced graph
['|c is connected. Clearly, it satisfies conditions (B1) and (B2). The building set B(I') is
connected if and only if the graph I' is connected. The connected components of B(T)
correspond to connected components of the graph I'. The induced building set is the
building set for the induced graph: B(I')|c = B(T'|¢). O

Definition 7.3. A subset N in the building set B is called a nested set if it satisfies the

following conditions:

(N1) Forany I,J € N, we have either I € J, or J C I, or I and J are disjoint.
(N2) For any collection of k > 2 disjoint subsets J,..., J;y € N, their union J; U
-+-U J; is not in B.

(N3) N contains all elements of Byax.

The nested complex N(B) is defined as the poset of all nested sets in B ordered by

inclusion. U
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Clearly, the collection of all nested sets in B (with elements of By,,x removed) is a
simplicial complex.
Remark that the concept of building sets and nested sets originally appeared in

the work of De Concini and Procesi [12] in the context of subspace arrangements.

Theorem 7.4. Letus assume thatthe set B associated with a generalized permutohedron
P} is a building set on [n]. Then the poset of faces of P} ordered by reverse inclusion is
isomorphic to the nested complex N(B). O

This claim was independently discovered by the author and by Feichtner and
Sturmfels [16, Theorem 3.14]. They also defined objects similar to B-forests discussed

below; see [16, Proposition 3.17].

Proof. Each face of an arbitrary polytope can be described as the set of points of the
polytope that minimize a linear function f. Moreover, the face of a Minkowski sum
Q; + ---+ Q. that minimizes f is exactly the Minkowski sum of the faces of Q;'s that
minimize f.

Let us pick a linear function f(ty,...,t,) = ait; +--- + ant, on R". It gives an
ordered set partition of [n] into a disjoint union of nonempty blocks [n] = A, U--- U A
such that a; = a;, whenever i and j are in the same block A, and a; < a;, whenever
i € A;and j € A, for s < t. The face of a coordinate simplex A; that minimizes the linear
function f is the simplex Az, where I:=1In Ajp and j = j(I) is the minimal index such
that the intersection I N 4; is nonempty. We deduce that the face of P} minimizing f is
the Minkowski sum ), yi A7

We always have j(I) > j(J), for I C J. Let N C B be the collection of elements
I € B such that j(I) > j(J), for any J D I, J € B. We can also recursively construct the
subset N C B, as follows. First, all maximal by inclusion elements of B should be in N.
According to (B1), all other elements of B should belong to one of the maximal elements
I,,. For each maximal element I,, € B, all elements I C I, such that j(I) = j(I,), i.e. the
elements I that have a nonempty intersection with I,,, do not belong to N. The remaining
elements I C I, are exactly the elements of the induced building set B|; 7, . Let us
repeat the above procedure for each of the induced building sets. In other words, find all
maximal by inclusion elements I, in BJ; \7 . These maximal elements should be in N.
Then, for each maximal element I,,;, construct the induced building set B| ,\L,+ etc. Let
us keep on doing this branching procedure until we arrive to building sets that consist

of singletons.
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It follows from this branching construction that N is a nested set in B. It is
immediate that N satisfies conditions (N1) and (N3). If J;, ..., Jy € N are disjoint subsets
and J; U---U J; € B,k > 2,then we should have included J; U --- U J; in N in the recursive
construction, and then the J; cannot all belong to N. This implies condition (N2). It is also
clear that, given N, we can uniquely reconstruct the subset fg I, for each I € B. Indeed,
find the minimal by inclusion element J € N such that J 2 I. Then J = J \ Ukcrxen K
and T is the intersection of the last set with I. Thus the nested set N uniquely determines
the face ), p yr A7 of P} that minimizes f.

Let us show that, for any nested set N € N/(B), there exists a face of P associated
with N. Indeed, let A; = I\ J;c; jey J, forany I € N. Then (J; .y 4; is a disjoint decom-
position of [n] into nonempty blocks. Let us pick any linear order of 4; < --- < A of the
blocks A; such that A; < Aj, for I D J. Pick any linear function f on R" that produces
this ordered set partition of [n], for example, f(t;,...,t,) = Zi'jeAi i t;. Then the function
f is minimized on a certain face Fy of P} and if we apply the above procedure to Fy
we will recover the nested set N. We also see from this construction that the face Fy
contains the face Fy if and only if N C N'. [ |

We can express the generalized permutohedron P}({yr}) as PZ({zr}), where z; =

> _i.n.cs Vis see Section 6. Let us give an explicit description of its faces.

Proposition 7.5. As before, let us assume that B is a building set. The face Py of
PY({yi)) = PZ({zr}) associated with a nested set N € N(B) is given by

Py = (tl,...,tn)eR”|Zti=zl, for I € N; Ztizzj, forJe B} .

iel ieJ

The dimension of the face Py equals n — |N|. In particular, the dimension of P} ({y;}) is
n-— |Bmax|- U

Proof. According to the proof of Theorem 7.4, for a nested set N € N(B), we have the
disjoint decomposition [n] = [ ;. A into nonempty blocks, and the corresponding face

of P} is given by

Py = Z Vi Agna,

where the Minkowski sum is over all J € B and over maximal by inclusion I € N such

that JN A; # . This Minkowski sum involves the terms Aa, = Arna,, among others.
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Thus dim Py > dim(}_;_ Aa,) =n — |N|. It also follows from the construction that, for

any term Ajn,, in this sum, we have J C I. Thus we have the equality ) ,_; t; = z;, for
I € N and any point (¢, ..., t,) € Py. It follows that the codimension of Py in R" is at least
|N|. Together with the inequality for the dimension, this implies that dim Py = n — |N|

and the face Py is described by the above |N| linear equations, as needed. |

Theorem 7.4 implies that vertices of P} are in a bijective correspondence with
maximal by inclusion elements of the nested complex AV (B). We will call these elements

maximal nested sets. The following proposition gives their description.

Proposition 7.6. A nested set N € N(B) is maximal if and only if, for each I € N, we have
|A;] =1, where A; =1\ UJCLJeN J. For a maximal nested set N, the map I — i;, where

{ir} = A;, is a bijection between N and [n]. O

Proof. According to the proof of Theorem 7.4 and Proposition 7.5, a nested set N € N(B)
is maximal (and Fy is a point) if and only if dim(}";_y As) =Y ;y(1A7l — 1) =0, i.e. all
A; should be one elements sets. The map I +— i; is clearly an injection. On the other
hand, for any i € [n] and the minimal by inclusion element I of N that contains i, we have
I |

For a maximal nested set N € N(B), let us partially order the set [n] by i; >y i;
whenever I D J. The Hasse diagram of the order “>y" is a rooted forest Fy, i.e. a forest
with a chosen root in each connected component and edges directed away from the roots.
The set of such forests can be described, as follows.

For two nodes i and j in a rooted forest, we say that i is a descendant of j
if the node j belongs to the shortest chain connecting i and the root of its connected
component. In particular, each node is a descendant of itself. Let us say that two nodes

i and j are incomparable if neither i is a descendant of j, nor j is a descendant of i.

Definition 7.7. For a rooted forest F and a node i, let desc(i, F) be the set of all descen-
dants of the node i in F (including the node i itself). Define a B-forest as a rooted forest

F on the vertex set [n] such that

(F1) For any i € [n], we have descl(i, F) € B.
(F2) There are no k > 2 distinct incomparable nodes i;,...,ix in F such that
UI;ZI desc(ij, F) € B.
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(F3) The sets descl(i, F), for all roots i of F, are exactly the maximal elements of
the building set B.

Condition (F3) implies that the number of connected components in a B-forest equals the
number of connected components of the building set B. We will call such graphs B-trees

in the case when B is connected. O

Proposition 7.8. The map N — Fy described above is a bijection between maximal
nested sets N € A/(B) and B-forests. O

Proof. The claim is immediate from the above discussion. Indeed, note that each
maximal nested set N € MV(B) can be reconstructed from the forest F = Fy as N =
{desc(1, F),...,desc(n, F)}. [ |

Let us describe the vertices of the generalized permutohedron in the coordinates.

Proposition 7.9. The vertex vr = (ty,...,t,) of the generalized permutohedron P, asso-

ciated with a B-forest F is given by t; = }_ ;5. ;e jcqesci,p) Yo fori =1,...,n. U

Proof. Let N be the maximal nested set associated with the B-forest F. By Propo-
sition 7.5, the associated vertex vg = (t1,...,t,) is given by the n linear equations
Y icrti = 21, for each I € N. Notice that, for each J € B, there exists a unique i € J such
that i € J C descli, F). Indeed, desc(i, F) should be the minimal element of N containing

J. Thus, for the numbers t; defined as in Proposition 7.9 and any I € N, we have

Zti=z Z )YJZZYJZZL

iel iel JeB:ieJCdesc(i,F JCI
as needed. [ |

Proposition 7.10. Let F be a B-forest and let vr be the associated vertex of the gener-
alized permutohedron PY. For each nonroot node i of F, define the n-vector gir =& —é€j,
where the node j is the parent of the node i in F. (Here e,...,e, are the coordinate
vectors in R™.) Then the integer vectors g; r generate the local cone of the polytope Pi
at the vertex vy. In particular, the generalized permutohedron P; is a simple Delzant

polytope; see Appendix. O

Proof. Let N be the maximal nested set associated with the forest F. Then each edge of

P} incident to vy correspond to a nested sets obtained from N by removing an element
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I € N\ Bpax. There are n — |Bpax| such edges and Proposition 7.5 implies that they are
generated by the vectors g; r. [ |

Let f3(q) be the f-polynomial of the generalized permutohedron P;. According
to Theorem 7.4, it is given by

n—1
fl@=Y) fid= Y ¢ ",
i=0 NeN(B)

where f; is the number of i-dimensional faces of P;. The recursive construction of nested

sets implies the following recurrence relations for the f-vector.

Theorem 7.11. The f-polynomial fz(q) is determined by the following recurrence rela-

tions:

1. If B consists of a single singleton, then fz(q) = 1.

2. If B has connected components By, ..., B, then

fB(Q) = fB1 (Q) s ka(q).
3. If Bis a connected building set on S, then

fal@) = g% f.(q). .

ccs

Definition 7.12. We define the generalized Catalan number, for a building set B, as the
number C(B) = f3(0) of vertices of the generalized permutohedron P}, or equivalently,
the number of maximal nesting families in N(B), or equivalently, the number of B-

forests. O

The reason for this name will become apparent from examples in the next section.
The generalized Catalan numbers C(B) are determined by the recurrence relations similar
to the ones in Theorem 7.11, where in (3) we sum only over subsets C C S of cardinality
S| — 1.

In the following section, we show that the associahedron is a special case of
generalized permutohedra. Thus we can also call this class of polytopes generalized
associahedra. However, this name is already reserved for a different generalization of

the associahedron studied by Chapoton, Fomin, and Zelevinsky [7].
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Even though Chapoton-Fomin-Zelevinsky's generalized associahedra are differ-
ent from our “generalized associahedra,” there are some similarities between these two
families of polytopes. In [42], Zelevinsky gives an alternative construction for general-
ized permutohedra associated with building sets, which is parallel to the construction
from [7]. He first constructs the dual fan for the nested complex A (B), and then shows
that it has a polytopal realization.

A natural question to ask is how to find a common generalization of Chapoton—
Fomin-Zelevinsky's generalized associahedra and generalized permutohedra discussed
in this section.

8 Examples of Generalized Permutohedra
8.1 Permutohedron

Let us assume that building set B = By = 2™\ {#)} is the set of all nonempty subsets
in [n]. Then P} is combinatorially equivalent to the usual permutohedron, say, P,(n,n —
1,...,1). This is the generic case of generalized permutohedra. In this case, nested sets
are flags of subsets J; C J, C --- C J; = [n]. Indeed, two disjoint subsets I and J cannot
belong to a nested set because their union I U J is in B. The maximal nested sets are
complete flags on n subsets. Clearly, there are n! such flags, which correspond to the
n! vertices of the permutohedron. In this case, B, -trees are directed chains of the form
(w1, wa), (we, ws), ..., (wp_1, wy), where wy, ..., w, is a permutation in S,. The generalized

Catalan number in this case is C(Bg;) = n!.

8.2 Associahedron

Assume that the building set B = Bj,; = {li, j1| 1 <i < j < n} is the set of all continuous
intervals in [n]. In this case, the generalized permutohedron is combinatorially equivalent
to the associahedron, also known as the Stasheff polytope, which first appeared in the
work of Stasheff [36].

A nested set N C B;,; is a collection of intervals such that, for any I, J € N, we
either have I C J, J C I, or I and J are disjoint non-adjacent intervals, i.e. I U J is not
an interval. Let us describe B;,;-trees.

Recall that a plane binary tree is a tree such that each node has at most one left
child and at most one right child. (If a node has only one child, we specify if it is the left
or the right child.) It is well known that there are the Catalan number C, = —(*") of

n+l'n
plane binary trees on n unlabeled nodes.

¥T02 ‘Sg Yole|N uo uolbulysepn Jo Aisieaiun e /Biosfeulnolpioixo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

Permutohedra, Associahedra, and Beyond 1051

For a node v in such a tree, let L, be the left branch and R, be the right branch
at this node, both of which are smaller plane binary trees. If v has no left child, then L,
is the empty graph, and similarly for R,. For any plane binary tree on n nodes, there is a
unique way to label the nodes by the numbers 1,...,n so that, for any node v, all labels
in L, are less than the label of v and all labels in R, are greater than the label of v.

We can also describe this labeling using the depth-first search. This is the walk
on the nodes of a tree that starts at the root and is determined by the rules: (i) if we are at
a some node and have never visited its left child, then go to the left child; (ii) otherwise, if
we have never visited its right child, then go to the right child; (iii) otherwise, if the node
has the parent, then go to the parent; (iv) otherwise stop. Let us mark the nodes by the
integers 1,...,n in the order of their appearance in this walk, as follows. Each time when
we visit an unmarked vertex and do not apply rule (i), we mark this node. The labeling
of nodes defined by any of these equivalent ways is called the binary search labeling. It
was described by Knuth in [22, 6.2.1]. Example 8.3 below shows a plane binary tree with
the binary search labeling.

Proposition 8.1. The B;,;-trees are exactly plane binary trees on n nodes with the binary
search labeling. O

Proof. Let N be a maximal nested set. Suppose that the maximal element [n] € N corre-
sponds to i = ij; under the bijection in Proposition 7.6. Then N \ [n] is the union of two
maximal nested sets on [1,i — 1] and on [i + 1, n]. Equivalently, each B;,;-tree is a rooted
tree with root labeled i and two branches which are B;,;-trees on the vertex sets [1,i — 1]

and [i + 1, n]. This implies the claim. [ |

Thus in this case the generalized permutohedron has the Catalan number C,
vertices associated with plane binary trees. Proposition 7.9 implies the following de-
scription of the vertices of PY({y;}), where y;j = yi,j for each interval [i, j] C [n]. For a
plane binary trees T with binary search labeling, let desc(k, T) = [lx, %], for k =1,...,n.
Then the left branch of a vertex k is Ly = [lx, k — 1] and the right branch is Ry = [k + 1, r].

Corollary 8.2. The vertex vy = (t1,...,t,) associated with a plane binary tree T is given

by tk = >, <ick<j<r, ¥ij- In particular, in the case when y; =1, for any 1 <i < j <n,

we have

vr = (IL1] + (R +1),..., ([Ln| + D(|Rp| + 1)). O
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The polytope Ass, with the C,, vertices given by the second part of Corollary 8.2
is exactly the realization of the associahedron as described by Loday [24]. Earlier this
realization of the associahedron was constructed (in different terms) by Stasheff and
Shnider [38, Appendix B]. We will refer to this particular geometric realization of the
associahedron as the Loday realization. This polytope can be equivalently defined as the
Newton polytope Ass, := Newton(l_[lsifjsn(ti + tiy1 + - -+ + t;)). We will calculate volumes
and numbers of lattice points in Ass,, forn =1,...,8, in Examples 10.3 and 15.3.

