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o G: complex semisimple algebraic group of rank n, e.g., SL,1+1(C).
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e G: complex semisimple algebraic group of rank n, e.g., SL,1(C).

* *
e B C G: Borel subgroup, e.g., T
0 *

B~ C G: opposite Borel.

T := BN B~, maximal torus.
g = Lie(G), b = Lie(B), h = Lie(T).
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e G: complex semisimple algebraic group of rank n, e.g., SL,1(C).
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0 *
@ B~ C G: opposite Borel.
e T := BN B~, maximal torus.
e g = Lie(G), b =Lie(B), h = Lie(T).
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e G: complex semisimple algebraic group of rank n, e.g., SL,1(C).

* *
e B C G: Borel subgroup, e.g., T
0 *
@ B~ C G: opposite Borel.
e T := BN B~, maximal torus.
e g = Lie(G), b =Lie(B), h = Lie(T).
e ®: root system determined by (G, T).
o A ={ay,...,a,}: simple roots specified by (B, T).
o W= {(s;|i€A): Weyl group, e.g., Spy1-
o Ca = ({ai,®))); ;cn = (cij)ijen Cartan matrix associated with g,
2 -1 0
eg., C= -1 2 -1 for sl,.
0o -1 2
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Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Flag variety and Bruhat decompositions

Let G/B be the complete flag variety, e.g.,

SLa1(C)/B={F,=(0=F CF C--- C F,=C"")|dim¢ F; = i}.
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Flag variety and Bruhat decompositions

Let G/B be the complete flag variety, e.g.,

SLa1(C)/B={F,=(0=F CF C--- C F,=C"")|dim¢ F; = i}.

Bruhat decomposition of G/B

B~ G/B= | | BwB/B,
weWw

where each BwB/B = C'") is the Schubert cell X¢.
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Flag variety and Bruhat decompositions

Let G/B be the complete flag variety, e.g.,

SLa1(C)/B={F,=(0=F CF C--- C F,=C"")|dim¢ F; = i}.

Bruhat decomposition of G/B

B~ G/B= | | BwB/B,
weWw

where each BwB/B = C'") is the Schubert cell X¢.

Similarly,
B~~ G/B= || B~ wB/B,
weWw

where B~wB/B = C'(")=/() is the opposite Schubert cell Q°,.

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Peterson variety

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Peterson variety

Fix a regular nilpotent e € b = Lie(B). The Peterson variety is
Petg := {gB € G/B | Adg-1(e) € b (P g-a},
a€A

where g_,'s are the corresponding root spaces.

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Peterson variety

Fix a regular nilpotent e € b = Lie(B). The Peterson variety is
Petg := {gB € G/B | Adg-1(e) € b (P g-a},
a€A

where g_,'s are the corresponding root spaces.
@ Petg is irreducible of dimension n = rank(G) but singular in general.
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Peterson variety

Fix a regular nilpotent e € b = Lie(B). The Peterson variety is

Petg := {gB € G/B | Adg-1(e) € b (P g-a},
acA
where g_,'s are the corresponding root spaces.
@ Petg is irreducible of dimension n = rank(G) but singular in general.
@ Peterson variety forms a special class of Hessenberg varieties.
o Type A,_1 case:
Fl, ={Va=(0=VoC Vi C---C V,=C") | dim¢ V; =i},

=

Ne= | = - lecm

Pet, C Fl,, has a concrete geometric description in terms of flags

Pet, = {V. eFl, | NV, C Vg forall1 << n—1}.
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Peterson variety

Fix a regular nilpotent e € b = Lie(B). The Peterson variety is

Petg := {gB € G/B | Adg-1(e) € b (P g-a},
acA
where g_,'s are the corresponding root spaces.
@ Petg is irreducible of dimension n = rank(G) but singular in general.
@ Peterson variety forms a special class of Hessenberg varieties.
o Type A,_1 case:

Fl,={Ve=(0=VoC Vi C---C V, =C") |dimc V; = i},
01 --- 0
v |18 e

Pet,, C F1, has a concrete geometric description in terms of flags
Pet, := {V. eFl, | NV, C Vg forall1 <i < n—l}.

@ There is a one-dimensional sub-torus S C T acting on Petg.
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Peterson & Schubert
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Peterson & Schube

@ Petg NXS £ < PetgNQ, £ 0 < w = w, for some J C A, where
wy is the longest element of the parabolic subgroup W, C W.
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Peterson & Schubert

@ PetgNXS £ 0 < PetgNQ, £ 0 < w = w;, for some J C A, where
wy is the longest element of the parabolic subgroup W, C W.

