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Notations

G : complex semisimple algebraic group of rank n, e.g., SLn+1(C).

B ⊂ G : Borel subgroup, e.g.,

 ∗ ∗
. . . ∗

0 ∗

.

B− ⊂ G : opposite Borel.

T := B ∩ B−, maximal torus.

g = Lie(G ), b = Lie(B), h = Lie(T ).

Φ: root system determined by (G ,T ).

∆ = {α1, . . . , αn}: simple roots specified by (B,T ).

W = ⟨si | i ∈ ∆⟩: Weyl group, e.g., Sn+1.

C∆ := (⟨αi , αj⟩)i,j∈∆ = (cij)i,j∈∆ Cartan matrix associated with g,

e.g., C =

 2 −1 0
−1 2 −1
0 −1 2

 for sl4.
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Flag variety and Bruhat decompositions

Let G/B be the complete flag variety, e.g.,

SLn+1(C)/B ∼=
{
F∗ = (0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn = Cn+1)

∣∣ dimC Fi = i}.

Bruhat decomposition of G/B

B ↷ G/B =
⊔

w∈W

BwB/B,

where each BwB/B ∼= Cl(w) is the Schubert cell X ◦
w .

Similarly,

B− ↷ G/B =
⊔

w∈W

B−wB/B,

where B−wB/B ∼= Cl(w0)−l(w) is the opposite Schubert cell Ω◦
w .
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Peterson variety

Fix a regular nilpotent e ∈ b = Lie(B). The Peterson variety is

PetG := {gB ∈ G/B | Adg−1(e) ∈ b⊕
⊕
α∈∆

g−α},

where g−α’s are the corresponding root spaces.

PetG is irreducible of dimension n = rank(G ) but singular in general.

Peterson variety forms a special class of Hessenberg varieties.

Type An−1 case:
Fln :=

{
V• = (0 = V0 ⊊ V1 ⊊ · · · ⊊ Vn = Cn) | dimC Vi = i

}
,

N :=


0 1 · · · 0
...

...
. . .

...
0 0 · · · 1
0 0 · · · 0

 ∈ Cn×n,

Petn ⊂ Fln has a concrete geometric description in terms of flags

Petn :=
{
V• ∈ Fln | NVi ⊂ Vi+1 for all 1 ≤ i ≤ n − 1

}
.

There is a one-dimensional sub-torus S ⊂ T acting on PetG .
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Peterson & Schubert

PetG ∩X ◦
w ̸= ∅ ⇐⇒ PetG ∩Ω◦

w ̸= ∅ ⇐⇒ w = wJ for some J ⊂ ∆, where
wJ is the longest element of the parabolic subgroup WJ ⊂ W .

Dale Peterson (1997): For any J ⊂ ∆, we have an isomorphism

O(PetG ∩Ω◦
wJ
) ∼= qH∗

(
G∨/P∨

J

)
.

For any I ⊂ ∆, denote

Pet◦G ,I := PetG ∩X ◦
wI

∼= C|I |,

the Peterson cell.

Bruhat decomposition induces an S-stable affine paving

PetG =
⊔
I⊂∆

Pet◦G ,I .

Denote
PetG ,I := Pet◦G ,I ,

the Peterson Schubert variety.
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∼= C|I |,

the Peterson cell.

Bruhat decomposition induces an S-stable affine paving

PetG =
⊔
I⊂∆

Pet◦G ,I .

Denote
PetG ,I := Pet◦G ,I ,

the Peterson Schubert variety.
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Presentation of H∗
S(PetG ,Q)

For any weight µ : T → C×, consider the line bundle

Lµ := G ×B C−µ,

and restrict it to PetG , denote also by Lµ.

Theorem (Harada–Horiguchi–Masuda, 2015)

There is an isomorphism

H∗
S (PetG ;Q) ∼=

Q[ϖ1, . . . , ϖn, t](∑n
j=1⟨αi , αj⟩ϖiϖj − 2tϖi

∣∣∣ 1 ≤ i ≤ n
) ,

where ϖi corresponds to the equivariant first Chern class c1(Lϖi ).
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Peterson Schubert classes

Affine paving =⇒ {[PetG ,I ] | I ⊂ ∆} forms a basis of HS
∗ (PetG ;Z).