We can also describe the Loday realization, as follows. There are C,, subdivisions
of the triangular Young diagram of the shape (n,n —1,...,1) into a disjoint union of n
rectangles; see Thomas [40, Theorem 1.1] and Stanley’s Catalan addendum [35, Problem
6.19(u®)]. These subdivisions are in a simple bijective correspondence with plane binary
trees on n nodes. The ith rectangle in such a subdivision is the rectangle that contains the
ith corner of the triangular shape. Then, for a vertex vy = (t;, ..., t,) of the associahedron
in the Loday realization, the ithe coordinate t; equals the number of boxes in the ith

rectangle of the associated subdivision; see Example 8.3.

Example 8.3. Here is an example of a plane binary tree T with the binary search label-

ing:

ot

This tree is associated with the maximal nested set

N = {desc(1,T),...,desc(8, T)} = {[1,1],11,4],13, 31,13,4l,11, 81,16, 8],(7, 71,7, 81}.

This tree corresponds to the following subdivision of the triangular shape into rectan-
gles. (Here we used shifted Young diagram notation for a future application; see Sec-
tion 15.)
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The corresponding vertex of the associahedron in the Loday realization is

(1-1,2-3,11,2-1,54,1-3,1-1, 2-1). U

Example 8.4. The next figure shows the Loday realization of the associahedron for

n=23:
(1,2,3)

(2,1,3) /
</

‘ A (1,4,1)

»d
(3,1,2)\\

(3.2, 1) O

8.3 Cyclohedron

Let B = By be the set of all cyclic intervals in [n], i.e. subsets of the form [i, j]l and [1,7] U
[j,n], for 1 <i < j < n. In this case, the generalized permutohedron is the cyclohedron
that was also introduced by Stasheff [36]. If we restrict the building set By to [n]\ {i},
then we obtain the building set isomorphic to the set B;,; of usual intervals in [n — 1].

Thus we obtain the following description of B.-trees.

Proposition 8.5. The set of By-trees is exactly the set of trees that have a root at some
vertex i attached to a plane binary tree on n — 1 nodes with the binary search labeling by
integers in [n] \ {i} with respect to theorderi+1<i+2<---<n<l<---<i—1. O

( 2n—-2 )

The generalized Catalan number in this case is C(Bgy) =n-Cp1 = (7).

8.4 Graph Associahedra

Let I' be a graph on the vertex set [n]. Let us assume that B = B(I') is the set of subsets
I C [n] such that the induced graph I'|; is connected; see Example 7.2. In this case, the
generalized permutohedron Py is called the graph associahedron. The above examples
are special cases of graph associahedra. If I' = A, is the chain with n nodes, i.e. the type

A, Dynkin diagram, then we obtain the usual associahedron discussed above. In the case
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of the complete graph I' = K;,, we obtain the usual permutohedron. If T is the n-cycle,
then we obtain the cyclohedron.

Various graph associahedra, especially those graph associahedra that corre-
spond to Dynkin diagrams and extended Dynkin diagrams, came up earlier in the work of
De Concini and Procesi [12] on wonderful models of subspace arrangements and then in
the work on Davis—Januszkiewitz—Scott [9, 10]. They constructed these polytopes using
blow-ups. The class of graph associahedra was considered by Carr and Devadoss in [6].
These polytopes have recently appeared in the paper by Toledano-Laredo [41] under
the name De Concini-Procesi associahedra. We borrowed the term graph associahedra
from [6]. Since they are special cases of our generalized permutohedra, we can also call
them graph permutohedra.

In the case of graph associahedra, it is enough to require condition (N2) of Def-
inition 7.3 and condition (F2) of Definition 7.7 only for k = 2. Indeed, if we have several
disjoint subsets Iy, ..., Ix € B(I') such that I'|;,u..u, is connected, then I'|;,y;, is connected
for some pairi and j.

Definition 8.6. For a graph I', let us define the I'-Catalan number as C(I') = C(B(I)),
i.e. the number of vertices of the graph associahedron, or, equivalently, the number of
B(I')-trees; see Definition 7.12. O

For the n-chain I' = 4,, i.e. the Dynkin diagram of the type A,, the A,-Catalan
number is the usual Catalan number C(4,) = C,. For the complete graph, we have C(K,,) =

n!l. Let us calculate several other I'-Catalan numbers.

Let Ty,,..n, be the star graph that has a central node with r attached chains with
ni,...,n, nodes. For example, T} ; ; is the Dynkin diagram of the type Dj.
Proposition 8.7. For a positive integer r, the generating function Cl(xi,...,x) for the
Ty,....n.-Catalan numbers is given by
Clxp)--- Clx)
c(T, xM M — ,
2, C(Tun) 8o =5 —x Clx) - — %Clx)

where C(x) =3, oCnx" = :=Y'=%* is the generating function for the usual Catalan

numbers. O

Proof. According to the recurrence relation in Theorem 7.11, we have

k=1 i=1
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Indeed, the first term corresponds to removing the central node and splitting the graph
Tn

chains and splitting the graph into two connected components. This relation can be

....n, into r chains. The remaining terms correspond to removing a node in one of the

written in terms of generating functions as

Clx,...,.x)=Clx)...Clx)+ Y _xClx,..., %) Clx),
k=1

which is equivalent to the claim. |

Let us calculate I'-Catalan numbers for a class of graphs, which includes all

Dynkin diagrams. Let D, = T 1 -3, A, be the (n + 1)-cycle, E, = T12n-a-

Proposition 8.8. The I'-Catalan numbers for these graphs are given by

Cl4,)=C, = n%l(z:), forn > 1,

Cl(Ap) = (n+1)Cp = (*"), forn =3,
cD,)=2C,—2Cy_1 —Cy_g, forn >3,
C(E,)=3C,—4C,1—-3Cyp_2—2Cyp_3, forn > 4. O

Proof. We have already proved that C(A4,) = C,. Using Theorem 7.11, we deduce
that C(4,) = (n + 1)C(A,). According Theorem 7.11 or (1), we deduce that the num-
bers C(D,) can be calculated using the recurrence relations C(D,) =C,_3+2C,_1 +
Z?z_ls C(D,,_;)C;_1, for n > 4, and C(D3) = 5. In order to prove that C(D,) = 2C, — 2Cp,_1 —
Cn—2, it is enough to check that the right-hand side satisfies this recurrence relation
and that 2C3 — 2C, — C; = 5. We can easily do this using the recurrence relation for the
Catalan numbers C, = Y I | C»—;C;_1, for n > 1. Similarly, the numbers C(E,) are given
by the recurrence relation C(E,) =Cy,_1 +C(Dy_1)+Cp_2+2Cp_a+ Z?;f CE,_;)Ci.1 =
3Cn1—Cno—Cn3+2Cna+ Y C(E,)Ci1, for n>5, and C(Es) = 14. Again, we
can easily check that the right-hand side of C(E,) =3C, —4C,_1 —3Cp_2 —2C,,_3 sat-
isfies this relation, and that 3C4 —4C3—-3C, — 2C, = 14. |

Similarly, for any fixed n,,...,ng_;, the number f;, = C(Ty, n,,...n,n) can be ex-

pressed as a linear combination of several Catalan numbers.
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Remark 8.9. One can define the generalized Catalan number for any Lie type. However,
this number does not depend on multiplicities of edges in the Dynkin diagram. The

Catalan number for the Lie types B,, and Cy, is the usual Catalan number C,,. O

8.5 Pitman-Stanley Polytope

All the above examples are special cases of graph associahedra. Let us consider an
example that does not belong to this class.

Let B = Bpqg = {[11,12],...,[n]} be the complete flag of subsets in [n1], and let z; =
23:1 W, fori=1,...,n. According to Proposition 6.3, the generalized permutohedron

in this case is the polytope given by the inequalities:

{(¢1,...,t)) | t; =0, ty +---+t; >z, fori=1,...,n—1, t; + -+ t, = 2}

This is exactly the polytope studied by Pitman and Stanley [26]. We will call it the
Pitman-Stanley polytope.

Let B;l'ag = Bpag U{{1},...,{n}} be the set obtained from Bp,, by adding all sin-
gletons. The generalized permutohedron for Bﬁag is just a parallel translation of the
Pitman-Stanley polytope. The set Bﬁag is a building set. Nested families N € N(Bﬁag) are
the subsets N C Bﬁag such that (1) if [[] € N then {i + 1} ¢ N, and (2) [n] € N. Let us encode
anested set N by aword uy, ..., u,_; in the alphabet {0, 1, *} such that, fori =1,...,n — 1,
if [i] € N then u; =0, if {i + 1} € N then u; = 1, otherwise u; = *. This gives a bijection
between nested sets and 3"~ ! words of length n — 1 with these three letters. A nested
set N contains a nested set N’ whenever the word for N is obtained from the word for
N’ by replacing some *'s with 0's and/or 1's. In particular, a nested set is maximal if its
words contains only 0’s and 1's. Thus the nested complex J\/'(B]ilrag) is isomorphic to the

face lattice of the (n — 1)-dimensional hypercube.

Proposition 8.10. The Pitman-Stanley polytope has 2"~ ! vertices and it is combinato-

rially equivalent to the (n — 1)-dimensional hypercube. ]
Thus the generalized Catalan number in this case is C(B}, ) = 2"

Example 8.11. The following figure shows the combinatorial structure of the Pitman-

Stanley polytope for n = 3 in terms of nested sets.
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Note that, as a geometric polytope, the Pitman-Stanley polytope is a nonregular

quadrilateral, as shown in the following figure.
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8.6 Graphical Zonotope

Let I' be a graph on the vertex set [n], and let B be the set of all pairs {i, j} C [n] such
that (i, j) is an edge of I". The set B does not satisfy the axioms of a building set; see
Definition 7.1. The minimal building set that contains B is the graphical building set
B(T'); see Example 7.2. The generalized permutohedron for the set B is the graphical
zonotope Zr; see Definition 2.2. In this case, we cannot describe combinatorial structure
of Zr using nested sets. However, it is well known that the vertices of Zr correspond to
acyclic orientations of the graph I'. It is not hard to describe the faces of this polytope
as well. Note that the polytope Zr is dual to the graphical hyperplane arrangement for
the graph T'.

9 Volume of Generalized Permutohedra via Bernstein’s Theorem

Let G C Ky, be a bipartite graph with no isolated vertices. (This graph should not be
confused with graphs used in Section 8.) We will label the vertices G by 1,...,m,1,...,7
and call 1,...,m the left vertices and 1,...,7 the right vertices. Let us associate this
graph with the collection Z; of subsets I, ..., I, C [nl] such that j € I; if and only if (i, J)
is an edge of G. Let us define the polytope Ps(yi, ..., V) is the Minkowski sum

Pe(yi, ... Ym) = AL + -+ YmAp,.
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The polytope Pg(yi,...,ym) is exactly the generalized permutohedron PJ({y;}), where

Vi =251 Ve

Remark 9.1. The class of polytopes Pg(1,...,1) is as general as Pg(y, ..., ym) for arbi-
trary nonnegative integers yi, ..., yin. Indeed, we can always replace a term y;Aj;, with y;
terms Aj. We use the notation Pg(yi, ..., ) in order to emphasize dependence of these

polytopes on the parameters yi, ..., V. O

Definition 9.2. Let us say that a sequence of nonnegative integers (a;,...,an) is a G-
draconian sequence if > a; =n — 1 and, for any subset {i; < --- < ik} C [m], we have
|, U---UIL|>a; +---+a; + 1. Equivalently, (ai, ..., an) is a G-draconian sequence of
integers if the sequence of subsets I*”, ..., %) where I'” means I repeated a times,

satisfies the dragon marriage condition; see Proposition 5.4. O
Theorem 5.1 can be extended to generalized permutohedra, as follows.

Theorem 9.3. The volume of the generalized permutohedron Ps(y, ..., ym) equals

78 Ym
Vol Pg (w1, ..., = E A ... dm
¢(n Y) @ a;! am!
1

..... am)

where the sum is over all G-draconian sequences (ay,...,am). O
We can also reformulate Theorem 9.3, as follows.

Corollary 9.4. The volume of the generalized permutohedron P} ({y;}) is given by

1

14 —
VOIPn({yI}) - (n_ 1)' Z le an,ll
(J1,..., Jn-1)
where the sum is over ordered collections of nonempty subsets Jj,..., J,_; C [n] such
that, for any distinct i;,...,i, we have |[J, U---U J;, | > k + 1. O

Proof. Assume in Theorem 9.3 that G is the bipartite graph associated with the collec-

tion Iy,...,I,, m = 2" — 1, of all nonempty subsets in [n]. Then replace the summation

.....

(Ji,...,Jn_1) of the sequence (I, ..., 1@, [
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Example 9.5. Suppose that I,...,I,, m= ('21), is the collection of all two-element
subsets in [n] and G C K, is the associated bipartite graph. Then P;(1,...,1) is the
regular permutohedron P,(n —1,n —2,...,0). In this case, there are n" 2 G-draconian
sequences (ay,...,an), which are in a bijective correspondence with trees on n ver-
tices. For a tree T C K,, the a;'s corresponding to the edges of T are equal to 1

and the remaining a;'s are zero; cf. Proposition 5.4. Thus we recover the result that

VolP,(n—1,n—2,...,0) =n"2 O
Definition 9.6. A sequence of positive integers (b, ..., by,) is called a parking function
if its increasing rearrangement ¢; < ¢; < --- < ¢y, satisfies ¢ <i,fori =1,..., m. Il

Recall that there are (m + 1) ! parking functions of the length m; see [34,
Exer. 5.49].

Example 9.7. Suppose that ; =[n+1—1i], fori=1,...,m, where m =n — 1. In this
case, the generalized permutohedron Pg(y, ..., yi) is the Pitman-Stanley polytope; see
Section 8.5. A G-draconian sequence is a nonnegative integer sequence (aq, ..., an,) such
thata, +---+a; >1i,fori=1,...,m,and a; + --- + a,, = m. There are the Catalan num-
ber Cp, = m+rl(2,:1") such sequences. Let us call them Catalan sequences. A collection of
intervals I, ..., I, satisfies the dragon marriage condition if and only if (b;,...,by) is a
parking function. We recover the following two formulas for the volume of the Pitman-

Stanley polytope proved in [26]:

1 m 1
VO]PG(YI,...,ym)z Z ii:— Z Voo ** Vo

a;! am! m!
(@1 1 m (b o)
where the first sum is over Catalan sequences (ay,...,a,) and the second sum is over
parking functions (by, ..., by). In particular, Vol P¢(1,...,1) = (mtn;),"H = (Z:Zp O

The proof of Theorem 9.3 relies on Bernstein’s theorem on systems of polynomial
equations. Let us first recall the definition of the mixed volume Vol(Q,,...,Qy) of n

polytopes Qy, ..., Q, C R™. It is based on the following proposition.

Proposition 9.8. There exists a unique function Vol(Qg,..., Q,) defined on n-tuples
of polytopes in R" such that, for any collection of m polytopes Ry,..., Rn, C R", the

usual volume of the Minkowski sum y; Ry + - - - + yin R, for nonnegative factors y;, is the
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polynomial in y3, ..., yi, given by

Vol(yiRi+ -+ YmBm) = > VOl(Ri,...,R,)¥i Vi,

where the sum is over ordered sequences (iy,...,1,) € [m]™. O

For a finite subset A C Z", let falt1,...,tn) = > gcaBaty' -+ - 2" be a Laurent poly-

nomial in ¢y, ..., t, with some complex coefficients ;.