@ Dale Peterson (1997): For any J C A, we have an isomorphism

O(Petg NQS,) = qH” (GV/PJV).

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Peterson & Schubert

@ PetgNXS £ 0 < PetgNQ, £ 0 < w = w;, for some J C A, where
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@ PetgNXS £ 0 < PetgNQ, £ 0 < w = w;, for some J C A, where
wy is the longest element of the parabolic subgroup W, C W.

@ Dale Peterson (1997): For any J C A, we have an isomorphism
O(Pet NQS,) = gH* (GV/PJV).
o Forany | C A, denote
Pet , := Petg NXj, = Cl'l,

the Peterson cell.
@ Bruhat decomposition induces an S-stable affine paving

Petg = |_| Petg .
Ica

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Peterson & Schubert

Petc NX2 # 0 <= PetgNQ, # 0 < w = w;, for some J C A, where
wy is the longest element of the parabolic subgroup W, C W.

Dale Peterson (1997): For any J C A, we have an isomorphism
O(Pet NQS,) = gH* (GV/PJV).

For any I C A, denote
Pet , := Petg NXj, = Cl'l,

the Peterson cell.
Bruhat decomposition induces an S-stable affine paving

Petg = |_| Petg .
Ica

Denote
Petg, := Petg ),

the Peterson Schubert variety.
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Presentation of HE(Petg, Q)
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Presentation of HE(Petg, Q)

For any weight p: T — C*, consider the line bundle
L, :=GxPcC_,

and restrict it to Petg, denote also by L.
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Presentation of HE(Petg, Q)

For any weight p: T — C*, consider the line bundle
L, :=GxPcC_,

and restrict it to Petg, denote also by L.

Theorem (Harada—Horiguchi-Masuda, 2015)

There is an isomorphism

Qlw1, - - -, @, t]

(Z}Izﬂaia ajywiwj — 2tw;

HZ(Petg; Q) =

1gi§n)’

where w; corresponds to the equivariant first Chern class ¢i(L,).
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Peterson Schubert classes

o Affine paving = {[Petg ]|/ C A} forms a basis of H?(Petg;Z).
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Peterson Schubert classes

o Affine paving = {[Petg ]|/ C A} forms a basis of H?(Petg;Z).

@ For I C A, recall vy € W is a Coxeter element for [ if v =5, ---s,, for
some enumeration asq, ..., ay of [.
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Peterson Schubert classes

o Affine paving = {[Petg ]|/ C A} forms a basis of H?(Petg;Z).

@ For I C A, recall v € W is a Coxeter element for [ if v =5,, -5,
some enumeration ay,...,ax of [.

, for
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Peterson Schubert classes

o Affine paving = {[Petg ]|/ C A} forms a basis of H?(Petg;Z).

@ For I C A, recall v € W is a Coxeter element for [ if v =5,, -5,
some enumeration as, ..., oy of /.

, for

Theorem (Goldin—Mihalcea—Singh, 2024)

For | C A, fix a Coxeter element v; in W. Define the Peterson Schubert class

oy, "
P= HE(Pet
p/ m(V[) S S( € G?Q)?

where ¢ : Petg — G/B and m(v;) € Zxq is a certain intersection multiplicity.
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Peterson Schubert classes

o Affine paving = {[Petg ]|/ C A} forms a basis of H?(Petg;Z).

@ For I C A, recall v € W is a Coxeter element for [ if v =5,, -5,
some enumeration as, ..., oy of /.

, for

Theorem (Goldin—Mihalcea—Singh, 2024)

For | C A, fix a Coxeter element v; in W. Define the Peterson Schubert class
oy,

P m(w)

where ¢ : Petg — G/B and m(v;) € Zxq is a certain intersection multiplicity.

Q {pi}tica form a HE(pt) = Z[t]-basis of HE(Petg; Z), which is (Kronecker)
dual to the basis {[Petg ]}, -5 of H? (Petg; Z).

€ H;(PetG,Q),
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Peterson Schubert classes

o Affine paving = {[Petg ]|/ C A} forms a basis of H?(Petg;Z).

@ For I C A, recall v € W is a Coxeter element for [ if v =5,, -5,
some enumeration as, ..., oy of /.

, for

Theorem (Goldin—Mihalcea—Singh, 2024)

For | C A, fix a Coxeter element v; in W. Define the Peterson Schubert class

o "
pr = m(v‘;l) E Hs(PetG,Q),
where ¢ : Petg — G/B and m(v;) € Zxq is a certain intersection multiplicity.
Q {pi}ica form a H(pt) = Z[t]-basis of H(Petg; Z), which is (Kronecker)
dual to the basis {[Petc ]}, 5 of HZ (Petc; Z).

