Laplace Transform Fact Sheet

General and Important Facts:

General Result Examples
Definition : L{f(t) = [ e f(t)
Linearity : E{Clyl( ) + CQyQ( )} = Clﬁ{yl (t)} + Cgﬁ{yg(t)} £{3€2t - 5t2} = 3[:{6%} - 5£{t2}
Linearity : L7He1F(s) + c2G(s)} = c1 L7HEF(s)} + coL7HG(s)} L’_l{sil — 1}y =2,£" 1{S+1} 4711}
1st Deriv. : L{y'} = sL{y} — f(0)
2nd Deriv. : L{y"} = s>L{y} — sf(0) — f'(0)
Exponentials :  L{e“" f(t)}(s) = L{f(t)}(s — ¢) L{e sin(2t)}(s) = L{sin(2t)}(s — 5)
) 0, t<g 0, t<2
Unit step : u.(t) = us(t) =
1, t>c 1, t>2.
Elementary Laplace Transform Table: Here n is a positive integer.
ft)=L7HF(s)} F(s)=L{f(t)} Ezxamples/Notes :
1
1 - £{6} =6L{1} = ¢ LHL) =17
1 5 _ _
et T a L{4e5} = Ao L 1{5333 (t) = 93
5
cos(bt) TR L{Tcos (3t)} = 2+1/4 - 2Jr4}( ) = 5 cos(2t)
. b _ .
Sln(bt) m £{5 Sln(3t)} = 2+9 L 1{52+4}( ) = = Sln(2t>
S—a s— — s —
eat COS(bt) m E{Gth CQS(t)} — (Sb_(2)22-)_1 L 1{ (5£1;’21+9}( ) = be t COS(-?)t)
. b . 9t
o) GCarE | L) = i £ b H(0) = He sin(a)
n! . ,
" S city =%, {3y =4 LTHLHE) = L3 = 5t3
" a nl _ _
e G| A = e = £ () = 3
o) c L{Ouy(t)} = 2 L7Y5E2) = bug ()
s
ue(B)(t ~ c) ¢ CF(s) ) — e — L7 1) = un (1)eP D
(e + e7%) /2 = cosh(bt) oy~ L{cosh(2t)} = 5>
(et — e7b) /2 = sinh(bt) = L{sinh(3¢)} = 523 5
0c(t) e dc(t) is the unit impulse function at ¢
Terminology/Convolution:
For all below consider the forced system: my” + vy’ + ky = f(t) with y(0) = 0 and %'(0) = 0.
Name Definition Comments
Transfer Function: G(s) = m
Impulse Response :  g(t) = L71{G(s)} also the solution to my” + vy + ky = do(¢)
Input : F(s)=L{f(t)} f(t) is the forcing function.
Output : Y(s) =G(s)F (s) = E{y(t)} the LaPlace Transform of the solution.
Convolution : fo (t—s)f(s)ds a ‘shortcut’ to compute L™ {G(s)F(s)}




Laplace Transform Method:
To solve ay” + by’ + cy = g(t), where ¢(t) can be any forcing function (we even discuss how it can have discontinuities).

1. Take the Laplace transform of both sides.
Since the transform is linear, we get al{y"”} + bL{y'} + cL{y} = L{g(t)}.

2. Use the rules for the 1st and 2nd derivative and solve for L{y}.
Since £{y'} = sL{y} — £(0) and L{y"} = *L{y} — s(0) — [(0),
we get (as® + bs + ¢)L{y} — (as + b) f(0) — af'(0) = L{g(t)}.
Also replace L{g(t)} by its Laplace transform. Now solve for L{y}.

3. Partial Fractions:
Break up the expression you found into partial fractions.

4. Look in the table for the inverse Laplace transform:
Look up the answers in the table.

Examples: Try these on your own before you look at the solutions (solutions on the next page).
1. Solve ¢y + 3y’ — 4y = 0 with y(0) = 0 and y'(0) = 6, using the Laplace transform.

2. Solve y"" 4+ 2y + y = 0 with y(0) = 3 and ¢'(0) = 1, using the Laplace transform.

w

. Solve y”" — y = €2 with y(0) = 0 and %'(0) = 1, using the Laplace transform.

N

. Solve y” +y = us(t) with y(0) = 0 and y/(0) = 3, using the Laplace transform.



Solutions to examples:
1. Solve y” + 3y’ — 4y = 0 with y(0) = 0 and y'(0) = 6, using the Laplace transform.

(a) Laplace Transform: L{y"} + 3L{y'} — 4L{y} = L{0}.

(b) Use Rules and Solve: s*L{y} — sy(0) — y'(0) + 3sL{y} — 3y(0) — 4L{y} =0,
which becomes: (s* +3s —4)L{y} — 6 =0.

Solving for L{y} gives: L{y} = 52—5—3%'

. . . G o
(¢) Partial Fractions: T8I = (D) = i

(d) Inverse Laplace tmnsform

The solution is: y(t) = £L71{ gj_/: } 6 o4t +8 6,

2. Solve y"" 4+ 2y + y = 0 with y(0) = 3 and y'(0) = 1, using the Laplace transform.

(a) Laplace Transform: L{y"} +2L{y'} + L{y} = L£{0}.

(b) Use Rules and Solve: s*L{y} — sy(0) —y'(0) + 2sL{y} — 2y(0) + L{y} = 0,
which becomes: (s? +2s+1)L{y} — (7 + 3s) = 0.

Solving for L{y} gives: L{y} = 52‘?2"‘511.

3s5+7 — 3s5+7

s2+42s+1 (s+1)2 — s+l + (s+1

(¢) Partial Fractions:

G2 and you find A =3, B = —4.

(d) Inverse Laplace tmnsform
The solution is: y(t) = L7 {257 + (s+1 s} =3e "t —dte .

3. Solve 3 — y = €' with y(0) = 0 and 3'(0) = 1, using the Laplace transform.

(a) Laplace Transform: L{y"} — L{y} = L{e*'}.

(b) Use Rules and Solve: s*L{y} — sy(0) —y'(0) — L{y} = Siz
which becomes: (s? — 1)L{y} — 1= —15.
Solving for £{y} gives: £{y} = (grbr; + 7.

(¢) Partial Fractions: (5_2)%52_1) = (8_2)(Si1)(s+1) = sf2 Si 577 and you find A =
And 521_1 = (8_1)1(S+1) = Sfl + % and you find A = % and B = f%.

(d) Inverse Laplace tmnsform
The solution is: y(t) = {1/3 —- Y 2+ Slﬁ + _21 - 514/_21} =1e¥ + le7t — le7t
Thus, y(t) = 3 L 2t—%e t.

4. Solve y"” + y = us(t) with y(0) = 0 and 3’ (0) = 3, using the Laplace transform.

(a) Laplace Transform: L{y"} + L{y} = L{u5(t)}.

(b) Use Rules and Solve: s>L{y} — sy(0) — y'(0) + L{y} = &
which becomes: (s? +1)L{y} — 3 = &
Solving for L{y} gives: L{y} =

—5s 3
s(esz+1) + s241°
s(s+Jr1):§+’i§if and you find A =1, B= —1, and C = 0.

(d) Inverse Laplace transform:

(¢) Partial Fractions:

The solution is: y(t) = L7 1{e"5¢ (1 T ) +3 2+1}’ which is the same as
us ()L — g}t —5) + 3L T H(t), and we get

y(t) = us(t)(1 — cos(t — 5)) + 3sin(t )

6 *iqL%andyouﬁndA:fg,B:g.

=