Theorem 9.9. Bernstein [1] Fix n finite subsets 4;,..., A, C Z". Let Q; be the convex
hull of A;, fori =1,...,n. Then the system

fAl(tll"'!tn) =Or

Ja,(t1,...,ta) =0

of n polynomial equations in the n variables ¢, ..., t, has exactly n! Vol (Qy, ..., Q) iso-
lated solutions in (C \ {0})" whenever the collection of all coefficients of the polynomials

fa, belong to a certain Zariski open set in CX |4, O

Bernstein’s theorem is usually used for finding the number of solutions of a sys-
tem of polynomial equations by calculating the mixed volume. We will apply Bernstein’s
theorem in the opposite direction. Namely, we will calculate the mixed volume by solv-
ing a system of polynomial equations. Actually, in our case we need to solve a system of

linear equations.

Proof of Theorem 9.3. According to Proposition 9.8 and the definition of the polytope

Pg(yi, ..., Vm) as the Minkowski sum of simplices, we have
Vol Pg(yi, ..., ¥m) = Z Vol (Alilv--rAIin,l) Vio Yinas
il ..... in,1
where the sumis overalliy,...,i,_1 € [m]. Here we can define (n — 1)-dimensional (mixed)

volumes of polytopes embedded into R" as (mixed) volumes of their projections into, say,
the first n — 1 coordinates. It remains to be shown that the mixed volume of several

coordinate simplices is equal to

1 . )
— if Ji,..., Ju—1 satisfy DMC,
Vol (AJI""’Aan) _ ) -1t a

0 otherwise,
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where “DMC"” stands for the dragon marriage condition; see Proposition 5.4. Consider

the following system of n — 1 linear equations in the variables ¢;,...,t,_1:
Yjen Prjti =0,

D jedn Pn-1,jtj =0,

where we assume that ¢, = 1. According to Bernstein’s theorem, this system has exactly
(n—1!Vol(Ay,..., Ay ) isolated solutions in (C \ {0})"~! for generic coefficients Bij€C,
for j € J;.

Of course, we can easily solve this linear system using Cramer’s rule. Let B = (8;})
be the (n — 1) x n-matrix formed by the coefficients of the system, where we assume that
Bij =0, for j ¢ I;; and let [BY| be the ith maximal minor of this matrix. The system
in nondegenerate if and only if |B™| # 0. In this case, its only solution is given by
t; = (—1){|B¥Y|/|B™|, fori =1,...,n — 1. Thus the system has a single isolated solution in
(C\ {0})™ ! if and only if all n maximal minors of B are nonzero. Otherwise, the system
has no isolated solutions in (C \ {0})"!.

The matrix B = (8; ;) is subject to the only constraint §; ; = 0, for j ¢ J;. For generic
values of B; j, the kth maximal minor of this matrix is nonzero if and only if there is a sys-
tem of distinct representatives of Jj, ..., J,_; that avoids k. According to Proposition 5.4,

these conditions are equivalent to the needed condition. This finishes the proof. [ |

10 Volumes via Brion’s Formula

Let us give a couple of alternative formulas for volume of generalized permutohedra that
extend results of Section 3. It is more convenient to express generalized permutohedra

in the form P ({y;}); see Section 6.

Theorem 10.1. For any distinct Ay,...,A,, we have

-1
y 1 (X rcim Mutmina) Vo)
Vol Pn({yl}) = | .
(n—1) rd ()‘w(l) — )Vw(Z)) . ()Vw(n—l) _ )\w(n))

This theorem is deduced from Brion's formula (see Appendix A) in exactly the

same way as Theorems 4.2 and 3.1.
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For example, we have

MYyt A2V A Y2y AeVigy + Ay + A2Viza
Vol PJ({y1}) = & o _{})\2 02 2222 e —{}?»1 2l _ Y,z

Note the terms A;y};; make a zero contribution. Thus in the summation in Theorem 10.1,
we can skip singleton subsets I.
For a collection of subsets Jj,...,Jy—1 C [n]l, construct the integer vector

(@i,...,an) = eminy) + -+ - + €miny,_,)- Let I(J, ..., Jh—1) = I, q,, as defined in Section 3.

.....

Theorem 3.2 can be extended as follows.

Theorem 10.2. We have

Vol P,{({YI}) = Z (—1)|I(J1 ..... Jn-1)| Z Vo) *** Yaoldy)r

JiyeonJn-1€lnl

where the second sum is over permutations w € S, with the descent set I(w)=
I, ..., Ju 1) O

This result is deduced from Theorem 10.1 using the same argument as in the
proof of Theorem 3.2.
Theorem 10.1 is convenient for explicit calculations of volumes. Let us give a

couple of examples obtained with some help of a computer.

Example 10.3. Let A, = (n — 1)! Vol Ass,,, where Ass,, is the associahedron in the Loday

realization; see Section 8.2. According to Theorem 10.1, we have

An — Z (Zlfifjfn )‘m(i,j,w))n_l

(Aw) = Aw@) - (Awtn-1) = 2w

’

weS,
where ml(i, j, w) = wimin(w~([Z, j1))) = min{k | w(k) € [i, j1}. The numbers A,, for n =
1,...,8, are the following:
n 1234 5 6 7 8

A, || 1]1]7]| 142 | 5895 | 417201 | 45046558 | 6891812712

O

Example 10.4 (cf. Example 5.5). Let us call a subgraph G € K, a Hall graph if it

contains a perfect matching, or equivalently, satisfies the Hall marriage condition. Let
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H, be the number of Hall subgraphs in K, . According to Corollary 9.4, ﬁ H,_,; is the

volume of the generalized permutohedron P;({y;}) with y; = 1, for subsets I C [n] such
thatn € I, and y; = 0, otherwise. Using Theorem 10.1, we can calculate several numbers

H,.

n 1123 4 5 6 7
H, || 1|7 247 | 37823 | 23191071 | 54812742655 | 494828369491583

11 Generalized Ehrhart Polynomial

In this section, we give a formula for the number of lattice points of generalized permu-
tohedra.

Let us define the Minkowski difference of two polytopes P,Q C R" as P — Q =
{x e R" | x4+ Q C P}. Its main property is the following.

Lemma 11.1. For any two polytopes, we have (P + Q) — Q = P. O

Proof. We need to prove that, for a point x, we have x+ Q € P + Q if and only if x € P.
The “if” direction is trivial. Let us check the “only if” direction. It is enough to assume
that x = 0. We need to show that Q € P + Q implies that 0 € P. Suppose that 0 & P.
Because of convexity of P, we can find a linear form f such that f(p) > 0, for any point
p € P (and, of course, f(0) =0). Let gmin € Q be the point of Q with minimal possible
value of f(Gmin). Then for any point p+q € P+ Q, where pe P and g € Q, we have
flp+q) = flp + fl@ > flGmin).- Thus gmin ¢ P + Q. Contradiction. [ |

Definition 11.2. Let us define the trimmed generalized permutohedron as the

Minkowski difference of Pg(yi, ..., yin) and the simplex Ap,:

_ U
PG(yl,...,Ym)=Pg(yl,...,ym)—A[n]={X€Rn|X+A[n] C Pg}.

This is a slightly more general class of polytopes than generalized permutohedra
P;. Suppose that I; = [n], i.e. the vertex 1 in G is connected with all vertices in the
right part. (If this is not the case, we can always add such a vertex to G.) According to

Lemma 11.1, we have

PG(YIIH-,Ym):P(;(Yl‘f‘1,Y2,~-oer)~

¥T02 ‘Sg Yole|N uo uolbulysepn Jo Aisieaiun e /Biosfeulnolpioixo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

1064 A. Postnikov

In other words, if one of the summands in the Minkowski sum for P; is Ap, then the
trimmed generalized permutohedron P; equals the (untrimmed) generalized permuto-
hedron given by a similar Minkowski sum without this summand. Also, notice that the
class of polytopes P;(1,...,1) is as general as P;(yi,..., yi) for arbitrary nonnegative
integer yi, ..., yim; cf. Remark 9.1.

Let us give a formula for the generalized Ehrhart polynomial of (trimmed) gen-
eralized permutohedra. Define raising powers as (y)g := yly+1)---(y+a — 1), fora > 1,
and (y)o := 1. Equivalently, L := (¥*¢71),

Theorem 11.3. For nonnegative integers yi, ..., ¥im, the number of lattice points in the

trimmed generalized permutohedron P; (y1,..., yin) equals

: Wa,  Vmla,
PG(YII-..IYm)man Z 121(:' ..._I:;n‘T ,
! m!

where the sum is over all G-draconian sequences (ay, ..., an). In particular, the number
of lattice points in Pg(y1, ..., yin) equals the above expression with y; replaced by y3 + 1,
assuming that I = [n].

This also implies that the number of lattice points in P;(1,...,1) equals the

number of G-draconian sequences. O

In other words, the formula for the number of lattice points in P; is obtained
from the formula for the volume of P; by replacing usual powers in all terms by raising

powers. We will prove this theorem in Section 14.

Example 11.4. LetI; =[nland I, ..., In, m = (}) + 1, be all 2-element subsets in [n]; cf.
Example 9.5. Then the polytope P;(1,..., 1) is the regular permutohedron P,(n —1,...,0)

and
P;(0,1,...,1)=Pyn—1,...,00 —Apy=Pin-2,n-2,n-3,...,0).

In this case, G-draconian sequences are in a bijection with forests F C K,,. The G-
draconian sequence (ay, ..., an,) associated with a forest F with ¢ connected components
is given by a; = c—1, a; = 1 if I; is an edge of F, and a; = 0 otherwise, fori =2,...,m.
Theorem 11.3 implies that the number of lattice points in the regular permutohedron

equals the number of labeled forests on n nodes. More generally, if we set some y;'s to
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zero, then we deduce that the number of lattice points in a graphical zonotope equals

the number of forests in the corresponding graph; see Proposition 2.4. O
Theorem 11.3 and Example 11.4 also imply the following statement.

Corollary 11.5. Let I’ be a connected graph on the vertex set [n]. Let Z be the graphical
zonotope, i.e. the Minkowski sum of line segments [e;, e;], for edges (i, j) of I'. Also,
consider the Minkowski difference Z = Zr — Ap,. Then the volume of Zr equals the

number of lattice points in Z|.:

Vol Zp = #(Z; N7,

and both these numbers are equal to the number of spanning trees in the graph I'. In

particular, the number of lattice points in the permutohedron P,(n —2,n —2,n—3,...,0)
equals n" 2, O
Example 11.6. Suppose that [ =[n+1—i], fori=1,...,m, where m=n—1, as in

Example 9.7. Theorem 11.3 implies the following expression for the number of lattice

points in the Pitman-Stanley polytope proved in [26]:

(71 + 1)g, (V)
TR S S
1! m!

where the sum is over Catalan sequences (ay, ..., an) as in Example 9.7. Thus the number
of lattice points in P;(1,...,1) = P¢(0,1,...,1) = A+ - -+ + Ap—1) equals the Catalan
number C,, = C,_;. Also, the number of lattice points in Pg(1,...,1) = A+ -+ A

equals the Catalan number Z(al (@i +1) = C,, where the sum is over Catalan

----- am)

sequences. g

For a bipartite graph G C K, ,, let G* € K, ,, be mirror image of G obtained by
switching the left and right components. In other words, G* is the same graph with the

relabeled vertices 1,...,m,1,...,A— 1,...,m,1,...,n.

Lemma 11.7. The set of G-draconian sequences is exactly the set of lattice points of
the polytope P;.(1,...,1) C R™. O

Proof. In order to prove the lemma, we just need to check all definitions. Let I}, ..., I C

n
[m] be the collection of subsets associated with the graph G*, i.e. j € I} whenever (i, j) €
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G*, or equivalently, (j,i) € G. Then Pg.(1,...,1) = Ar +---+ A CR™. This is exactly
the polytope PZ({z;}, where z; = #{i | I' C I}, for nonempty I C [m]; see Proposition 6.3.
According to Section 6, this polytope is given by the inequalities

Pg(1,...,1) = {(tl,...,tm) eER™| Y ti=n, Y t>z, forzc[m]>.

ie[m] iel

Thus the polytope P..(1,...,1), which is the Minkowski difference of the above polytope
and Apy, is given by

Pa(1,...,1) = {(tl,...,tm)eRm| Yoti=n—1,) ti>az, forIC[m]}.

ielm] iel

We have z; = #{j e [n] |i € I, forany edge (i, J)) € G} =n — |Uj€JIj|, forI C[m]and J =
[m]\ I. Thus we can rewrite the inequality };.;t; > zr as } ;. ;tj < |U;c;Ljl — 1. These
are exactly the inequalities from the definition of G-draconian sequence, which proves
the claim. |

This shows that Theorem 11.3 gives a formula for the number of lattice points of
the polytope P; (y1,..., i) as a sum over the lattice points of Pg.(1,...,1), and vise versa.

In particular, we obtain the following duality for trimmed generalized permutohedra.

Corollary 11.8. The number of lattice points in the polytope P;(1,...,1) equals the
number of lattice points in the polytope P_.(1,...,1):

#P5(1,...,1)NZ") = #Pg.(1,...,1) N Z™). 0

Notice that the polytopes P;(1,...,1) and P..(1,...,1) have different dimensions
and they might be very different. In Theorem 12.9, we will describe a class of bijections

between lattice points of these polytopes.

Example 11.9. Let G = Km be the complete bipartite graph. Then Py is the (n —1)-
dimensional simplex inflated m — 1 times: Py = (m — 1) Apy. The polytope for the mirror
image of the graph is obtained by switching m and n: Py, = (n — 1)Apy- Corollary 11.8
says that these two polytopes have the same number of léttice points. This is a compli-

cated way to say that (™"%). = ("7 ?). O
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Theorem A. 3(2) from Appendix (Euler-MacLaurin formula for polytopes) gives
the following alternative expression for the generalized Ehrhart polynomial, i.e. for the
number of lattice points in PZ({z;}). Without loss of generality, we will assume that z, =
0. The volume Vol P?({z;}) is a homogeneous polynomial ¥, in the z;, for all nonempty
ICInl

Proposition 11.10. The number of lattice points in the generalized permutohedron
PZ({z;}) is given by the polynomial obtained from the polynomial ¥, by applying
the Todd operator Todd,, = nzg[n] Todd(—%), where Todd(g) = q/(1 —e 9 =1+ % + % —
%“0 NI O

12 Root Polytopes and Their Triangulations

Definition 12.1. For a graph G on the vertex set [n], let Q¢ C R" be the convex hull of
the origin 0 and the points e; — e;, for all edges (i, j), i < j, of G. We will call polytopes
Q¢ root polytopes. In other words, a root polytope is the convex hull of the origin and
some subset of positive roots for a root system of type A,_;. Polytopes Q¢ belong to an

(n — 1)-dimensional hyperplane. O

In the case of the complete graph G = K, the polytope Qk, was studied in [14].
In particular, we constructed a triangulation of this polytope and proved that its (n — 1)-
dimensional volume equals ﬁcn_l, where C,,_; = %(2::2)) is the (n — 1)-st Catalan
number.

In this section, we study root polytopes for bipartite graphs G € K, . It is con-

venient to introduce related polytopes:
Q¢ = ConvexHull(e; — e; | for edges (i, j) of G) c R™™,

wheree,...,en, €,...,e; are the coordinate vectors in R™*™, Since G is a bipartite graph,
the polytope Q¢ belongs to an (m + n — 2)-dimensional affine subspace. The polytope
Q¢ is the pyramid with the base Q¢ and the vertex 0. Thus (m +n — 1) Vol,,yn_; Qg =
Volyin_2 Qg. Here Vol, stands for the r-dimensional volume (defined by projecting to
appropriate coordinate subspaces as in Section 2). Slightly abusing notation, we will

also refer to polytopes Q¢ as root polytopes.
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The polytope Qk,,, for the complete bipartite graph K, is the direct product
of two simplices A™! x A" ! of dimensions (m — 1) and (n — 1). (Here A™! >~ A,.) For
other bipartite graphs, the polytope Q¢ is the convex hull of some subset of vertices of
A™ 1 x A1, These polytopes are intimately related to generalized permutohedra.