@ Define

pi-ps= ZC/},(JPM
K

then the structure constants cf; € Hz(pt) = Z[t] are in fact € Zxolt].

_ === = ~
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Central problem in Peterson Schubert calculus

A natural question is the following

Question (Asked by Harada—Tymoczko in Type A, 2011)

Is there a positive formula for all structure constants cf,?
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Is there a positive formula for all structure constants cf,?

@ In type A, Harada—Tymoczko gave a positive equivariant Monk formula.
o In type A, Bayegan—Harada (2013) gave an equivariant Giambelli formula.

@ Drellich (2015) gave the equivariant Monk rule and Giambelli formula for all
Lie types, Goldin—Singh (2026) gave a type-independent proof.
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Central problem in Peterson Schubert calculus

A natural question is the following

Question (Asked by Harada—Tymoczko in Type A, 2011)

Is there a positive formula for all structure constants cf,?

@ In type A, Harada—Tymoczko gave a positive equivariant Monk formula.
o In type A, Bayegan—Harada (2013) gave an equivariant Giambelli formula.

@ Drellich (2015) gave the equivariant Monk rule and Giambelli formula for all
Lie types, Goldin—Singh (2026) gave a type-independent proof.

@ For Lie type A, Goldin—Gorbutt (2022) found positive combinatorial formulae
by reducing the general |, J, K's to the consecutive ones successively.

o For Lie type A, Abe-Horiguchi-Kuwata—Zeng (2024) found a different
combinatorial model for non-equivariant structure constants.
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Peterson Schubert monomials

For I C A, let C; be the Cartan sub-matrix, W, denotes the parabolic subgroup.
Combine the equivariant Giambelli formula of Drellich and the intersection
multiplicity formula proved by Goldin—-Singh, we can get

Zhexi Zhang
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Peterson Schubert monomials

For I C A, let C; be the Cartan sub-matrix, W, denotes the parabolic subgroup.
Combine the equivariant Giambelli formula of Drellich and the intersection
multiplicity formula proved by Goldin—-Singh, we can get

Theorem (Folklore?)

For | C A, the Peterson Schubert class p; is represented by

det(C,)
Wi
wi

in the Harada—Horiguchi-Masuda presentation

ey Tyt
H (Pet; Q) & Ao T
(Ej:1<0li7 ajywiwj — 2tw;

1gign)'
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Peterson Schubert monomials

For I C A, let C; be the Cartan sub-matrix, W, denotes the parabolic subgroup.
Combine the equivariant Giambelli formula of Drellich and the intersection
multiplicity formula proved by Goldin—-Singh, we can get

Theorem (Folklore?)

For | C A, the Peterson Schubert class p; is represented by

det(C,)
Wi
wi

in the Harada—Horiguchi-Masuda presentation

Qlw1, - - ., @, t]

HZ(Petg; Q) = -
(Ej:1<0li704j>wiwj' — 2tw;

1gign)'

Now the problem of Peterson Schubert calculus becomes:
how can we expand the product of two (square-free) monomials in the above
monomial basis modulo some quadratic relations?
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Equivariant structure constants
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Equivariant structure constants

Theorem (Gui—Jia-=Yu-Z.—Zhu, 2025)

Suppose | = {i1,...,ip} C A. The equivariant structure constant c,'fj is equal to

det(C,)det(CJ) |WK|
|W/| |W_/| det(CK)

multiplied by the (J, K)-entry of the product D, - - - D;

lp7

where each matrix D; has entries (dX,); kca defined by
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Equivariant structure constants

Theorem (Gui—Jia-=Yu-Z.—Zhu, 2025)

Suppose | = {i1,...,ip} C A. The equivariant structure constant c,'fj is equal to

det(C,)det(CJ) |WK|
|W/| |W_/| det(CK)

multiplied by the (J, K)-entry of the product D, - - - D;

ip)
where each matrix D; has entries (dX,); kca defined by

[Cc'lis/[Cks,sy, i €K, IKI=|J+1, K\ J={s}
df5 =92t cklCillin, i€ K, K=
0, otherwise.
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Equivariant structure constants

Theorem (Gui—Jia-=Yu-Z.—Zhu, 2025)

Suppose | = {i1,...,ip} C A. The equivariant structure constant c,'fj is equal to

det(C,)det(CJ) |WK|
|W/| |W_/| det(CK)

multiplied by the (J, K)-entry of the product D, - - - D;

ip)
where each matrix D; has entries (dX,); kca defined by

[Cc'lis/[Cks,sy, i €K, IKI=|J+1, K\ J={s}
df5 =92t cklCillin, i€ K, K=
0, otherwise.

