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History: Nicolaas Govert de Bruijn is a Dutch mathematician born in 1918. He studied sequences of

0’s and 1’s such that every window of size k contains a unique binary word. For example, if k=3 then
00010111
is a de Bruijn sequence. Notice that every window is unique even if your window wraps around from
the end of the sequence to the beginning. It is a theorem of Camille Flye Saint-Marie from 1894 that
there are exactly
22k "1k

different de Bruijn sequences of length k with 2% entries.

Encoding cards: In order to use de Bruijn sequences for our card trick, we need to make a secret code

for cards using 0’s and 1’s. My secret code works like this. | only use the cards with face value Ace=1

through 8. First | encode the suit using two bits called ab:
Clubs becomes 00
Spades becomes 01
Diamonds becomes 10
Hearts becomes 11

Second, | encode the face value of the card using three bits called cde:

Ace becomes 001 5 becomes 101
becomes 010 6 becomes 110
becomes 011 7 becomes 111
becomes 100 8 becomes 000

Putting the two parts together we get five bits abcde which encode the card. For example, the card 4
of Spades gets encoded at 01100 because the first two bits are 01 for Spades and the last three bits are
100 which means 4 in this code.

Practice Here: See if you can encode all of these cards.

6 of Spades becomes 01110 2 of Diamonds becomes
4 of Spades becomes 3 of Diamonds becomes
7 of Diamonds becomes Ace of Clubs becomes
8 of Clubs becomes 5 of Spades becomes
Ace of Hearts becomes 2 of Hearts  becomes



Decoding cards: If you see a 5-letter word in 0’s and 1’s, then you know that the first two bits encode a
suit and the last three bits encode a face value between 1 and 8.  So you can figure out which card it is
supposed to be. Practice decoding cards here:

01110 means 6 of Spades 00000 means
11011 means 10111 means
00001 means 11010 means
10100 means 00101 means

The Trick Revealed: Before doing the trick, | have ordered the deck according to a de Bruin sequence
based on the colors of the cards. Black cards have been encoded so their secret code all starts with 0’s
and the red cards have codes that all start with 1’s. To order the cards in the sequence that | used in
the trick, start with any card with face value 1 through 8 except for the 8 of Clubs. Encode your
starting card in 0’s and 1’s like we practiced. Say the code is abcde then to get the next bit called f,
you add togethera+c. Ifa+c iseventhenf =0, andif a4+ cisoddthenf =1. Wesayf =
a + ¢ (mod 2). Now, to get the next card you just have to decode the 5-letter word corresponding to
the shifted code bcdef. Repeat until you have used all 31 cards with face value 1 through 8 except for
the 8 of Clubs.

For example, if | start with the 6 of Spades, then | know the codeis01110. Herea+c=0+1isodd
sof=1. Addingalontheendof01110anddropping the first bit, we get 1110 1, which means
the 5 of Hearts. Now starting with 111 0 1 we can compute f again to get the next card (hint: itis the
last card on Page 1).  On the next page is a table to help you compute the whole list.

Helpful hint: As you are setting up the deck, if you find that you have already used the card that is
supposed to be the next card, then you made a mistake. No problem! Just pick up a new card that
hasn’t been used and start computing the sequence from there. It will eventually take you to a card
from the first try. This will help you find your mistake.

Performing the Trick: Ask someone to cut the deck. Lay out the top 5 cards face down. Ask them to
look at the cards and somehow get them to tell you the color of each card. From the colors, you get the
secret code of the first card. Knowing the first card, you compute the next card just the way you did
when you set up the deck. Practice a few times on yourself first!



Practice Page

Starting with the 6 of Spades, you can compute the whole sequence here.

Card Card in Code Next Bit Shifted Code | Next Card
abcde f=a+c (mod 2) bcdef

6 of Spades 01110 1 11101 5 of hearts

5 of hearts 11101 0 11010 2 of hearts

2 of hearts 11010 1 10101




Practice Page

Starting with any card, you can compute the whole sequence here. Observe how this sequence
compares to the one starting with the 6 of Spades.

Card

Card in Code Next Bit Shifted Code | Next Card

More Tricks: [f you like mathematical card tricks and would like to learn more, here are some

references. For areal challenge, you can try to make up a new mathematical card trick yourself!

1.

Magical Mathematics: The Mathematical Ideas That Animate Great Magic Tricks by Persi
Diaconis and Ron Graham. 2011.

The Best Card Trick by Michael Kleber (Mathematical Intelligencer 24 #1, 2002)
Mathematics, Magic and Mystery (Cards, Coins and Other Magic) by Martin Gardner. 1956.