Let I,..., I, be the sequence of subsets associated with the graph G, i.e. j € I;
whenever (i, j) € G. Let Pg = Pg(1,...,1) = Ay, + -+ A, and P; = Pg — Ay

Theorem 12.2. For any connected bipartite graph G C K, the (m+n—2)-
dimensional volume of the root polytope Q¢ is expressed in terms of the number of

lattice points of the trimmed generalized permutohedron P as

#(P; NZM)

Vol e = =

O

We will prove this theorem by constructing a bijection between simplices in a
triangulation of the polytope Q¢ and lattice points of the polytope P ; see Theorem 12.9.
For a bipartite graph G C Ky, let Gt C Kyyi1 . be the bipartite graph obtained
from G by adding a new vertex m + 1 connected by the edges (m+1, j), j = 1,...,n, with

all vertices of the second part. Then P, = Pg.

Corollary 12.3. For any bipartite graph G C K, , without isolated vertices, the (m +
n — 1)-dimensional volume of the polytope Q¢+ is related to the number of lattice points
in the generalized permutohedron as

#(Pc NZ")

Vol Qs = —M—M—. O
T m+n—1)

Definition 12.4. A polyhedral subdivision of a polytope Q is a subdivision of Q into
a union of cells of the same dimension as P such that each cell is the convex hull of
some subset of vertices of Q and any two cells intersect properly, i.e. the intersection
of any two cells is their common face. Polyhedral subdivisions are partially ordered
by refinement. Minimal elements of this partial order, i.e. unsubdividable polyhedral

subdivisions, are called triangulations. In a triangulation, each cell is a simplex. O

Triangulations of the product A™~! x A""! were first discussed by Gelfand-
Kapranov-Zelevinsky [15, 7.3.D] and then studied by several authors; e.g. Santos [30]. We
will analyze triangulations of more general root polytopes Q. The following three lem-
mas were originally discovered circa 1992 by the author in collaboration with Zelevinsky

and Kapranov in the context of triangulations of A™"! x A",
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Assume that the graph G € K,,, , is connected. First, let us describe the simplices

inside the polytope Qg.

Lemma 12.5. For a subgraph H C G, the convex hull of the collection {e —ej |
(i, j) is an edge of H} of vertices of Q¢ is a simplex if and only if H is a forest in the
graph G. Such a simplex has maximal dimension m +n — 2 if and only H is a span-

ning tree of G. All (m + n — 2)-dimensional simplices of this form have the same volume

1
(m+n-2)!* O
Proof. If H contains a cycle (i1, j1), (j1,12), (i, j2), ..., (i, i1), then the vectors e, —e;,, €;, —
€,, ..., €j — &, corresponding to the edges in this cycle are linearly dependent. (Their

sum is zero.) Thus these vectors cannot be vertices of a simplex. Conversely, for a forest,
i.e. a graph without cycles, all vectors are linearly independent and, thus, they form a
simplex. |

For a forest F C G, we will denote the simplex from this lemma by

Ar := ConvexHull(e; — e5 | (i, j) is an edge of F).

A triangulation of Q¢ is a collection of simplices {Ar,..., Ag}, for some spanning trees
T1,...,Ts of G such that Qg = UAr; and each intersection Ar, N Ay, is the common face
of these two simplices.

Let us now describe pairs of simplices that intersect properly. For two spanning
trees T and T’ of G, let U(T, T') be the directed graph with the edge set {(i, j) | (i, ) €
TYU{(j,i)| (i, j) € T'},i.e. U(T, T') is the union of edges T and T’ with edges of T oriented
from left to right and edges of T’ oriented from right to left. A directed cycle is a sequence

of directed edges (i3, i2), (i2,i3), - .., (ix—1, 1), (ix, i1) such that all iy, ..., ix are distinct.

Lemma 12.6. For two trees T and T, the intersection Ar N Ay is a common face of the
simplices Ar and Ay if and only if the directed graph U(T, T’) has no directed cycles of
length > 4. O

Here we assume that all vertices in a cycle are distinct.
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Proof. Suppose that U(T, T’) has a directed cycle of length > 4. Then the graphs T and
T’ have nonempty partial matching (i.e. subgraphs with disjoint edges) M and M’ such
that (1) M and M’ have no common edges; and (2) M and M’ are matching on the same
vertex set. Then both M and M’ should have k > 2 edges. Let x = > 5. pyle —€j) =
%Z(i,j’)eM’(ei — e;j). Thus x € Ar N Ar. However, the minimal face of the simplex Ar that
contains x is Ay and the minimal face of Ar that contains x is Ayy. Since M # M, we
have Ay # Apr. Thus the intersection of the simplices Ay and Ag is not their common
face.

Conversely, assume that U(T, T') has no directed cycles of length > 4. Let F =
T N T’ be the forest formed by the common edges of T and T’'. Because U(T, T’) is acyclic,
we can find a function h: {1,...,m,1,...,7} — R such that (i) h is constant on connected
components of the forest F; and (ii) for any directed edge (a, b) € U(T, T’) that joins two
different connected components of F, we have h(a) < h(b). The second condition says
that if (a,b) = (i, j) is an edge of T but not of T’ then h(i) < h(j), and if (a,b) = (j,i) is an
edge of T” but not of T then h(i) > h(j). The function h defines a linear form £, on the
space R™" with the coordinates h(1),...,h(m), h(1),..., k(1) in the standard basis. The
above conditions imply that (i) for any vertex x in the common face Ar of Ay and Ar, we
have f(x) =0, (ii) for any vertex x € Ar \ Ar, we have f,(x) < 0; and (iii) for any vertex
x € Ap \ Ar, we have f;(x) > 0. In other words, the hyperplane f;,(x) =0 intersects the
simplices A7 and A at their common face and separates the remaining vertices of these
simplices. This implies that A7 N A = Af, as needed. [ |

Definition 12.7. For a spanning tree T € K, ,,, let us define the left degree vector LD =
(di,...,dn) and the right degree vector RD = (dj,...,ds), where d; = deg;(T) — 1 and
d;j = deg;(T) — 1 are the degrees of the vertices i and j in T minus 1. Note that LD(T)
and RD(T) are nonnegative integer vectors because all degrees of vertices in a tree are
strictly positive. O

Lemma 12.8. Let {Aq,...,Ar} be a triangulation of Qg. Then, for i # j, T; and T; have
different left degree vectors LD(T;) # LD(T;) and different right degree vectors RD(T;) #
RD(Tj). O

Proof. Itis enough to prove that it is impossible to find two different spanning trees T
and T’ that have same degrees in, say, the left part deg;(T) = deg;(T’), fori =1,...,m, and
such that the directed graph U(T, T’) has no directed cycles of length > 4. Suppose that we

have found two such trees. Let F be the forest formed by the common edges of T and T".
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The directed graph U(T, T') induces an acyclic directed graph on connected components
of F. Because of the acyclicity of this graph, we can find a minimal connected component
C of F such that no directed edge of U(T, T') enters to any vertex of C from outside of
this component. Since T # T’, the component C cannot include all vertices. Thus some
vertex i of C should be joined by an edge (i, j) € T \ F with a vertex outside of C. Since we
assumed that deg;(T) = deg;(T"), there is an edge (i, k) € T'\ F. But this edge should be

oriented as (k, 1) in the graph U(T, T'), i.e. it enters the vertex i of C. Contradiction. [ |

An alternative proof of Lemma 12.8 follows from Lemma 14.9 below.

For a bipartite graph G € Ky, let G* € K, be the same graph with the left and
right components switched, i.e. G* is the mirror image of G. Recall that the trimmed
generalized permutohedron P is the Minkowski difference of the generalized permuto-

hedron P; and the simplex Ap,.

Theorem 12.9. For any triangulation {Ar,...,Ar} of the root polytope Qg¢, the set of
right degree vectors {RD(T}), ..., RD(T;)} is exactly the set of lattice points in the trimmed
generalized permutohedron P; (without repetitions). Similarly, the set of left degree
vectors {LD(Ty), ..., LD(Ty)} is exactly the set of lattice points in the polytope P. for the
mirror image of the graph G. 0

We will prove this theorem in Section 14. This theorem says that each triangula-

tion t = {Aq,...,Ag} of the root polytope G, gives a bijection
¢: : #(P; NZ") — #(P5. N Z™M)

between lattice points of the polytope P; and the lattice points of the polytope P;. such
that ¢, : RD(T;) = LD(T}), fori=1,...,s.

It is interesting to investigate which properties of a triangulation t can be recov-
ered from the bijection ¢,. Is it true that a triangulation t can always be reconstructed
from the bijection ¢,? Also, it is interesting to intrinsically describe the class of bijections

associated with triangulations of Qg.

Example 12.10. Suppose that G = K, ,. Theorem 12.9 says that each triangulation of
the product A™~! x A""! of two simplices gives a bijection between lattice points of two

inflated simplices Py == (m —1)A" ' and Py = (n—1)A™'; see Example 11.9. O

Another instance of a similar phenomenon related to maximal minors of matrices

was investigated by Bernstein-Zelevinsky [2].
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13 Root Polytopes for Nonbipartite Graphs

Let us show how to extend the above results to root polytopes Q¢ for a more general
class of graphs G that may not be bipartite. Assume that G is a connected graph on the
vertex set [n] that satisfies the following condition:

Fori < j <k, if (i, j) and (j, k) are edges of G, then (i, k) is also an edge of G.

The polytope Q¢ has the dimension (n — 1). Let us say that a triangulation of the poly-
tope Q¢ is central if any (n — 1)-dimensional simplex in this triangulation contains the

origin 0.

Definition 13.1. Let us say that a tree is alternating if there are no i < j < k such that
(i, j) and (j, k) are edges in T. Equivalently, labels in any path in an alternating tree T
should alternate. O

Alternating trees were first introduced in [14] in order to describe triangulations
of Qg,. They were studied in [27] and [28].

For a spanning tree T C G, let Ay = ConvexHull(0, ¢; — e, ))eT,i<).

Lemma 13.2. (cf.[14]) A simplex A may appear in a central triangulation of Qg if and
only if T is an alternating tree. All these simplices have the same (n — 1)-dimensional

1
volume oo O

Proof. Suppose that a tree T is not alternating. Let us find a pair of edges (i, j) and (j, k)
in Twithi < j < k. Let T’ be the tree obtained from T by replacing the edge (i, j) with (i, k)
and T” be the tree obtained for T by replacing the edge (j, k) with (i, k). Then two simplices
A7 and Ay intersect at their common face. Their union Ay U Ay properly contain the
simplex Ay. Moreover, for neighborhood B of the origin, (Ar U Ap) N B = Ar N B. If the
simplex A; belongs to some central triangulation then one can replace it by the pair of

simplices A and A and obtain a “bigger” triangulation, which is impossible. |

For an alternating tree T, we say that a vertex i € [n] is a left vertex if, for any
edge (i, j) in T, we have i < j. Otherwise, if, for any edge (i, j) in T, we have i > j, we say
that i is a right vertex. For a disjoint decomposition [n] = L U R, let G r be the subgraph
of G given by

Grr={i,j)eGlielL,jeRi<j}
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The graph G, g is a bipartite graph with the parts L and R. Spanning trees of the graph
G1 g are exactly alternating trees of G with fixed sets L and R of left and right vertices.
Note that in general there are 2”2 possible choices of the subsets L and R because we
always have 1 € L and n € R and, for any other vertex, we have two options. However,
some of these choices may lead to disconnected graphs G r that contain no spanning
trees.

Since each alternating tree in G belongs to one of the graphs G g, we deduce that
each simplex Ay in a central triangulation of Qg belongs to one of the polytopes éGL,R.

Thus we obtain the following claim.

Proposition 13.3. The polytope Q; decomposes into the union of polytopes Qg =
UL.r Qg, , over disjoint decompositions [n] = L U R such that the graph G, g is con-
nected. Terms of this decompositions are in a bijection with the facets of Q¢ that do not
contain the origin. Each such facet F has the form F = Qg, , and Qg, , is the pyramid
with the base F. Each central triangulation of Qg is obtained by selecting a triangulation

of each part Qg ,. O

Since each graph Gy g is bipartite, we can apply the results of this section and
relate the volume of Qg, , to the number of lattice points in a certain (trimmed) general-
ized permutohedron. By Proposition 13.3, we can express the volume of the root polytope

Q¢ as a sum of numbers of lattice points in several trimmed generalized permutohedra.

Example 13.4. In [14] we constructed a triangulation of the polytope Qk,, for the com-
plete graph G = K,,. This triangulation is formed by the simplices A, for all noncrossing
alternating trees T, i.e. alternating trees that contain no pair of crossing edges (i, k) and
(j,1), for i < j < k <. The number of such trees equals the (n — 1)-st Catalan number
C,—1; see [14].

For a disjoint decomposition [n] =L UR, let K; r be the bipartite graph with
the edge set {(i,j)|i € L,j€ R,i < j}. According to Proposition 13.3, we have éKn =
UL r Qk, ,, where different terms have no common interior points. The collection of sim-
plices Ar, for all noncrossing spanning trees T of the graph K g, forms a triangulation
of the polytope Qk, ,. O

This example and Theorem 12.2 imply the following statement.

Corollary 13.5. For any disjoint decomposition [n] = L U R such that 1 € L and n € R,
the number of noncrossing spanning trees of the graph Ky, g equals the number of lattice

points in the trimmed generalized permutohedron Py . O
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For example, if L ={1,...,l} and R={+1,...,n}, then K; r =K;,; is the
complete bipartite graph. We deduce that the number of noncrossing trees in the
complete bipartite graph Kj,_; equals the number of lattice points in the polytope
Pg,., = —1A"", which equals (72).

n—l

14 Mixed Subdivisions of Generalized Permutohedra

In this section, we study mixed subdivisions of generalized permutohedra into parts
isomorphic to direct products of simplices. For this we use the Cayley trick that relates
mixed subdivisions of the Minkowski sum of several polytopes P; + - - - + P, to all polyhe-
dral subdivision of a certain polytope C(Py, ..., Py) of higher dimension. The Cayley trick
was first developed by Sturmfels [39] for coherent subdivisions and by Humber-Rambau-
Santos [19] for arbitrary subdivisions. Santos [30] used this trick to study triangulations

of the product of two simplices.

Definition 14.1. Let d be the dimension of the Minkowski sum P; +.---+ P,. A
Minkowski cell in this Minkowski sum is a polytope B; + - - - + By, of the top dimension
d, where each B; is a convex hull of some subset of vertices of P;. A mixed subdivision
of the Minkowski sum is its decomposition into a union of several Minkowski cells such
that the intersection of any two cells is their common face. Mixed subdivisions form a
poset with respect to refinement. A fine mixed subdivision is a minimal element in this
poset. (]

Lemma 14.2. A mixed subdivision is fine if and only if, for each mixed cell B =
B; + - -+ + By, in this subdivision, all B; are simplices and ) dim B; = dim B = d. [l

Proof. We leave this claim as an exercise, or the reader may refer to [30, Proposi-
tion 2.3]. |

The mixed cells described in this lemma are called fine mixed cells. The lemma
implies that each fine mixed cell B; +---+ By, is isomorphic to the direct product
By x --- x By, of simplices, i.e. the simplices B; span independent affine subspaces. In
order to emphasize this fact, we will use the direct product notation for fine cells.

