Chapters 5: Functions and Functional Notation
This document provides a quick summary and review for Chapters 5.

Key Concepts

e Understand the definition of a function as well and the meaning of the domain and range.
e Understand the vertical line test.
e Be able to use functional notation: f(2xz), f(z + h), f(x + h) — f(z), etc.

e Understand how to use the difference quotient:

flz+h) = fz)
- :

Example: Difference Quotient Practice

flz+h)—f(=z)

Y .
Calculus Note: This expression is the slope of the secant line from x to x + h. As h — 0, the secant approaches the
tangent line. Simplifying the difference quotient and then letting A = 0 gives the derivative, the slope of the tangent line
at x. Mastering this algebra is essential, since it is the foundation of calculus. Here is a video of me using this definition
to model the velocity of a tennis ball: Watch video

For each function, compute and simplify

Example 1: If f(z) = 4z + 3, then fl@+h) = fz) = dz+h)+3] - o+ 3].

h h
e Solution Expanding and simplifying
[4(I+h)+§]_[41+3] = 4$+4h+?f’;(4$+3) distribute the 4
— dztdhis—42-3  ({istribute the negative
= % cancel in the numerator
=4 cancel h

e Note how the slope of the ‘tangent’ line is 4 which makes since as this was just a line with slope 4.

Example 2: If f(x) = 42% — 3, then fla+t hl)z —f(@) = [ +h)° _;j] i 3].

e Solution Expanding and simplifying

[4(a;+h)2—5,]—[4m2—3] _ [4(@®+2ah+h®)—3]—[4a® 3] expand the square

2 _al_ 2 . .
= U +8$h+4hg 3127 3] Gistribute the 4
_ 42’4 8xh+4h®—3—42°43

distribute the negative

2 .
- w cancel in the numerator
2 . .
= % + % distribute
=8x +4h cancel

e In calculus, we will say the slope of the tangent line is f’(x) = 8z, which is what we get when we plug in & = 0.

Example 3: If f(z) = 222 — 3z, then ‘YOU TRY’. Solution on next page.
Example 4: If f(z) = 1, then “YOU TRY’. Solution on next page.

x

Example 5: If f(z) = /x, then ‘YOU TRY’. Solution on next page.


https://youtu.be/L8xrGZQJxOw?si=vq3MsfTjH1lL6Ykc

Example 3: If f(z) = 222 — 3z, then flo h})L —f@ = [2(z +h)* — 3(x Z h) - 22 — 3:5].

e Solution Expanding and simplifying

[2(9c+h)2—3(ac}-:-h)]—[2x2—390] _ [2(2®+2zh+h®)—3z—3h]—[20° —3q] expand squares, distribute —3

h
22244 2h? —3z—3h]—[22% — o
— 12z +dzh+2h f’f 3h=227=32]  gistribute the 2
_ 22°44ah+2h®—3z—3h—22>+3x

distribute the negative

R
2 .
= dzh+2h”—3h cancel in the numerator

A
= w factor h
4o +2h — 3 cancel h

e In calculus, we will say the slope of the tangent line is f'(x) = 42 — 3, which is what we get when we plug in h = 0.
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Example 4: If f(z) = %7 then f($+h}1—f(x) _ = hh z

e Solution Expanding and simplifying

11 z—(z+h)
Lo w(wffh) combine into single fraction
—h
= w simplify numerator
_ hn . .
= R rewrite denominator
EE) cancel h

e In calculus, we will say the slope of the tangent line is f'(x) = ;—217 which is what we get when we plug in A = 0.

Example 5: If f(x) = \/z, then f(IJrh})Lff(x) _ \/Tf \/5

e Solution Expanding and simplifying

Vath—vz _ (Vath—x)(Veth+yT)
h hgmwa
= % difference of squares
(3

=___n cancel in numerator
h(\/a;lJthr\/;E)

= 7 cancel h

multiply by conjugate

e In calculus, we will say the slope of the tangent line is f'(z) = ﬁ, which is what we get when we plug in h = 0.

Observation: After simplification, plugging in A = 0 is safe. Again in the second week of calculus this becomes the
definition of the derivative. And we use this to build a collection of shortcuts that you use for the rest of the calculus
courses (and avoids having to do this algebra every time).
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