For I ⊂ ∆, recall vI ∈ W is a Coxeter element for I if v = sα1 · · · sαk
for

some enumeration α1, . . . , αk of I .

Theorem (Goldin–Mihalcea–Singh, 2024)

For I ⊂ ∆, fix a Coxeter element vI in W . Define the Peterson Schubert class

pI :=
ι∗σvI

m(vI )
∈ H∗

S (PetG ,Q),

where ι : PetG ↪→ G/B and m(vI ) ∈ Z≥0 is a certain intersection multiplicity.

1 {pI}I⊂∆ form a H∗
S (pt)

∼= Z[t]-basis of H∗
S (PetG ;Z), which is (Kronecker)

dual to the basis {[PetG ,I ]}I⊂∆ of HS
∗ (PetG ;Z).

2 Define
pI · pJ =

∑
K

cKI ,JpK ,

then the structure constants cKI ,J ∈ H∗
S (pt)

∼= Z[t] are in fact ∈ Z≥0[t].
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Central problem in Peterson Schubert calculus

A natural question is the following

Question (Asked by Harada–Tymoczko in Type A, 2011)

Is there a positive formula for all structure constants cKI ,J?

In type A, Harada–Tymoczko gave a positive equivariant Monk formula.

In type A, Bayegan–Harada (2013) gave an equivariant Giambelli formula.

Drellich (2015) gave the equivariant Monk rule and Giambelli formula for all
Lie types, Goldin–Singh (2026) gave a type-independent proof.

For Lie type A, Goldin–Gorbutt (2022) found positive combinatorial formulae
by reducing the general I, J, K’s to the consecutive ones successively.

For Lie type A, Abe–Horiguchi–Kuwata–Zeng (2024) found a different
combinatorial model for non-equivariant structure constants.
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Peterson Schubert monomials

For I ⊂ ∆, let CI be the Cartan sub-matrix, WI denotes the parabolic subgroup.
Combine the equivariant Giambelli formula of Drellich and the intersection
multiplicity formula proved by Goldin–Singh, we can get

Theorem (Folklore?)

For I ⊂ ∆, the Peterson Schubert class pI is represented by

det(CI )

|WI |
∏
i∈I

ϖi

in the Harada–Horiguchi–Masuda presentation

H∗
S (PetG ;Q) ∼=

Q[ϖ1, . . . , ϖn, t](∑n
j=1⟨αi , αj⟩ϖiϖj − 2tϖi

∣∣∣ 1 ≤ i ≤ n
) .

Now the problem of Peterson Schubert calculus becomes:
how can we expand the product of two (square-free) monomials in the above
monomial basis modulo some quadratic relations?
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Equivariant structure constants

Theorem (Gui–Jia–Yu–Z.–Zhu, 2025)

Suppose I = {i1, . . . , ip} ⊂ ∆. The equivariant structure constant cKI ,J is equal to

det (Cl) det (CJ) |WK |
|Wl | |WJ | det (CK )

multiplied by the (J,K )-entry of the product Di1 · · ·Dip ,

where each matrix Di has entries (d
K
i,J)J,K⊂∆ defined by

dK
i,J =


[C−1

K ]i,s/[C
−1
K ]s,s , i ∈ K , |K | = |J|+ 1, K \ J = {s};

2t
∑

k∈K [C
−1
K ]i,k , i ∈ K , K = J;

0, otherwise.

Transform structure constants into an infinite matrix series related to
Coxeter adjacency matrix AK := 2E − CK .
Use Perron–Frobenius theorem to prove convergency and relate to the
inverse of a matrix.
Use Sherman–Morrison formula to compute inverse.
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K ]s,s , i ∈ K , |K | = |J|+ 1, K \ J = {s};

2t
∑

k∈K [C
−1
K ]i,k , i ∈ K , K = J;

0, otherwise.