Let ey,...,en,€i,..., 6, be the standard basis of R™*"* =R™ x R". Embed the
space R", where the polytopes Py, ..., P, live, into R™*" as the subspace with the basis

ei,...,en.
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Definition 14.3. Following Sturmfels [39] and Huber-Rambau-Santos [19], we define the
Cayley embedding of Py, ..., P, as the polytope C(Py, ..., Py) given by

C(Py,...,Py) =ConvexHullle; + P; |i =1,...,m). O
Let (y1,..., i) x R" denote the n-dimensional affine subspace in R™*" such that
the first m coordinates are equal to some fixed parameters yi, ..., V. (Here we think of

the y; not as coordinates but as fixed parameters.)

Lemma 14.4. [19, 39] For any choice of parameters yi,..., jin > 0 such that ) y =1,
the intersection of C(Py, ..., Py) with the affine subspace (y1,..., ym) x R" is exactly the
weighted Minkowski sum y; P; + - - - + yin Py, (shifted into this affine subspace). O

Proof. Indeed, by the definition, the polytope C(Py, ..., Py,) is the locus of points of the
form )", A;(e; + p;), where p; € P;, A; > 0 and > A; = 1. Intersecting a point of this form
with (y1,..., %) x R® means that we fix A; = y;, for i = 1,..., m. This gives the needed

Minkowski sum. [ |
The next proposition expresses the Cayley trick.

Proposition 14.5. [19] Fix strictly positive parameters y, ..., ji, > O such that > y; = 1.

For a polyhedral subdivision of C(Py, ..., Py), intersecting its cells with (y3,..., y,) x R"
we obtain a mixed subdivision of y; P, + -+ + yin P. This gives a poset isomorphism
between polyhedral subdivisions of C(Py, ..., P,;) and mixed subdivisions of y3 P; +--- +
Ym Pm.- |

Proof. The first claim that a polyhedral subdivision of C(Py, ..., Pp) gives a mixed subdi-

vision of y3 P; + - - - 4+ Vi Py, is immediate. On the other hand, we can recover a polyhedral

subdivision of C(Py,..., P,) from a mixed subdivision of y; P; + --- + ¥, P;,. We can al-
ways rescale cells of the mixed subdivision by changing values of y1, ..., yi, and obtain
a mixed subdivision of y|P; +--- + y,,Pn, for any nonnegative yj,...,¥,,. As we vary

y=(y1,..., ¥m) over all points of the simplex y1,...,¥%» >0, 1 +---+ ¥» = 1, the unions
Uyeam-1YB, for each mixed cell B, form cells of the polyhedral subdivision of C(Py, ..., Py);
see [19] for details. [ |

Let G € Ky, be a connected bipartite graph. Let I,..., I, C [n] be the associ-
ated collection of nonempty subsets: I; = {j | (i, j) € G}, fori = 1,...,m. Then the Cayley
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embedding of the simplices Ay,,..., A, is exactly the root polytope Q¢ from Section 12

(reflected with respect to the linear span of ey, ..., ep):
Qg =C(Ap, ..., Ar,).
Recall that the generalized permutohedron Pg(ys, ..., Vi) is defined as

Peyi,.... V) = iAL + -+ YmAr,,

for the nonnegative y;. Proposition 14.5 specializes to the following claim.

Corollary 14.6. For any strictly positive y, ..., yin, mixed subdivisions of the generalized
permutohedron Ps(y, ..., Vi) are in one-to-one correspondence with polyhedral subdivi-
sions of the root polytope Q¢. In particular, fine mixed subdivisions of Pg(y1,..., Vi) are
in one-to-one correspondence with triangulations of Qg. This correspondence is given
by intersecting a polyhedral subdivision of Q¢ with the subspace (4, ..., £) x R", where

s =)y, and then inflating the intersection by the factor s. O

In particular, this implies that the number of cells in a fine mixed subdivision of
P; equals (m +n — 2)!' Vol Qg.
Let us describe fine mixed cells that appear in subdivisions of Pg(y1,..., V). For

a sequence of nonempty subsets J = (J, ..., Jn), let G be the graph with the edges (i, j),

for j € J.

Lemma 14.7. Each fine mixed cell in a mixed subdivision of P;(y1,..., ¥x) has the form
ViAg X - X pnAg , for some sequence of nonempty subsets J = (J, ..., Jp) in [n], such
that G s is a spanning tree of G. ]

Proof. By Lemma 14.2, each fine cell has the form yyAj x--- X A, where J; C I,
fori=1,...,m, ie. Gy is a subgraph of G, the simplices A; span independent affine
subspaces, and ) dim Aj; =) (|J;| — 1) = n — 1. This is equivalent to the condition that

G 7 is a spanning tree. |

Let us denote the fine cell associated with a spanning tree T C G, as described in

the above lemma, by

My :=nAy X X YnAyg,,
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where J; = {j | (i, J) € T}, fori = 1,..., m. These fine cells I1; are exactly the cells associ-
ated with the simplices Ar C Q¢ from Section 12 via the Cayley trick:

HTZS(ATH<&,...,y—m)XRn),
S S

where s = ) y;. So it is not surprising that the fine cells Iy are labeled by the same
objects—spanning trees of G.

Let us explain the meaning of the left degree vector LD(T) = (dy, ..., dy;) and the
right degree vector RD(T) = (dj,...,dy) of a tree T C G in terms of the fine cell 1.

Lemma 14.8. Let LD(T) = (d,,...,dy) be the left degree vector of a tree T; then

VolMy = 2L ...

drl -

vy
dm!’
Proof. Indeed, d; =|J|—1=dimA;, fori=1,...,m. [ |

Lemma 14.9. Let us specialize y3 =--- = y, = 1. For a spanning tree T C G, the fine
cell I1r contains the shift (a;,...,a,) + A of the simplex Ay, by an integer vector
(@y,...,ay) € Z" if and only if (a,,...,a,) is the right degree vector RD(T) of the tree
T. Moreover, if (ai,...,a,) € Z" is not the right degree vector of T, then the shift

(@y,...,an) + Ay has no common interior points with the cell 7. O

Proof. Notice that, for two subsets I, J C [n] with a nonempty intersection, we have the

following inclusion of Minkowski sums:
Ar+ Ay 2 Apg + Arng.

Indeed, the polytope Ay + Ajny is the convex hull of all possible sums g; + e;, where g;
is a vertex of Ay and e; a vertex of Ajny,ie.i e IUJand jeINJ. We have either (i e T
and j € J), or (i € Jand j € I), or both. In all cases, we have g, +e; € A; + Aj.

For the fine cell Iy = Ay x --- x Ay, = Ay + -+ Ay, pick two summands Ay,
and A, with a nonempty intersection J; N J; (what should contain exactly one element k)
and replace them by A ;u;, and A ;7. We obtain another cell [T C 17, where the tree T' is
obtained from T by replacing all edges (j,I) € T, forl # k, with the edges (i, ). Notice that
the tree T” has exactly the same right degree vector RD(T’) = RD(T). Let us keep repeating
this operation until we obtain a cell of the form Iy = Ay + -+ -+ Ay + Ay € Tz, de.
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all summands are single vertices except for one simplex Ap,. Since the tree T” has the
same right degree vector (dji,...,ds) = RD(T”) = RD(T) as the tree T, we deduce that
#{jlij=1i}=d; fori =1,...,n.In other words, Ily» = (di,...,ds) + Ay € Ip.

It remains to be shown that any other shift (a4, ..., a,) + Ay, for an integer vector
(@i,...,ay) # (dj,...,ds), has no common interior points with the cell I1r. Suppose that
there exists such a shift with a common interior point b € Ilr N ((ay,...,ay) + Ap). Let

r=I(di—ai,...,ds—ay) € Z"\ {(0,...,0)}. Then the point b+ r is an interior point of
(di,...,ds) + A C 7. Thus the whole line segment [b, b + r] belongs to the interior of
the fine cell TIr = Ay, x --- x A, . Here b € R" and r is a nonzero integer vector. Thus at
least one projection [V, b’ + '] of the line segment [b, b + r] to some component A of the
direct product has a nonzero length. Here r’ is should be a nonzero integer vector and
[b', b +r'] should belong to the interior of the simplex Aj;. But this is impossible. No
coordinate simplex can contain such a line segment strictly in its interior. Indeed, the
diameter of a coordinate simplex in the usual Euclidean metric on R" is 2%, The only
integer vectors that have smaller length are the coordinate vectors +e;. If ' belongs to a
coordinate simplex then b’ + e; does not belong to it, because the vector +e; does not lie

in the hyperplane where all coordinate simplices lie. We obtain a contradiction. |
Let us now prove Theorems 12.9 and 11.3.

Proof of Theorem 12.9. It is enough to prove the statement about right degree vectors
and deduce the statement about left degree vectors by symmetry. By Corollary 14.6,
simplices in a triangulation {Ar,...,Ar} of the root polytope Q; are in one-to-one
correspondence with cells in the corresponding fine mixed subdivision {Ily,..., g} of
the generalized permutohedron P;. By Lemma 14.9, each cell I1; contains the shifted
simplex a + A, where a = RD(T;), and each integer shift a + A, € P; belongs to one
of the cells IIy. Notice that the set of integer vectors a € Z" such that a + Ay € Pg is
exactly the set of lattice points of the trimmed generalized permutohedron P;. This

proves that the map A, — RD(T;) is a bijection between simplices in the triangulations

and lattice points of P, as needed. [ |
Proof of Theorem 11.3. Fix a fine mixed subdivision {I[1y,...,IIz} of the polytope
Pg(wi, ..., Vm). According to Lemma 14.8, the volume of P;(yi, ..., ) can be written as

s ydl(Ti) ydm(Ti)
VolPG(yl,...,ym)=Z L m
im1

d;! dm!
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Let us compare this expression with the expression for Vol P;(y1, ..., Vi) given by Theo-
rem 9.3. We deduce that the map II(T;) — LD(T;) is a bijection between fine cells 11 in
this subdivision and G-draconian sequences. According to the Cayley trick and Theo-
rem 12.9, the number of fine cells in this subdivision equals the number of simplices in a
triangulation for Qs equals the number of lattice points in Ps-(1,...,1). We deduce that
the number of G-draconian sequences equals the number of lattice points of Pg-(1,...,1).
This is exactly the claim of Theorem 11.3 in the case when y3 =--- = y;, = 1.

The case of general y1, ..., yi, follows from this special case. Indeed, we can write
any weighted Minkowski sum y3Ap, + - - + Az, for nonnegative integers yi, ..., ¥, as
the Minkowski sum of y; copies of Ay, y» copies of Ay, etc. When we do this transfor-
mation, the right-hand sides of expressions given by Theorem 11.3 agree. For example,
if we replace the term y; Ay in the Minkowski sum with the sum z,Ap, + z,A;,, where
Vi = 71 + 22, then we can correspondingly modify the right-hand side using the identity

Ve, _ (mitar—1y _ (z1)p, (22)p,
a! = a; )= Zb1+b2:al bl byl |

Remark 14.10. We can also deduce that the number of G-draconian sequences equals
(m+n —2)!Vol Qg, i.e. the number of simplices in a triangulation of Q¢, using in-
tegration. Let us calculate the volume Vol Q; by integrating the volume of its slice
Pg(wi, ..., Vm) given by Theorem 9.3 over all points of the (m — 1)-dimensional simplex
At

ay m .
Now we can use the fact that the integral of a monomial ’;‘—1, ‘e % over the simplex Apy

equals (m — 1+ > a;)) L. O

Also, remark that the first part of the above proof and Theorem 12.9 gives an
alternative proof of Lemma 11.7, saying that the set of G-draconian sequences is the set

of lattice points in P.(1,...,1).

Example 14.11. Let us assume that I,...,I,, m =2" — 1, are all nonempty subsets
of [n] and G is the associated bipartite graph. The G-draconian sequences of integers
are in one-to-one correspondence with all unordered collections of subsets in [n] sat-
isfying the dragon marriage condition. For a draconian sequence (ay,...,an,) there are

(aln_l ) associated ordered sequences of subsets. In this case, Pg = P,(2"7!,2"2...,2,1)

..... am
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draconian sequences is exactly the number of lattice points in the permutohedron
P,(2% 1 —1,2"2,...,2,1). O

There is another approach to counting lattice points in generalized permutohe-
dra, based on constructing its fine mixed subdivision and paying a special attention to
lower-dimensional cells. Let us say that a semi-polytope is a bounded subset of points in
a real vector space given by a finite collection of affine weak and strict equalities. Define

coordinate semi-simplices as

A?e;'” =Ar\Apgy = inei | in =1, x>0 foriel;andx; >0,

iel iel
for j eI C [n].

Proof Alternative semiproof of Theorem 11.3. Let Pg(yi,..., V) = AL + -+ VA5,
Assume that I; = [n]. It seems feasible that there exists a disjoint decomposition of the

polytope Ps(y1,..., V) into semipolytopes of the form

Peyi,.. ., Vm) = U nay x leASJZ,]l'zi Xoeee X YmAstnrtl]?m' (2)

where the sum is over sequences of subsets (J;, ..., Jn)and js, ..., jm such that j; € J; C I,
and bipartite graphs associated with (Ji, ..., J) are spanning trees T of G. In particular,
the closure of each term is a fine mixed cell IT of top dimension.

Here is a not quite rigorous reason why this should be true. Let us start with
the top-dimensional simplex y; A, I; = [n]. When we add the simplex y» Ay, we create
several new fine cells. Each of these cells is the direct product ;1 Aj x A, of a face of
1A and a face of y, A, glued to y1Aj, by one if its facets y1 Ay x y2 A g\(j). This is why
we exclude elements of this facet. When we add y3Ar,, we again create several new fine
cells. Again, each of these new cells is a direct product of one of the faces of the polytope
created on the earlier stage and a face y3Aj, of y3AL. Again, each of these cells should
be glued by a facet of y3A 4, etc.

Let us show that just an existence of a decomposition for the form (2) already
implies Theorem 11.3. Indeed, the number of lattice points in one of the terms of this

i+la; Pay  (mdam (n+1)% p32

eCOInPOSItlon equals ol atl  Tan! and 1ts volume 1s Tl aglaml’ whnere a; =

dim Aj; = |J;| — 1. Thus the formula for the number of lattice points in Pg(yi,..., Vm)

¥T02 ‘Sg Yole|N uo uolbulysepn Jo Aisieaiun e /Biosfeulnolpioixo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

Permutohedra, Associahedra, and Beyond 1081

is obtained from the formula for the volume given by Theorem 9.3 by replacing usual

powers with raising powers, as needed. [ |

In order to make this proof more rigorous, we need to carefully analyze all possi-
ble cases. Preferably one would like to have an explicit construction for a decomposition
of the form (2).

In Section 15, we will need the following statement.

Proposition 14.12. Any integer lattice point of the generalized permutohedron P; =
Ay +---+ Ay, hasthe forme; +--- +e; , where jy € Iy, fork=1,..., m. O

Remark 14.13. Proposition 14.12 says that any lattice point of the generalized permu-
tohedron is the sum of vertices of its Minkowski summand. Note that a similar claim is
not true for an arbitrary Minkowski sum. For example, the Minkowski sum of two line
segments [(0, 1), (1,0)] and [(0, 0), (1, 1)] contains the lattice point (1, 1), which cannot be

presented as a sum of the vertices. O

Proof of Proposition 14.12. Each lattice point of P; belongs to a fine mixed cell in
a fine mixed subdivision of Pg; see Section 14. According to Lemma 14.7, each fine
mixed cell is a direct product Ay x --- x Ay, of simplices, where J; C I;, fori=1,...,m,

and the graph T = Gy, .5, € Km,n is a bipartite tree. Any lattice point (by,...,b,) of

Ay x---x Ay, comes from a function f:{(i, j)} - Rso defined on edges of the tree T
such that (1) f(i, j) > 0, (2) > fli,))=1,and 3) Y, fi,j)=by, foranyi=1,...,m and
j=1,...,n. Since T is a tree and the sum of values of f over edges at any node of T
is integer, we deduce that f has all nonnegative integer values. (First, we prove this
for leaves of T, then for leaves of the tree obtained by removing the leaves of T, etc.)
Thus, foranyi = 1,...,m, we have f(i, j;) = 1, for some j;, and f(i, j) = 0, for j # j;. Thus
(br,...,by) =e€j, +---+ e, as needed. [ ]

15 Application: Diagonals of Shifted Young Tableaux

A standard shifted Young tableaux of the triangular shape (n,n —1,...,1) is a bijective
mapT:{(i,j)|1<i<j=<n}—>({1,.. .,("erl)} increasing in the rows and the columns, i.e.
T, ) < TWi + 1, ) and T((i, j)) < T((i, j + 1)), whenever the entries are defined. Let us
say that the diagonal vector of such a tableau T is the vector diag(T) = (d;,...,d,) :=
(T(1,1),T(2,2),...,T(n,n)); see Example 15.5 below. It is clear, thatd; = 1,d,, = (”;’1), and

di+1 > d;. In this section, we describe all possible diagonal vectors.
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For a nonnegative integer (n — 1)-vector (a;,...,an—1), let Nlay,...,a,—1) be the
number of standard shifted Young tableaux T of the triangular shape with the diag-
onal vector diag(T) =(1,a; +2,a1 +a2+3,...,a1 +---+ an_1 + n), or equivalently, a; =
diy,—d;—1,fori=1,...,n—1.

