
Taylor polynomials

T1(x) =
1∑

k=0

f (k)(b)

k!
(x− b)k = f(b) + f ′(b)(x− b).

T2(x) =
2∑

k=0

f (k)(b)

k!
(x− b)k = f(b) + f ′(b)(x− b) +

f ′′(b)

2!
(x− b)2.

T3(x) =
3∑

k=0

f (k)(b)

k!
(x− b)k = f(b) + f ′(b)(x− b) +

f ′′(b)

2!
(x− b)2 +

f ′′′(b)

3!
(x− b)3.

Tn(x) =
n∑
k=0

f (k)(b)

k!
(x− b)k = f(b) + f ′(b)(x− b) +

f ′′(b)

2!
(x− b)2 + · · ·+ f (n)(b)

n!
(x− b)n.

Taylor inequalities

ERROR = |f(x)− T1(x)| ≤ M

2!
|x− b|2 , where |f ′′(x)| ≤M on the interval, and in general,

ERROR = |f(x)− Tn(x)| ≤ M

(n+ 1)!
|x− b|n+1 , where |f (n+1)(x)| ≤M on the interval.

Three types of error questions :
Given an interval [b− a, b+ a], find the Tn(x) error bound:

1. Find |f (n+1)(x)|.

2. Determine a bound (the maximum value if possible) for |f (n+1)(x)| ≤M on the interval.

3. In Taylor’s inequality M
(n+1)!

|x− b|n+1 replace M and replace x by an endpoint.

Find an interval so that Tn(x) has a desired error:

1. Write [b− a, b+ a] and you will solve for a.

2. Find |f (n+1)(x)|.

3. Determine a bound (the maximum value if possible) for |f (n+1)(x)| ≤M on the interval, this will
involve the symbol a.

4. In Taylor’s inequality M
(n+1)!

|x − b|n+1 replace M and replace x by an endpoint (this will involve

the symbol a).’

5. Then solve for a to get the desired error.

Given an interval [b− a, b+ a], find n so that Tn(x) gives a desired error:
(There is no good general way to solve for the answer in this case, you just use trial and error).

1. Find the error for n = 1, then n = 2, then n = 3, etc. Once you get an error less than the desired
error, you stop.

2. If you spot a pattern in the errors, then use the pattern to solve for the first time the error will
be less than the desired error.



Taylor series

ex =
∞∑
k=0

1

k!
xk = 1 + x+ 1

2!
x2 + 1

3!
x3 + · · · , for all x.

sin(x) =
∞∑
k=0

(−1)k

(2k + 1)!
x2k+1 = x− 1

3!
x3 + 1

5!
x5 + · · · , for all x.

cos(x) =
∞∑
k=0

(−1)k

(2k)!
x2k = 1− 1

2!
x2 + 1

4!
x4 + · · · , for all x.

1

1− x
=
∞∑
k=0

xk = 1 + x+ x2 + x3 + · · · , for −1 < x < 1.

Substituting into series (examples):

e2x
3

=
∞∑
k=0

1

k!
2kx3k = 1 + 2x3 + 22

2!
x6 + 23

3!
x9 + · · · , for all x.

sin(5x) =
∞∑
k=0

(−1)k

(2k + 1)!
52k+1x2k+1 = 5x− 53

3!
x3 + 55

5!
x5 + · · · , for all x.

cos(x2) =
∞∑
k=0

(−1)k

(2k)!
x4k = 1− 1

2!
x4 + 1

4!
x8 + · · · , for all x.

1

1 + 3x
=
∞∑
k=0

(−3)kxk = 1− 3x+ 32x2 − 33x3 + · · · , for −1 < −3x < 1.

Multiplying out (examples):

x3ex =
∞∑
k=0

1

k!
xk+3 = x3 + x4 + 1

2!
x5 + 1

3!
x6 + · · · , for all x.

x2

1 + 2x
=
∞∑
k=0

(−2)kxk+2 = x2 − 2x3 + 22x4 − 23x5 + · · · , for −1 < 2x < 1.

Integrating/Differentiating (examples):

− ln(1− x) =

∫ x

0

1

1− t
dt =

∞∑
k=0

1

k + 1
xk+1 = x+ 1

2
x2 + 1

3
x3 + · · · , for −1 < x < 1.

tan−1(x) =

∫ x

0

1

1 + t2
dt =

∞∑
k=0

(−1)k

2k + 1
x2k+1 = x− 1

3
x3 + 1

5
x5 − · · · , for −1 < x < 1.∫

ex
3

dx = C +
∞∑
k=0

1

k!

1

3k + 1
x3k+1 = C + x+ 1

2!(4)
x4 + 1

3!(7)
x7 + · · · , for all x.

1

(1− x)2
=

d

dx

(
1

1− x

)
=
∞∑
k=0

kxk−1 = 1 + 2x+ 3x2 + 4x3 + · · · , for −1 < x < 1