Transform structure constants into an infinite matrix series related to
Coxeter adjacency matrix AK := 2E − CK .
Use Perron–Frobenius theorem to prove convergency and relate to the
inverse of a matrix.
Use Sherman–Morrison formula to compute inverse.
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Example of equivariant structure constants

Example (Type B3, I = {2})
For Lie type B3, the structure constants matrix of I = {2} is

dK
I ,J =

J

0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 2t 0 1

2 0 1 0
0 0 0 0 0 0 1 0
0 0 0 0 2t 0 0 4

3
0 0 0 0 0 0 0 1
0 0 0 0 0 0 2t 1
0 0 0 0 0 0 0 2t



∅
{1}
{2}
{3}
{1, 2}
{1, 3}
{2, 3}
{1, 2, 3}

Then d
{1,2}
{2},{1,2} = 2t, d

{1,2,3}
{2},{1,2} = 4

3 , hence ϖ2 ·ϖ1ϖ2 = 2tϖ1ϖ2 +
4
3ϖ1ϖ2ϖ3.
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Non-equivariant structure constants

Since H∗ (PetG ;Z) vanishes in odd degrees, PetG is equivariantly formal.
By letting t = 0, we get a simple formula for all non-equivariant structure
constants with respect to the basis {pI}I⊂∆ of H∗ (PetG ;Z).

Theorem (Gui–Jia–Yu–Z.–Zhu, 2025)

The non-equivariant structure constant of Peterson Schubert calculus is equal to

det (Cl) det (CJ) |WK |
|Wl | |WJ | det (CK )

multiplied by the (J,K )-entry of the product Mi1 · · ·Mip ,

where each matrix Mi has entries (m
K
i,J)J,K⊂∆ defined by

mK
i,J =


[C−1

K ]i,s

[C−1
K ]s,s

, i ∈ K , |K | = |J|+ 1, K \ J = {s};

0, otherwise.
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Example of non-equivariant structure constants

Example (Type A9, I = {3, 6, 8})
For Lie Type A9, I = {3, 6, 8}, J = {1, 3, 5, 6, 7}, from our formula and letting
t = 0, one can deduce

ϖI ·ϖJ =
18

35
ϖ{1,2,3,4,5,6,7,8} +

1

5
ϖ{1,2,3,5,6,7,8,9} +

2

7
ϖ{1,3,4,5,6,7,8,9}.

Hence, we have

pI · pJ =
1

1! · 1! · 1!
· 1

1! · 1! · 3!
ϖIϖJ

=
1

3!

(
18

35
ϖ{1,2,3,4,5,6,7,8} +

1

5
ϖ{1,2,3,5,6,7,8,9} +

2

7
ϖ{1,3,4,5,6,7,8,9}

)
=
8!

3!

18

35
p{1,2,3,4,5,6,7,8} +

3! · 5!
3!

1

5
p{1,2,3,5,6,7,8,9} +

7!

3!

2

7
p{1,3,4,5,6,7,8,9}

=3456p{1,2,3,4,5,6,7,8} + 24p{1,2,3,5,6,7,8,9} + 240p{1,3,4,5,6,7,8,9}.

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026 16 / 27



Corollaries

Our formula gives a new algebraic proof of

Corollary

The structure constant dK
I ,J is a polynomial in t with non-negative coefficients for

all I , J,K ⊂ ∆.

Corollary

The structure constant cKI ,J ̸= 0 (equivalently, dK
I ,J ̸= 0) if and only if

• K ⊃ I ∪ J, and

• For each connected component Kk of K, we have |Kk | ≤ |Kk ∩ I |+ |Kk ∩ J|.
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Weight polytope

Φ: a crystallographic root system of rank n.

Λ: the associated integral weight lattice, ΛR = Λ⊗ R: the weight space.

W : Weyl group.

Taking a weight χ ∈ ΛR, the weight polytope PΦ(χ) is defined as the
convex hull of the Weyl group orbit of χ

PΦ(χ) := ConvexHull{w(χ) ∈ ΛR | w ∈ W }.