Theorem 15.1. We have the following identity:

ti ot i+t +oo
Z N(alr~--1an—l)l_'"'n—1'= 1—[ i l+1' i ]l. 0
ai,...,Gn-1>0 a1 An-1° 1<i<j<n J—1

Proof. Let A = (A; > --- > A,) be a partition. The Gelfand-Tsetlin polytope GT(}) is de-
fined as the set of triangular arrays (pij)i,j>1,i+j<n+1 € R("2) such that the first row is
(p11, P12, -- -, P1in) = A and entries in consecutive rows are interlaced p;; > piy11 > Piz >
Dit12>---,fori=1,...,n—1.

Let us calculate the volume of the polytope GT() in two different ways. First,
recall that lattice points of GT(A) correspond to elements of the Gelfand-Tsetlin ba-
sis of the irreducible representation V, of GL(n) with the highest weight A. Thus the
number of the lattice points is given by the Weyl dimension formula: #(GT(x) N z('3)) =
[licicjen % We deduce that the volume of GT(}) is given by the top homogeneous
component of this polynomial in Aq,..., Ay:

A=

VolGT() = [] I

1<i<j<n

On the other hand, note that the shape of an array (p;;) € GT()) is equivalent to the shape
of a shifted tableau. Let us subdivide GT(}) into parts by the hyperplanes p;; = px, for all
i,j, k1. Aregion of this subdivision of the Gelfand-Tsetlin polytopes GT()A) correspond
to a choice of a total ordering of the p;; compatible with all inequalities. Such orderings
are in one-to-one correspondence with standard shifted Young tableaux of the triangular
shape (n,n —1,...,1). For a tableau T with the diagonal vector diag(T) = (d;, ..., d,), the
associated region of GT(A) is isomorphic to {(y3 <--- < }7(71;1)) | ya, = A, fori=1,...,n},
that is, to the direct product of simplices (A — A2)A%~~1 x ... x (Ay_q — Ay) A% —dna—1,
The volume of this direct product equals

n—1

1_[ (n — Ai+1)di+1—di—1
(dipn —di — 1)

i=1
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Thus the volume of GT(4) can be written as the sum of these expressions over standard
shifted tableaux. Comparing these two expressions for Vol GT (1) and writing them in the

coordinates t; = A; — A;;1, we obtain the needed identity. [ |

Theorem 15.1 implies that N(a,...,a,_1) can be nonzero only if (a;,...,a,_1) is

a lattice point of the Newton polytope

Ass,_; := Newton 1_[ (kG +tir+---+ tjfl) = Z Aj,i-1)-

1<i<j<n 1<i<j<n

This Newton polytope is exactly the associahedron in the Loday realization, for n — 1;

see Section 8.2. Using Proposition 14.12, we obtain the following statement.

Corollary 15.2. The number of different diagonal vectors in standard shifted Young

tableaux of the shape (n,n—1,...,1) is exactly the number of integer lattice points
in the associahedron Ass,_;. More precisely, N(a;,...,a,—1) is nonzero if and only if
(ay,...,an—1) is an integer lattice point of Ass,_;. O

It would be interesting to extend this claim to other shifted shapes.

Example 15.3. Let D, be the number of different diagonal vectors, or equivalently,
the number integer lattice points in Ass,_;, or equivalently, the number of nonzero
monomials in the expansion of the product [],_;_;-, Zi;; tx. Several numbers D, are

given below.

n 112|345 6 7 8 9
D, 1]1]2]8]55]|567| 7958 | 142396 | 3104160

O

Theorem 15.1 also implies that Nlay,...,a,_;) equals ]_[?;ll(ai)!/(I!Z! n=1))
times the number of ways to write the point (a;,...,a,—1) as a sum of vertices of the
simplices Ay, j_1). In particular, if (a;,...,an—1) is a vertex of the associahedron Ass,_;
then the second factor is 1.

Recall that vertices of Ass,_; correspond to plane binary trees on n — 1 nodes;

see Section 8.2. For a plane binary tree on n — 1 nodes, let L;, R;,i=1,...,n — 1, be the
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left and right branches of the nodes arranged in the binary search order; see Section 8.2.
Also, letl; = |L;|+ 1 and r; = |R;| + 1.

Corollary 15.4. The numbers of standard shifted Young tableaux with diagonal vectors

corresponding to the vertices of the associahedron are given by

@y -l Ty - T
T(ll'r1,-~~:ln—l'rn—1)= 120 (n—1)! zﬁlxrl"'ﬁn,lxrn,lr

where fi; is the number of standard Young tableaux of the rectangular shape k xI. O

The second expression can be obtained from the first using the hook-length
formula for the number of standard Young tableaux. We can also deduce it directly, as
follows. Recall that binary trees on n — 1 nodes are associated with subdivisions of the
shifted shape (n —1,n—2,...,1) into n — 1 rectangles of sizes Iy xry, ..., ly_1 X rp_1;
see Section 8.2. Each shifted tableaux with the diagonal vector (d;,...,d,) = (1, 2+1; -
r, 3+1l;-r +1ly-1rp, ---)is obtained from such a subdivision by adding n diagonal boxes
filled with the numbers d,, ..., d, and filling the ith rectangle [; x r; with the consecutive
numbers d; + 1,d; + 2,...,d;+1 — 1 so that they from a rectangular standard tableau, for

i=1,...,n—1.

Example 15.5. The diagonal vector (1, 3,10,12,15, 36,40,43,45) is associated with the
plane binary tree and the subdivision into rectangles from Example 8.3. Here is a shifted
tableau with this diagonal vector obtained by filling the rectangles of this subdivision

with consecutive numbers:

’1 ”|2 ”|4 5 |7 |[16]17] 18] 23

‘3”|6 8 |9 [|19]20]21]|24

‘10 11 13|[22] 25| 26| 29

12(f 14| 27| 28| 31| 34

15| 30| 32| 33| 35

36| 37| 38|39

a0[[41][42
"43[[ 44]
- Tas
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16 Mixed Eulerian Numbers

Let us return to the usual permutohedron P,y = P,y1(xy, ..., X, 41). Let us use the coor-
dinates uy, ..., u, related to x, ..., X,+1 by
Uy =X — X2, U = X2 — X3, "+, Un = Xpn — Xn+1

This coordinate system is canonically defined for an arbitrary Weyl group as the coordi-
nate system in the weight space given by the fundamental weights; see Section 18.
The permutohedron P,,; (translated by —x,.;(1,...,1)) can be written as the

Minkowski sum
P =uiAjpyr + U2 Agp + - -+ Up Ap g

of the hypersimplices Agnp+1:= Ppyi(l,...,1,0,...,0) with k “1”"s. For example, the
hexagon can be expressed as the Minkowski sum of the hypersimplices A; 3 and Az,

which are two triangles with opposite orientations:

>-@

According to Proposition 9.8, the volume of P,,; can be written as

upug
Vol Ppir= Y Agpe, — =2,
a! Cp!
C1yeey Cn
where the sum is overc;,...,¢, >0,¢,+---+ ¢, =n, and

_ [&] Cn
Acl,...,cn = nl! V(Al,n-H' RN An,n-&-l) € Z>0

is the mixed volume of hypersimplices multiplied by n!. Here P! means the polytope P
repeated [ times.

Definition 16.1. Let us call the integers A, ., the mixed Eulerian numbers. O

.....
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The mixed Eulerian numbers are nonnegative integers because hypersimplices
are integer polytopes. In particular, n! Vol P, is a polynomial in u,, ..., u, with positive

integer coefficients.

Example 16.2. We have

Vol P, =1uy;
Vol Py =14 4 2uju, +1%;
ud

V01P4=ll;—?+2u7%u2+4u1u7§ +4 +3u7§u3+6u1u2u3

2 2 2 3
+4%LL3 +3u1% +2U2% + 1%
Here the mixed Eulerian numbers are marked in bold. O

Recall that the usual Eulerian number A(n, k) is defined as the number of per-
mutations in S, with exactly k — 1 descents. It is well known that n! Vol Ay 11 = A(n, k);
see Laplace [23, pp. 257ff].

Theorem 16.3. The mixed Eulerian numbers have the following properties:

(1) The numbers A, ., are positive integers defined forcy,..., ¢, >0, ¢ +--- +

.....

(2) Wehave A, ¢, = Ac,,..c0-
(3) For 1 <k <n, the number Ag-1 , 0+ is the usual Eulerian number A(n, k).

Here and below 0! denotes the sequence of | zeros.

(4) Wehave )" ﬁ Ag...c, = (n+1)""!, where the sum is overc, ..., ¢, > 0 with
a+---+c,=n.

(5) We have }_ A, ., = n!Cy, where again the sum is over all ¢y, ..., c, > 0 with
a+---+c,=nandC, = RLH (2,:‘) is the Catalan number.

(6) Forl <k<nandi=0,...,n,the number Ay-1,_;;o-+1 is equal to the num-

ber of permutations w € S,;; with k descents and w(n + 1) =1 + 1.
(7) We have 4;, ; =nl.
(8) We have Ak, 0n-k = (})-

k
(9) Wehave A, o, =192%2...n%ifci+---+¢g>i,fori=1,...,n—1,and ¢ +
-+-+ ¢, = n. There are exactly C, such sequences (cy, ..., C,). O

Proof. Properties (1) and (2) follow from the definition of the mixed Eulerian numbers.

Property (3) follows from the fact that n! Vol A, ,,.; = A(n, k). Property (4) follows from
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the fact that the volume of the regular permutohedron P,.;(n,n —1,...,0), which corre-
sponds to u; =--- = u, = 1, equals (n + 1)"!; see Proposition 2.4. Property (5) follows
from Theorem 16.4 below. It was conjectured by R. Stanley. Property (6) is equivalent
to the result by Ehrenborg, Readdy, and Steingrimsson [13, Theorem 1] about mixed
volumes of two adjacent hypersimplices. Property (7) is a special case of Property (9).

(8) According to Theorem 3.2, we have

n Xk X,rll_k
Vol Pry1(x1,0,.., 0, %ps) = 3 (=1 Dpalle +1,m)) gy

k=0

where Dy y1([k +1,nl) = (}) is the number of permutations w € S, such that w; < --- <

Wiyl > Wkio > -+ > Wyy1. This permutohedron corresponds to u; = x3, Uy = -+~ Up_; =0,
n
).
(9) Let us use Theorem 5.1. The y-coordinated are related to the u-coordinates as

Up = —Xn+1, Which implies that Ak, 0n-k = (

YZ = U,
3 =uz—u,

Va=us—2uz +uy,

‘ n—1 n—1
Yn1 = ;(—1)l( ; )un_i.

Using these relations, we can express any coefficient [u% - - - u$"] V11 of the poly-
nomial V,,; = Vol P,,; written in the u-coordinates as a combination of coefficients
[Yslﬂ ~~yg"] Vyi1 of this polynomial written in the y-coordinates. Let us assume that
(c1,...,cy) satisfiesc; +---+¢ >1i,fori=1,...,n—1,and c; +--- 4+ ¢, = n. Then any se-
quence (c}, ..., c,) that appears in this expression satisfies the same conditions. For such

a sequence, we have

[dl dn]V — 1 n+1\% n+1\% n+1\%
Vi1 1 "“_c’l!mc’! n+1 n 2 '

n

Indeed, any collection of subsets Ji, ..., J, € [n + 1] such that ¢, of them have the cardi-

nality n+2—1i, fori = 1,...,n, automatically satisfies the dragon marriage condition;

¥T02 ‘Sg Yole|N uo uolbulysepn Jo Aisieaiun e /Biosfeulnolpioixo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

1088 A. Postnikov

see Theorem 5.1. Thus we have

9 c 9 Cn n—1 0 @
— =) v, =
Ao <aun) (8u1> " <<8yn+1> <3yn ( 1 >3Yn+1)
( P <n—2)3 +(n—1> 0 >c3 )V
y B 9
37ns 1 ) op 2 ) 3yan "
(n+ 1\ ((n+1 n—1\(n+1\\%/(n+1 n—2\(n+1
S \n+1 n 1 n+1 n-—1 1 n
n n—-1\/n+1 Csmzlclzczmncn_
2 n+1

In the last equality we used the binomial identity

k-1
Z <n—k+1)( n+1 _):k, forl<k<n,
= n+2-k+i

which we leave as an exercise. [ |

Let “~" be the equivalence relation of the set of nonnegative integer sequences
(ci,...,ci)withe +---+c, =ngivenby (c,...,c) ~ (c],...,c,) whenever (c, ..., cp, 0) is
a cyclic shift of (¢/,...,c,,0).

rnr

Theorem 16.4. For a fixed (¢, ..., c,), we have

(c)se.sp)~(Cr e 0Cn)

In other words, the sum of mixed Eulerian numbers in each equivalence class is n!.

1

There are exactly the Catalan number Cy, = ;15

(21?) equivalence classes. O

This claim was conjectured by R. Stanley. For example, it says that 4;,

and that Ano, 0+ Aono,. .0+ Aoon,.0+ -+ Ao, on =n!, ie. the sum of usual Eulerian
numbers ), Aln, k) is nl.

Remark 16.5. The claim that there are C, equivalence classes is well known. Every

equivalence class contains exactly one sequence (cy, ..., c¢,) such that¢; +--- + ¢ > i, for
i =1,...,n. For this special sequence, the mixed Eulerian number is given by the simple
product A, =1%...n%; see Theorem 16.3.(9). O

Theorem 16.4 follows from the following claim.
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Proposition 16.6. Let us write Vol P, as a polynomial V,1(u1, ..., Uns1) iD UL, ..., Uni1.
(This polynomial does not depend on u,;.) Then the sum of cyclic shifts of this polyno-
mial equals

Vo, o Une )+ Vot W, Uty oo ) + A Vg (U, o Uy, W) = (U 4 -+ U )™
O

This claim has a simple geometric explanation in terms of alcoves of the affine

Weyl group. Cyclic shifts come from symmetries of the type A4, extended Dynkin diagram.

Proof. Let W = S,; be the type 4, Weyl group. The associated affine Coxeter arrange-
ment is the hyperplane arrangement in the vector space R**1/(1,...,1)R ~ R" given by
ti—t;j=k,forl <i < j<n+1andk € Z. Here and below in this proof the coordinates
t1,...,tpy1 in R™! are understood modulo (1,...,1)R. These affine hyperplanes subdi-
vide the vector space into simplices, which are called the alcoves. The reflections with
respect to these affine hyperplanes generate the affine Weyl group Wy that acts simply
transitively on the alcoves.

