
Graphs of sol’ns to 

𝑢′′ + 2𝑢′ + 5𝑢 = 10cos(𝑡) 

Steady state solution (dotted): 

𝑈(𝑡) = 2 cos(𝑡) + sin(𝑡) 

The solution with initial conditions  

u(0) = 6 and u’(0) = -11 is shown.  This solution is: 

𝑢(𝑡) = 𝑒−𝑡(4 cos(2t) − 6 sin(2𝑡)) + 𝑈(𝑡) 

 



Graphs of sol’ns to 

𝑢′′ + 0.1𝑢′ + 5𝑢 = 10cos(𝑡) 

Steady state solution: 

𝑈(𝑡) =
40

16.01
cos(𝑡) +

1

16.01
sin(𝑡) 

 

 

 

 



Graphs of sol’ns to  

𝑢′′ + 0.1𝑢′ + 5𝑢 = 10cos(√5𝑡) 

Steady state solution: 

𝑈(𝑡) =
2√5

0.1
sin(√5𝑡) ≈ 44.72sin(√5𝑡) 

 

 

 

 



 

Consider 

𝑢′′ + 𝛾𝑢′ + 5𝑢 = 10cos(√5𝑡) 

Steady state solution: 

𝑈(𝑡) =
2√5

𝛾
sin(√5𝑡) 

 

𝛾 Amplitude of the 
steady state solution 

10 0.447 
1 4.47 

0.1 44.72 
0.01 447.21 

0.001 4472.14 
 

 

 

 

 

 

 



If there is NO damping we get: 

𝑢′′ + 5𝑢 = 10cos(√5𝑡) 

General Solution: 

𝑢(𝑡) = 𝑐1 cos(√5𝑡) + 𝑐2 sin(√5𝑡) + √5𝑡sin(√5𝑡) 

 

 

 

 

 

 

 



General Discussion: 

𝑚𝑢′′ + 𝛾𝑢′ + 𝑘𝑢 = 𝐹0cos(𝜔𝑡) 

Note: 𝜔0 = √
𝑘

𝑚
 , 𝜇 = √

𝑘

𝑚
−

𝛾2

4𝑚2  , 𝜆 = −
𝛾

2𝑚
 

Particular Solution: 
𝑈(𝑡) = 𝐴 cos(𝜔𝑡) + 𝐵sin(𝜔𝑡) 

Leads to: 

−𝛾𝜔𝐴 + (𝑘 − 𝑚𝜔2)𝐵 = 0 

(𝑘 − 𝑚𝜔2)𝐴 + 𝛾𝜔𝐵 = F0 

𝑅 = √𝐴2 + 𝐵2 =
𝐹0

√(𝑘 − 𝑚𝜔2)2 + 𝛾2𝜔2
 

If 𝜔 ≈ 𝜔0, then 𝑅 ≈ 
𝐹0

𝛾𝜔
.  (Resonance) 

For small values of 𝛾, this will be the 

maximum amplitude.   

 Aside: 𝜔𝑚𝑎𝑥 = √
𝑘

𝑚
−

𝛾2

2𝑚2 