Example (Type An−1 weight polytope—Permutohedron)

Consider the natural action of Sn on Rn. For a1, . . . , an ∈ R, the permutohedron
Pn (a1, . . . , an) is the convex hull of points in the Sn-orbit of (a1, . . . , an)

Pn (a1, . . . , an) := ConvexHull
{(

aw(1), . . . , aw(n)

)
∈ Rn | w ∈ Sn

}
.
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Standard permutohedra
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Mixed Φ-Eulerian numbers

Let ϖ1, . . . , ϖn be the fundamental weights, and suppose χ = u1ϖ1 + · · ·+ unϖn.

Definition (Postnikov, 2009)

Let c1, . . . , cn ≥ 0 with
∑n

i=1 ci = n. The mixed Φ-Eulerian number AΦ
c1,...,cn is

the coefficient of the volume polynomial

VΦ(u1, . . . , un) := volume of PΦ (u1ϖ1 + · · ·+ unϖn) =
∑

c1,...,cn

AΦ
c1,...,cn

uc11
c1!

· · · u
cn
n

cn!
.

By definition, AΦ
c1,...,cn is exactly the mixed volume of c1 copies of PΦ (ϖ1),

c2 copies of PΦ (ϖ2) , . . ., and cn copies of PΦ (ϖn), multiplied by n!.

Here, the weight polytopes PΦ (ϖ1) ,PΦ (ϖ2) , . . . ,PΦ (ϖn) are called the
Φ-hypersimplices.
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Standard hypersimplices in R3

(a) PA2
(ϖ1) (b) PA2

(ϖ2)
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Mixed Eulerian numbers from Peterson Schubert calculus

Theorem (Horiguchi, 2024)

Let Φ be an irreducible root system of rank n. Let c1, . . . , cn be non-negative
integers with c1 + · · ·+ cn = n. Then the mixed Φ-Eulerian number AΦ

c1,...,cn is
equal to

AΦ
c1,...,cn =

∫
PetG

ϖc1
1 ϖc2

2 · · ·ϖcn
n .

Hence, we have

VolPΦ (u1ϖ1 + · · ·+ unϖn) =
1

n!

∫
PetG

(u1ϖ1 + · · ·+ unϖn)
n
,

which is exactly the volume polynomials of the nef divisors ϖ1, . . . , ϖn on the
Peterson variety PetG .

This gives a different proof that VolPΦ (u1ϖ1 + · · ·+ unϖn) is Lorentzian.
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Formula for mixed Φ-Eulerian numbers

Theorem (Gui–Jia–Yu–Z.–Zhu, 2025)

Let Φ be an irreducible root system. Let c1, . . . , cn be non-negative integers with
c1 + · · ·+ cn = n. Then AΦ

c1,...,cn can be computed using the following formula

AΦ
c1,...,cn =

|WΦ|
det(CΦ)

[Mc1
1 · · ·Mcn

n ]∅,∆ ,

where Mi ’s are the matrices defined as before

mK
i,J =


[C−1

K ]i,s

[C−1
K ]s,s

, i ∈ K , |K | = |J|+ 1, K \ J = {s};

0, otherwise.

Here [ ]∅,∆ denotes the entry in the row indexed by ∅ and column indexed by ∆.
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Examples of mixed Φ-Eulerian numbers

Example (Type A8)

For Lie type A8 and (c1, . . . , c8) = (1, 0, 2, 3, 0, 0, 1, 1). Then from our formula

AΦ
c1,...,c8 = 8!

[
(mK

1,J)(m
K
3,J)

2(mK
4,J)

3(mK
7,J)(m

K
8,J)

]
∅,{1,2,3,4,5,6,7,8}

= 8! · 41
70

= 23616.

Example (Type E6)

For Lie type E6 and (c1, . . . , c6) = (0, 1, 0, 2, 3, 0). Then from our formula

AΦ
c1,...,c6 =

|WE6 |
det(CE6)

[
(mK

2,J)(m
K
4,J)

2(mK
5,J)

3
]
∅,{1,2,3,4,5,6}

= 27 · 33 · 5 · 81
40

= 34992.
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Thank you
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