The fundamental alcove A, is given by the inequalities t; > to > -+ > 11 >
t; — 1. It is the n-dimensional simplex with the vertices vo = (0,...,0), v; = (1,0,...,0),
v, =1(1,1,0,...,0),...,v,=1(1,...,1,0). Fori = 1,...,n, the map

¢i . (tlr-'~/tn+l)'_) (ti+lr~-~/tn+lrtl _lr~-~/ti_1)

preserves the fundamental alcove and sends the vertex v; to the origin vy. We have

Vol A, = ﬁ = (ni—l)!, assuming that we normalize the volume as in Section 4.
Let up pick a point x = (x, ..., X,+1) in A,. The Wyer-orbit of x has a unique rep-

resentative in each alcove. For any vertex v of the affine Coxeter arrangement, i.e. for
a 0-dimensional intersection of its hyperplanes, the convex hull of elements the orbit
Wasr - x contained in the alcoves adjacent to v is a (parallel translation) of a permutohe-
dron. This collection of permutohedra associated with vertices of the arrangement forms

a subdivision of the linear space.

For the origin v = vy, we obtain the permutohedron Pg = P,1(x1,..., X,+1), and,
for the vertex v;, i = 1,...,n, we obtain the permutohedron
_ -1 |
P(l) - ¢l Pn+1(¢1(X)) - ¢l PVH*I(‘XFF]I' o Xng1, X1 — ]-/~ o Xp — 1)

Note that, fori =0, ...,n, we have Vol P;) N A, = \IW| Vol P;). Indeed, each permutohedron

Py is composed of |W| isomorphic parts obtained by reflections of Vol P; N A,.
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Thus the volume of the fundamental alcove times |W| equals the sum of volumes
of n + 1 adjacent permutohedra. For example, the area of the shaded triangle on the

following picture times 6 is the sum of the areas of three hexagons.

In other words, we have 1 = |W| - Vol A, = Y " Vol P;;). The last expression can be written

in the u-coordinates as

Vn+1(u1/-~-run+l) + Vn+1(u2r~--run+1fu1) + -+ Vn+1(un+1ru11-~-run)r

assuming that u; + - -+ + uyy1 = 1. The case of arbitrary u;, ..., Uy is obtained by mul-
tiplying all u;'s by the same factor « which corresponds to multiplying the volume
by o". |

Proof of Theorem 16.4. We obtain the required equality when we extract the coefficient

of the monomial uf' - -- u&u?, | in the both sides of the identity in Proposition 16.6. N

Proposition 16.6 together with Theorem 3.1 implies the following identity. It

would be interesting to find a direct proof of this claim.

Corollary 16.7. The symmetrization of the expression

1 qur+ Ry +r2ug+--- (A 4+ -+ App))un)”

n! (A1 —A2) - (A = Anya)

with respect to (n + 1)! permutations of Ay,...,A,y; and (n + 1) cyclic permutations of

Uy, ... Upep equals (uy + -« + upy1)™. O
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17 Weighted Binary Trees

Let us give a combinatorial interpretation for the mixed Eulerian numbers based on
plane binary trees.

Let T be a plane binary tree on [n] with the binary search labeling of the nodes;
see Section 8.2. There are the Catalan number C,, of such trees. For any nodei =1,...,n,
the set desc(i, T) of descendants of i (including the node i itself) is a consecutive interval
descl(i, T) = [I;, r;] of integers. In particular, we have [; <i < r;. For a pair nodes i and j in

T such that i € desc(j, T), i.e.l; <i <rj, define the weight

iUl e
N e N e i s,
wt(i, j) = min | — , . =
J=li+1'ri—j+1

. (3)
ri—i+1
rj—j+1

ifi> j.

Let h(j, T) := |desc(j, T)| be the “hook-length” of a node j in a rooted tree T.

Theorem 17.1. The volume of the permutohedron P, is given by the following poly-

nomial in the variables u;, ..., u,:

Vol P,y = Zl_[ T)]_[ > wtli, ui |,

j=1 \iedesc(j,T)
where the sum is over C,, plane binary trees T with n nodes. O

Example 17.2. For n = 3, we have the following five binary trees, where we indicated

the binary search labeling inside the nodes and also indicated the hook-lengths of the

nodes:
3 3 3
® ® @
2 & 2@ Do
O, 1 @

hook-lengths of binary trees

¥T02 ‘Sg Yole|N uo uolbulysepn Jo Aisieaiun e /Biosfeulnolpioixo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/
http://imrn.oxfordjournals.org/

1092 A. Postnikov

Theorem 17.1 says that

Vol Py = (u1)(3 ur + uz) (5 u1 + 2 uz + ug) + (w1 + 5 uz)(u2) (3 ur + 2 uz + us)
+(wr + 2us + us) (W) (3us + us) + (wr + 5 us + 5 us) (U + Jus)(us)

+2 - (u1)(5 ur + uz + 5 us)(us). O

Corollary 17.3. We have

! 1
m+1)"! = n—n <1+ : )

where is sum is over C,, plane binary trees T with n nodes. O

For n = 3, the corollary says that (3 + 1)2 = 3 + 3 + 3 + 3 + 4; see figure in Exam-
ple 17.2.

Proof. Let us specialize Theorem 17.1 for u; =--- = u, = 1. In this case, P,; is the
regular permutohedron with volume (n + 1)"*°!, see Proposition 2.4. Easy calculation
shows that };cgese(;,m Wi, J) = MiTHL Thus the right-hand side of Theorem 17.1 gives
the needed expression. |

Various combinatorial proofs and generalizations of Corollary 17.3 were given
by Seo [31], Du-Liu [11], and Chen-Yang [8].

An increasing labeling of nodes in a rooted tree T on [n] is a permutation v € S,
such that, whenever i € desc(j, T), i.e. the node i is a descendant of the node j, we
have v(i) > v(j). It is well known that the number of increasing labelings is given by
the following “hook-length formula;” see Knuth [22, Exercise 5.1.4.(20)] and Stanley [32,
Proposition 22.1]. It can be easily proved by induction.

. . . n!
Lemma 17.4. The number of increasing labeling of a tree T equals T, hG T O

Let us say that an increasing binary tree (T, v) is a plane binary tree T with the
binary search labeling as above and a choice of an increasing labeling v of its nodes. It
is well known that there are n! increasing binary trees. The map (T, v) — v is a bijection
between increasing binary trees and permutations v € S,; cf. [33, 1.3.13].

Let i = (iy,...,i,) € [n]™ be a sequence of integers. Let us say that an increasing

binary tree (T, v) is i-compatible if iy € [lj,r;], for j =1,...,n. Define the i-weight of an
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i-compatible increasing binary tree (T, v) as
n
wt(lTv:l_[ lv_,)]

where wt(iy;), j) is given by (3). The number n! wt(i, T, v) is always a positive integer. The
following lemma can be easily proved by induction; cf. Lemma 17.4. We leave it as an

exercise.

Lemma 17.5. We have n! divided by all denominators in wt(i, T, v) equals the number
of labelings of the nodes of T by permutations w € S, such that, for any node j, for
which we pick the first (respectively, second) case in the definition of wt(i,(;), j), the label
w(j) is less than labels w(k) of all nodes k in the left (respectively, right) branch of the
node j. O

Example 17.6. The following figure shows an i-compatible increasing binary tree, for
i=(3,4,8,7,1,7,4,3). Each node of this tree is labeled by three kinds of labels. First, the
labels of the binary search labeling are shown inside the nodes. Second, the labels of the
increasing labeling v = 5,2,8,7,1, 3, 6,4 are shown near the nodes. Third, we mark each
node j by the variable u;,,. The intervals [l;,r;] are [1,1], [1,2], [3,3], [3,4], [1,8], [6,8],
(7,7, [7,8]. The i-weight of this tree is wt(i, T,v)=2-1.1.2.1.1.2. 1

an i-compatible binary tree

i=(3,4,8,7,1,7,4,3)

Let us give a combinatorial interpretation for the mixed Eulerian numbers.

Theorem 17.7. Let (iy,...,i,) be any sequence such that u;, - - - u;, = uj’ - - u%. Then
Ay, =Y nlwtli,T,v),
(T,v)

where the sum is over i-compatible increasing binary trees (T, v) with n nodes. O
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Note that all terms n!wt(i, T, v) in this formula are positive integers. Actually,

n

this theorem gives not just one but ( o Cn) different combinatorial interpretations of the

,,,,,

mixed Eulerian numbers A, . for each way to write uf ---u as u; ---u;,. We will

n

AAAAA

extend and prove Theorems 17.1 and 17.7 in Section 18. Let us now show how to derive

Theorems 17.1 from Theorem 17.7.

Proof of Theorem 17.1. The volume of the permutohedron is obtained by multiplying
the right-hand side of Theorem 17.7 by = u; ---u;, and summing over all sequences

i=(i,..., 1) € [nl™

Vol P,y = Z uj - - U, wt(d, T, v),
)

ie[n]® (T

where the second sum is over i-compatible increasing binary trees (T, v) with n nodes.

This formula together with Lemma 17.4 implies the needed expression. |

18 Volumes of Weight Polytopes via ®-Trees

In this section, we extend the results of the previous section to weight polytopes for an
arbitrary root system.

Let ® be an irreducible root system of rank n with a choice of simple roots
ay,...,0n, and let W be the associated Weyl group. Let (x, y) be a W-invariant inner

product. Let w1,...,w, be the fundamental weights. They form the dual basis to the

20
(aj o) *

basis of simple coroots o = Let Py(x) be the associated weight polytope, where

X = Ujw) + - - - + Upwy; see Definition 4.1. Its volume is a homogeneous polynomial Vg of

degree n in the variables u;, ..., uy:

Vo(ur, ..., up) := Vol Pwlujwi + - - - + upwy).

Recall the definition of B(I')-trees; cf. Definition 7.7 and Section 8.4.

Definition 18.1. For a connected graph I', a B(I')-tree is a rooted tree T on the same

vertex set such that

(T1) For any node i and the set I = desc(i, T) of all descendants of i in T, the

induced graph I'|; is connected.
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(T2) There are no two nodes i # j such that the sets I =desc(i,T) and J =

desc(j, T) are disjoint and the induced graph I'|;y is connected. O

An increasing B(T')-tree (T, v) is B(I')-tree T together with an increasing labeling
v of its nodes, defined as in Section 17. In the case when I' is the Dynkin diagram of the
root system ®, we will call these objects ®-trees and increasing ®-trees.

The next proposition extends the well-known claim that there are n! increasing

binary trees on n nodes.

Proposition 18.2. For any connected graph I' on n nodes, the number of increasing
B(I')-trees equals n!. O

Proof. Themap (T, v) — v is abijection between increasing B(I')-trees and permutations
v ES,. |

For a subset I C[n], let ®; be the root system with simple roots {«; | i € I},
and let Wy C W be the associated parabolic subgroup. Let f, i € I be the funda-
mental weights for the root system ®;. For j eI C [n], let us define the linear form

fr.jW) == 15 Y Wi (@], »}) in the variables ;.

Theorem 18.3. The volume of the weight polytope Py(x) is given by

- [ W]
V<I>(u1/---,un)_ (051,051) Znﬁiesc(JT)](u
l 1 T j=1
where the sum is over all ®-trees T. O
Definition 18.4. The mixed ®-Eulerian numbers Agj ..... o forcy,...,c, >0,c1+ - -+, =

n, are defined as the coefficients of the polynomial expressing the volume of the weight
polytope:

C1 C
u ur
§ P 1
Vq)(ul,.._,un): Acl...c __n
reo1Cn Cl! Cn!

Equivalently, the mixed &-Eulerian numbers are the mixed volumes of the &-

hypersimplices, which are the weight polytopes for the fundamental weights. O
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For a sequence i = (iy,...,i,) € [n]", let us say that an increasing ®-tree (T, v) is
i-compatible if i,(j € desc(j, T), for j=1,...,n
Theorem 18.5. Let (iy,...,i,) be any sequence such that u;, - - - u;, = uj' - - ué. Then

A(p _ |W| Z l_[ desc(] T desc(j,T)
ClyeiCn J) @iy @j !

[Ti- 1(ou, (T i1
where the sum is over i-compatible increasing ®-trees (T, v). O

The proof of these results is based on the following recurrence relation for vol-
umes of weight polytopes. Let ®(j) := ®p)(j; be the root system whose Dynkin diagram
is obtained by removing the jth node, and let W; := Wi, (;; be the corresponding Weyl
group, forj=1,...,n

Proposition 18.6. Fori=1,...,n, we have
9 W (wy, ;)
Voluy, ..., u,) = T Ve (UL, oo Uiy, Uindy e e s Un).
Bui <I>( 1 n) ;H/V(]H (Olj,wj) <I>m( 1 J—1 J+1 n) 0

Note that (aj, wj) = %(aj,aj) (a]V-,a)j) = % (o, ;).

Proof. The derivative dVy/du; is the rate of change of the volume of the weight polytope
as we move its generating vertex x in the direction of the ith fundamental weight w;. It
can be written as the sum of (n — 1)-dimensional volumes of facets of Py(x) scaled by
(x)),

where j € [n] and w € W/ W;). In other words, Py/(x) has 'W‘ facets isomorphic to Py, (x).

some factors, which tell how fast the facets move. Facets of Py(x) have the form w(Py,

The facet Py, (x) is perpendicular to the fundamental weight ;. Note that

this facet Pw,(x) is a parallel translate of Py, (x'), where x' = ula)({) +---Fuj- la) L+

Uil 4+ unwy and o := o™, Indeed, the fundamental weights o for the

root system &(; are projections of the fundamental weights «;, i # j, for ® to the
hyperplane perpendicular to w;. Thus the (n — 1)-dimensional volume of this facet is
Vol PW

'])(X) = le'j)(ulr ceey uj—ll uj+lr DR un)

If we move x in the direction of a vector v, then the facet Py, (x) moves with the
velocity proportional to (v, w;). Recall that we normalize the volume so that the volume
of the parallelepiped generated by the simple roots «;, ..., a, is 1; see Section 4. Thus the

scaling factor for v = «; is 1, and, in general, the scaling factor is ((” “”) . In particular, for
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v = w;, we obtain the needed factor ; (wl ‘“J . By symmetry, all facets w(Py;, (x) come with the
same factors. |
Proof of Theorem 18.5. Fix a sequence i = (ij,...,I,) such that u; ---u;, = uy" --- ud.
Then, by the definition,
0 0
A? =—— . ——  Uslug,..., uUp).
GG 9 uy d u;, > "

Applying Proposition 18.6 repeatedly, we deduce that A7 equals the weighted sum

..... Cn

over i-compatible increasing ®-trees (T, v), where each tree comes with the weight

li[ W | 2 (wgk wzk)
k=1 Hl'vvlkz| (ajk’ajk) o

where ji, ..., J, is the inverse permutation to v, Iy = desc(ji, T), and Iy,;, [ =1,2,..., are

the vertex sets of the branches of the vertex j; in T. Note that all terms in the first
quotient, except the term |W/|, cancel each other. Thus we obtain the expression in the
right-hand side of Theorem 18.5. |

Proof of Theorem 18.3. The volume Vy(uy, ..., Uy) is obtained by multiplying the right-
hand side of Theorem 18.5 by # u;, - - u;, and summing over all sequences (i, ...,i,) €

n

[n]". Thus we obtain

"W

Voluy,..., Up) = ————
o Ul T e w) 4

ZIHCI‘ 1_[ |deSC(j/ T)| : ﬁiesc(j,T),j(u))'
j=1

where the sum is over all ®-trees T and incr(T) is the number of increasing labeling of
T. Using Lemma 17.4, which says that incr(T) = n!/[] |desc(j, T)|, we derive the needed

statement. [ |

For the Lie type A,, Proposition 18.6 specializes to the following claim. Let us

write Vol P, as a polynomial V,,(uy,..., uy) in uy, ..., uy.

