Taylor Polynomials and Series Review

Taylor polynomials: 1 give the 1st, 2nd, 3rd and, general, nth Taylor polynomials below.
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Taylor inequalities: 1 give the first error bound and the general error bound below.
ERROR = |f(z) — Ti(x)| < %M — bJ? , where |f”(x)| < M on the interval, and in general,
M

ERROR = |f(z) — T, (z)| <

S+l |z — 0", where |f("*Y(z)| < M on the interval.

Three types of error questions:
Given an interval [b — a,b + a], find the T),(x) error bound:

1. Find |f®*+)(2)].

2. Determine a bound (a ‘tight’ bound if easy to find, but any bound will do) for |f"*Y(z)| < M
on the interval.

3. In Taylor’s inequality %M — b|"*! replace M and replace x by an endpoint.
Find an interval so that T,,(z) has a desired error:

1. Write [b — a,b+ a] and you will solve for a.

2. Find |f™+Y(z)].

3. Determine a bound (the maximum value if possible) for | f"+1)(x)| < M on the interval, this may
involve the symbol a.

4. In Taylor’s inequality %\x — b|™*! replace M and replace x by an endpoint (this will involve

the symbol a).
5. Then solve for a to get the desired error.

Given an interval [b — a,b+ al, find n so that T, (z) gives a desired error:
(There is no good general way to solve for the answer in this case, you just use trial and error).

1. Find the error for n = 1, then n = 2, then n = 3, etc. Once you get an error less than the desired
error, you stop.

2. If you spot a pattern in the errors, then use the pattern to solve for the first time the error will
be less than the desired error.



Taylor series: Know these four series very well and know their intervals of convergence.

— 1
exzzﬁxk =1+a+g2®+ g2*+--- | forall z.
k=0
sin(x)zz2(1{;;);'962’“rl =z —gad+ Sad + - , for all x.
N (D o
cos(a:)—z YA =1—ga®+ gt +--- , for all x.
k:O( )
1 oo
1_x:kZ:;:Ek =1l4o+22+22+--- Jfor -1 <z < 1.

Substituting into series (examples): Know how to substitute into known series, including the interval of
convergence.

— 1
o2 Z EQ%% — 149223+ %xﬁ + é—?xg’ + ... for all z.
k=0 OO
: (5 ) _ Z (_1)k 52k:+1 2k+1 — 5 — £ 3 4 4. f 11
sin(bz) = —(2k5—|—1)! x x $ 5,1‘ , for all x.
k=0
cos(z?) = Z (_1)kx4k =1—2at+ a8+ for all
- (Qk)' o 2! 4! ’ ’
k=0 '
L - k, k _ 2.2 93,3
1+3x_§(—3)x =1—-3r+3%x*—32°+--- [ for—1<-3zx<1.
Multiplying out (examples): Know how to mulitply/divide a given series by x or 22 or z?, etc.
1
et = k:_k+3 =2+ 2t + S’ + Lab 4 - , for all z.
— 2)Fgkt? = g2 223 4220 — 2325 +... [ for —1 <22 < 1.

[ntegmting/Diﬁerentiating ( examples ): Know how to integrate and differentiate.

—In(l —2z) = T _Zk =z+32?+ 30+ Jfor -1 <z < 1.
tan_l(x):/mllﬂd: 2(;1)1 M =g —lad g Lh - Jfor =1 <z < 1.
o L im0 < T
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/ex?’d:v:C’jLZEgkleﬁkH :C+x+ﬁ$4+ﬁx7+--- , for all z.
k=0
1 d (1 e 2 | 4
m:—w - :Zka: =142+ 32" +4x° + --- Jfor —1<x <1



