6.4: Solving Discontinuous Forcing Problems

To solve ay” + by’ + cy = g(t) where g(t) has discontinuous steps, we can:
1. Rewrite g(t) in terms of step functions (see the 6.3 review).

2. Take the Laplace transform of both sides.
Use L{uc(t)f(1)} = e L{f(t+ )}

3. Solve for £{y}. Then use partial fractions.

4. Take the inverse Laplace transform.

Use L7He™F(s)}(t) = uc(t) (LTHE(s)}(t = 0)).

Try solving these examples (Solutions follow):

1 ,0<t<1;
"o Qo _ Vo= ) : _ / _
1. Solve y" —3y' + 2y {O >, with y(0) = 0, ¢'(0) = 0.
2 0<t<3:
2. Solve y" —4y =< 5 ,3<t<10; with y(0) =0,y (0)=1.
0 .t>10.
,0<1t < 3;
3. Solvey" +y=<¢ t—3 ,3<t<b; withy(0)=0,%(0)=0.
2 i>5.
Solutions:
< .
1. Solvey"—3y’+2y:{(1) ’?;f<1’ with y(0) =0, ¢'(0) = 0.

(a) Step Functions: The forcing function can be written as 1 — wu(%).

(b) Laplace Transform: L{y"} —3L{y'} +2L{y} = L{1} — L{u(?)}.

(c) Use Rules and Solve: s*L{y} — sy(0) —y'(0) — 3(sL{y} — y(0)) + 2L{y} =
which becomes: (s* —3s + 2)L{y} = (1 —e ).

Solving for L{y} gives: L{y} = (1 —e™) ( :

s(s2—3s+2)"
(d) Partial Fractions:

e—s

s

5(52—1?>s+2) - s(s—1)1(5—2)) - é + % + % and you find A =3, B= —1, and C = %

Thus, L{y} = (1 —e™?) (18—2—8%14—£) :%_ﬁ+£_e—s <1S£_S_L1+£>
(e) Inverse Laplace transform:

The solution is: y(t) = _1{15ﬁ - L+ 1/2} + L7 e s (g — =%5)}, s0

y(t) = L — et + Le2 +us (1)L _1{1é2__+1/2 (t—5), s
y(t) =1 — e’ + 3e* +us(t) (3 — e + 3e*079).



2 ,0Z8t<3;
2. Solve y" —4y=<¢ 5 ,3<t<10; with y(0)=0,y(0)=1.
0 ,t>10.

(a) Step Functions: The forcing function can be written as 2 + 3ug(t) — buyo().
(b) Laplace Transform: L{y"} —A4L{y} = L{2} + 3£{U3(t)} — 5L{ui0(t)}.

(c) Use Rules and Solve: s*L{y} — 1 —4L{y} = @ — 56’_51057
which becomes: (s? —4)L{y} = 2 + 36 % + 5e-100 105
Solving for L{y} gives: L{y} = 5(32 . + 8(82 BZ) n 55(2;1_045)-

(d) Partial Fractions:

s(s21 1) s(s— 2)1(3-1-2)) - é + % Rl and youfind A= -3, B=g and C = _§
Thus, L{y} =2 < LY. 81_% + ;i/28)+3€_35 ( 15/4 1/8 _1/8> e 1% ( =4 SI—LSQ + _si/28>'

(e) Inverse Laplace transform:
The solution is:
y(t) = —3 + e — 2™
+3u3(t) (T11+ él 2(t=3) _ %61_2('5_3))
+5ug(t) (S + L2710 — Lo-20-10))

0 ,0 <1 < 3;
3. Solvey" +y=«¢ t—3 ,3<t<b; withy(0)=0,%(0)=0.
2 t>5

(a) Step Functions:

The forcing function can be written: uz(t)(t—3)+us(t)(2—(t—3)) = uz(t)(t—3)+us(t)(5—1).
(b) Laplace Transform:

L{y"} + L{y} = L{us(@)(t = 3)} + L{us(t)(5 — 1)} = e L{t} + e7>L{5 — (t +5)}.
(¢) Use Rules and Solve:

s"L{y} —s(0) — (0) + L{y} = 7> 5 —e7> (),

which becomes: (s? + 1)L{y} = e %% — e (&).

Solving for L{y} gives:

E{y} = 6_3832(3£+1) - 6_58 (52(s£+1)> = 6_38G<8) - e_SSG(S)'

(d) Partial chtions

—82(5%“) —i— 82 + C‘Sflj and you find A=0, B=1,C=0,and D = —1.
Thus G( )ZM—L—S2+1

(e) Inverse Laplace transform:
Since L7 G(s)} =t — sin(t), we have:
L7 HeG(s)} = us(t)((t — 3) — sin(t — 3).
L7 He™G(s)} = us(t)((t — 5) — sin(t — 5)).
The solution is:
y(t) = us(t) (t —3 —sin(t — 3)) — us(t)(t — 5 —sin(t — 5)).