Proposition 18.7. Foranyi=1,...,n, we have

B “/m+1\ jm+1—j)
a—mVnH(ul,.-.,un):;( i >n—HWti,j,an(u1,---,uj1)an+1(uj+1,---,un),

i n+l-i
where wt; j, = mm(J . J) O
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Proof. In this case, we have W = Sy11, Viw = Vua(uy, ..., un), Wy = S;j X Spy1-j, Pw, =
Pj x Ppy1—j, and Vi, = Vj(uy,..., uj1) Ve ji1(Ujs, ..., up). Thus % = (”;rl) The root
system lives in the space {(t1,...,tyq1) € R*" | t; + - -ty = 0} with the inner product

induced from R™*!. In this space, the simple roots are «; = ¢; — €41 and the fundamen-

tal weights are w; = e; +---+ ¢ — n%l(l,...,l), fori=1,...,n. We have (oj,aj) =2 and
(w1,0;) o i jnal—j
(ej, ;) = 1. Thus g% = (o, 0;) = min(, j) — 524 = LOHL=D ity . [ |

Proof of Theorems 17.1 and 17.7. By Theorem 18.5 and proof of Proposition 18.7, the

mixed Eulerian number A . equals the weighted sum over i-compatible increasing

44444

binary trees, where each tree (T, v) comes with the weight

(n+1)!'1—[(j—l]‘+1)(h]‘+1—j) .min(iv(j)_l]‘ﬁ-l T'j—iv(j)"‘l)

i hj+1 J-Li+1 " ri—j+1

where I; <r; are defined as in Section 17 and h; = |desc(j, T)| =r; —1; + 1. All terms

in the first quotient, except the term n%l, cancel each other. Note that the product
M, mm(}“_;—l;l%fll) is exactly wt(i, T,v). Thus the total weight of (T,v) equals
(n+1)! n+r1 wt(i, T, v), as needed. [ ]

Appendix: Lattice Points and Euler-MacLaurin Formula

In this section, we review some results of Brion [3], Khovanskii-Pukhlikov [20, 21],
Guillemin [17], and Brion-Vergne [4, 5] related to counting lattice points and volumes
of polytopes. For the completeness sake, we included short proofs of these results.

Instead of calculating the volume or counting the number of lattice points in a
polytope, let us sum monomials over the lattice points in the polytope. We can work with
unbounded polyhedra, as well.

Recall that a polytope in R” is a convex hull of a finite set of vertices. A rational
polyhedron in R" is an intersection of a finite set of half-spaces defined by affine lin-
ear inequalities with rational (equivalently, integer) coordinates. In particular, rational
polyhedra include polytopes with rational vertices and rational cones, i.e. cones with a
rational vertex and integer generating vectors.

Let xp : Z" — Q be the characteristic function (restricted to the integer lattice)
of a polyhedron P given by xp(x) =1, if x € P, and xp(x) =0, if x ¢ P. The algebra of
rational polyhedra A is the linear space of functions Z" — R spanned by the character-

istic functions yxp of rational polyhedra. The space A is closed under multiplications of
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functions, because xp - xa = xpna- The algebra Ais generated by the Heaviside functions
Hp,c = Xixh(y>c)» Where h is an integer linear form and c € Z.

The group algebra of the integer lattice Z" is the algebra of Laurent polynomials
QU ..., ). Let Q(ty, ..., t,) be the field of rational functions, which is the field of

fractions of the group algebra. For a vector a € Z", let t% := t;* - - - t%n.

Theorem A. 1. Khovanskii-Pukhlikov [20] There exists a unique linear map S: A —
Q(ty, ..., ty) such that

(@) S(8) =1, where § = x(o is the delta-function.
(b) Foranyv e Aanda € Z", we have S(v(x — a)) = t% S(v).

The map S has the following properties:

(1) For a function v on Z" with a finite support, we have S(v) =}, v(a)t®. In
particular, for a polytope P, we have S(xp) = Y, przn t%

(2) If v e Ais a b-periodic function for some nonzero vector b € Z", i.e. v(x) =
v(x — b), then S(v) = 0. Thus, for a rational polyhedron P that contains a line,
we have S(xp) = 0.

(3) For a simple rational cone C = v+ R5og1 + -+ + R>ogm, where v € Q" and

gi,...,9m € Z™ are linearly independent, we have

Slxc) = ( Z t“) (1—t%)71,

acllnZr i=1

where I1 is the parallelepiped {v+c1g1 + -+ Cngm | 0 < ¢ < 1}. ]

Proof. Let us first check that conditions (a) and (b) imply properties (1), (2), and (3). We
have S(v) = S(3_, v(a)§(x —a)) = )", via) t*, for a function v with a finite support. For a b-
periodic function v € A, we have S(v) = t?S(v) by (b), and, thus, S(v) = 0. Let us write, using
the inclusion—exclusion principle, xn = x¢ — >_; xc+g + ij Xc+gi+g; — - Thus by (b),
we have S(xn) = S(xc) — (3_; t")S(xe) + (32, ; t979)S(xc) — - = Slxe) [1;(1 — t¥), which is
equivalent to (3).

Let us now prove the existence and uniqueness of the map S. We can subdivide
any rational polyhedron P into rational simplices and simple rational cones. Further-
more, we can present the characteristic function of a simplex as an alternating sum of
characteristic functions of simple rational cones. Thus we can write xp as a linear com-

bination of characteristic functions of simple rational cones. Since conditions (a) and
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(b) imply expression (3) for S(xc) for each simple rational cone, the expression S(xp) is
uniquely determined by linearity.

Let us verify that this construction for S is consistent. In other words, we need to
check that, for any linear dependence b, x¢c, + - - - + by xc, = 0 of characteristic functions
of simple rational cones, we have b; S(x¢,) + - - - + by S(xc,) = 0, where each term S(x¢,) =
fi- ]_[j(l — t¥)~! is given by expression (3). Here f; are certain Laurent polynomials. Let
us assume that by xc, + -+ + byxc, = 0 and b1 S(xc,) + - - + by Sxc,) = f/D, where f is
a nonzero Laurent polynomial and D = [[;;(1 — ¢") is the common denominator of the
terms S(xc,). Let us select a norm on Z", for example, |a| :=,/a?+---+a2. Let R be a
sufficiently large number such that R > |a| for any monomial ¢t that occurs in f or D with
a nonzero coefficient. We can write each term as S(xc,) = ), <35 Xc;(@) t¢ + fi [1,1 -
t')~!, where, for any monomial ¢t that occurs in f, we have |a| > 2R. Let us sum the
right-hand sides of these expressions with the coefficients b;. Then the first terms cancel
and we obtain by S(xc,) + - -+ + bnS(xc,) = Y_; fi[1,(1 —t")™' = f/D. We deduce that f is
a linear combination of monomials t* with |a| > R, which contradicts our choice of R.

This proves the existence and uniqueness of the map S. |

Let A’ be the subspace in the algebra of rational polyhedra A spanned by char-
acteristic functions xp of rational polyhedra P that contain lines. According to Theo-
rem A. 1, we have S(f) =0, for any f € A. Thus we obtain a well-defined linear map
S:A/A — Qlty,..., ty).

For a rational polyhedron P and a point u € Z", let Cp,, denote the rational cone
with the vertex at u such that P N B = Cp, N B for a sufficiently small open neighborhood
Bof u. (If u ¢ P, then Cp, is empty.) Notice that xc,, ¢ A if and only if u is a vertex of
the polyhedron P.

For an analytic function f(t) defined in a neighborhood of 0,1et [t™] f(t) denote the

tZk

coefficient of ¢ in its Taylor expansion. Notice that == =1+ £ + > 27 |( D¢ 1 By L E

is an analytic function at ¢ = 0, where By are the Bernoulli numbers.

Theorem A. 2. Brion [3], Khovanskii—Pukhlikov [20]

(1) For any rational polyhedron P, we have xp = ), _;, xc,, modulo the subspace
A’, where the sum is over the vertex set VV of P.

(2) We have S(xp) = >,y Slxc,,). In particular, for a simple rational polyhedron
P, we have

X _4Laell,nz™ = z“
P E
Hl 1 1- Zg”

vel
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where the sum is over vertices v of P, g1 4,...,Gny € Z" are the integer generators of the
cone Cpy, and I, ={v+c1Gip+ -+ CuGny |0 <c <1}.

(3) For a simple rational polytope P, the number of lattice points in P equals
= t
ny _ [+N t-ha)
#HPNZY =1"1) | DY e I T
veV \aell,NZ" i=1

where h € (R™)* is any linear form such that h(g;,,) # O, for all vectors g; ,.

(4) The volume of a simple rational polytope P equals

n
VOl P = l Z | det(gl,vl oo :gn,v)| h(v)

n! VeV (_1)n 1_[?=1 h’(gi,v) '
where det(g;,y, ..., gn,y) is the determinant of the n x n-matrix with the row vectors g;,
and h € (R")* is any linear form such that h(g; ,) # 0, for all vectors g; ,. O

The formula for the sum of exponents S(P) was first obtained by M. Brion [3]. The
formula for Vol P was given by Khovanskii-Pukhlikov [21] (in case of Delzant polytopes)

and by Brion-Vergne [4] in general.

Proof. (1) As we have mentioned in the proof of Theorem A. 1, we can write the charac-
teristic function of a rational polyhedron as a finite linear combination of characteristic
functions of rational cones: xp = ) ; b; x¢,. Let U 2 V be the set of vertices of all cones
C;. For u € U, let I, be the collection of indices i such that the cone C; has the vertex u.
Then ) ;.; bi xc; = xc,, (mod A). Also xc,, € A, for u € U \ V. This proves the claim.

(2) This claim follows from (1) and Theorem A. 1.

(3) Let us pick a linear form h that does not annihilate any of the vectors g; ,.
Let B be the subalgebra of Q(ty,...,t,) generated by the z* and ﬁ for a,b € Z" such
that h(b) # 0. Let e, : B — R((q)) be the homomorphism from B to the ring of formal
Laurent series in one variable g given by z* > €@ and 15 > L. Let us apply
the homomorphism ey, to the expression for S(P) given by (2). Then the number of lattice
points #{P N Z"} is the constant coefficient of the resulting Laurent series. This is exactly
the need claim.

(4) The volume of a polytope P can be calculated by counting the number of lattice
points in the inflated polytope kP for large k. Explicitly, Vol P = limg_,, #{kP N Z"}/k".
The vertices of the inflated polytope kP are the vectors kv, for v € V, and the

generators of the cone Cypy, are exactly the same vectors g;, as for the original
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polytope P. We may assume that the limit is taken over k's such that all vectors
kv are integer. Each term in the expression for #{kP NZ"} given by (3) has the

form [¢"]){e! Mkvte) [T, ——hes} = [¢7]fe! Mhvte) 1‘[;;1(—@ + 0(t))}, where a’ € (IT, —v) N

Z™. Since k appears only in the first exponent, this expression is a polynomial in k of

degree n with the top term k" (L ()" (—1)" ], W). There are |det(gy ,, ..., gny)| = |TT,]

choices for a’. Thus summing these expressions over all v and a’ we obtain the needed

expression for Vol P. |
For a polytope P with the vertices vy, ..., vy, we say that a deformation of P is a
polytope of the form P’ = ConvexHull(v},...,v},) € R" such that v; — v} = k;j(v; — v;), for

some nonnegative k;; € R>o, whenever [v;, v;] is a one-dimensional edge of P. A generic
deformation of P has the same combinatorial structure as P. However, in degenerate
cases some of the vertices v; may merge with each other.

Deformations of P are obtained by parallel translations of its facets. Sup-

pose that the polytope P has N facets and is given by the linear inequalities P =

{xeR" | hi(x) <¢g, i =1,...,N}, for some h; € (R")* and ¢; € R. Then any deformation
P’ = ConvexHull(v}, ..., v},) has the form
Plzy,...,zy) ={xeR" | hjx) <z,i=1,...,N}, forsome z,...,zy € R,

where h;(v}) = z; whenever ith facet of P contains the jth vertex v;. For this polytope we
will write v(zy,...,2zy) = v,. Let Dp C RY be the set of N-tuples (z, ..., zy) correspond-
ing to deformations of P. Then Dp is a certain polyhedral cone in RY that we call the
deformation cone. If P is a simple polytope then Dp has dimension N, because any
sufficiently small parallel translations of the facets of P give a deformation of P. Defor-
mations P(z,...,z,) for interior points (zy,...,2z,) € Dp \ 3Dp of the cone Dp are exactly
the polytopes whose normal fan coincides with the normal fan of P.

A simple integer polytope P is called a Delzant polytope if, for each vertex v of
P, the cone Cp, is generated by an integer basis of the lattice Z". Such polytopes are
associated with smooth toric varieties. Formulas in Theorem A. 2 are especially simple
for Delzant polytopes. Indeed, in this case IT, N Z" consists of a single element v and
| det(g1 v, - - -+ Gno)| = 1. For Delzant polytopes, we assume that we pick the linear forms h;
corresponding to the facets of P so that h; are integer and are not divisible by a nontrivial
integer factor.

Let Ip(zy,...,zy) = #{P(z1,...,zy) NZ"} be the number of lattice points and

Vplz1,...,2y) = Vol P(z;, ..., zy) be the volume of a deformation of P.
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Let Todd(q) = 17‘1?. Since Todd(q) expands as a Taylor series at ¢ = 0, we have the

well-defined operators Todd(ai) acting on polynomials in z, ..., zy.

Zi

Theorem A. 3. (1) For an integer polytope P, and (z,...,zy) € Dp NZY, the number
of lattice points Ip(z, ..., zy) and the volume Vp(z, ..., zy) are given by polynomials in
z1,...,2zy of degree n. The polynomial Vp(zy, ..., zy) is the top homogeneous component
of the polynomial Ip(zy,..., zy).

(2) If P is a Delzant polytope then we have

N
a
Ip(Zl,. .. ,ZN) = (1_[ Todd (a—z>> Vp(Zl, Ce ,ZN).
i=1 v

The polynomial Ip(z,...,zy) is called the generalized Ehrhart polynomial of the
polytope P.

Proof. (1) Assume P is a simple polytope. The vertices v;(zi, ..., zy) of the deformation
P(z,...,zy) linearly depend on z,...,zy. According to formulas (3) and (4) in Theo-
rem A. 2, Ip(zy,...,2y) and Vp(zy,..., zy) are polynomials in zy, ..., zy, because each term
in these formulas for P(z, ..., zy) polynomially depend on v. This remains true for degen-
erate deformations P(zj,...,zy) when some of the vertices v;(zy, ..., zy) merge. Indeed,
all claims of Theorem A. 2 remain valid (and proofs are exactly the same) if, instead of
summation over actual vertices of P(zi,...,zy), we sum over v;(z;,...,zy). If P is not
simple then a generic small parallel translation of its facets results in a simple polytope.
Thus P can be thought of as a degenerate deformation of a simple polytope and the above
argument works.

(2) For a simple polytope P, we have

d —a4j gk, if v; belongs to the ith facet,
_vj(zll"'lZN)z .
0z; 0 otherwise,

for some positive constants «;;, where gg,,, is the only generator of the cone Cp,,; that is
not contained in the ith facet. Indeed, a small parallel translation of the ith facet, moves
each vertex v; in this facet in the direction opposite to the generator gk, and does not

change all other vertices. If P is a Delzant polytope then all constants «;; are equal to 1.
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In this case, by Theorem A. 2(4), we have

M

Vpl(z Zy) . Z ey, ozl [t"] i
pP\Z1,...,ZN) = — n = n
! Jj=1 (=1 T3, ~(giny) j=1 (=" Tz h(gin))

et-h(vj(zl ..... zy))

where k is the same as above. Using this for Todd operators, we obtain the expression

for Ip(zy,...,zy) given by Theorem A. 2(3). |
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