@ Transform structure constants into an infinite matrix series related to
Coxeter adjacency matrix Ak := 2E — Ck.
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Equivariant structure constants

Theorem (Gui—Jia-=Yu-Z.—Zhu, 2025)

Suppose | = {i1,...,ip} C A. The equivariant structure constant c,'fj is equal to

det (G)) det (C,) |Wk]| .
multiplied by the (J, K)-entry of the product D;, --- D;

lp7

where each matrix D; has entries (dX,); kca defined by

[C;l],',s/[(:;l]s’s’ ieK,|Kl=|J+1, K\J={s};
dfy = 2t X ueilCiclins €K, K =J;
0, otherwise.

@ Transform structure constants into an infinite matrix series related to
Coxeter adjacency matrix Ak := 2E — Ck.

@ Use Perron—Frobenius theorem to prove convergency and relate to the
inverse of a matrix.
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Equivariant structure constants

Theorem (Gui—Jia-=Yu-Z.—Zhu, 2025)

Suppose | = {i1,...,ip} C A. The equivariant structure constant c,'fj is equal to

det (G)) det (C,) |Wk]| .
multiplied by the (J, K)-entry of the product D;, --- D;

lp7

where each matrix D; has entries (d,K )s.kca defined by

[C;l],',s/[(:;l]s’s’ ieK,|Kl=|J+1, K\J={s};
dfy = 2t X ueilCiclins €K, K =J;
0, otherwise.

@ Transform structure constants into an infinite matrix series related to
Coxeter adjacency matrix Ak := 2E — Ck.

@ Use Perron—Frobenius theorem to prove convergency and relate to the
inverse of a matrix.

@ Use Sherman—Morrison formula to compute inverse.

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026 13 /27



Example of equivariant structure constants

Example (Type Bs, | = {2})

For Lie type Bs, the structure constants matrix of / = {2} is
J
00 1 0 0 0 0 O 0
00 0 01 0 0 O {1}
0020 2 01 0 {2}
dfy= 100 0 0 0 0 1 © {3}

00 0 0 2t 0 O % {1,2}
00 0 0 0 0 0 1 {1,3}
00 0 0 0 0 2t 1 {2,3}
00 0 0 0 0 0 2t {1,2,3}

Then dyi7}, 5, =2t d3%,, = 4. hence @2 - 1@y = 2t + dwi s,

v
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Non-equivariant structure constants

Since H* (Petg; Z) vanishes in odd degrees, Pet is equivariantly formal.
By letting t = 0, we get a simple formula for all non-equivariant structure
constants with respect to the basis {p;}, -, of H* (Petg; Z).
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Non-equivariant structure constants

Since H* (Petg; Z) vanishes in odd degrees, Pet is equivariantly formal.
By letting t = 0, we get a simple formula for all non-equivariant structure
constants with respect to the basis {p;}, -, of H* (Petg; Z).

Theorem (Gui—Jia-Yu-Z.—Zhu, 2025)

The non-equivariant structure constant of Peterson Schubert calculus is equal to

det(C/) det(CJ) |WK‘
[Wil [W,] det (Ck)

multiplied by the (J, K)-entry of the product M;, - - - M;

Ip»

where each matrix M; has entries (m! 1)s.kca defined by

[ _ _ }
m, = { 1€, 1K IKE= L KA S = {s);

0, otherwise.
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Example of non-equivariant structure constants

Example (Type Ay, | = {3,6,8})

For Lie Type Ao, | = {3,6,8}, J ={1,3,5,6,7}, from our formula and letting
t = 0, one can deduce

18

w) Wy = 35w{12345678}+ =T(1,2,3,56,7,89} T w{13456789}

Hence, we have

1 1

N T TR TR TR TIE]

Wy

18 1 2
=31 (gw{l,z,&‘t,s,eﬂ,a} T 5@{123567.89) T 77”{1,3,4,5,6,7,879})

8' 18 3I.51'1 712
=31 35P{1,2,3,45678} +— 30 gP{1 3,5,6,7,89} T o7 30 7P{13 5,6,7,8,9}

=3456p(1,2,3,4,5,6,7,8} T 24P{1,2,3,5,6,7,8,9} T 240P(1,3.456,7,8,9}-

Zhexi Zhang
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Corollaries

Our formula gives a new algebraic proof of

The structure constant d,’f ', is a polynomial in t with non-negative coefficients for
all'l,J,K C A.
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Corollaries

Our formula gives a new algebraic proof of

The structure constant d,’f ', is a polynomial in t with non-negative coefficients for
all'l,J,K C A.

v
Corollary

The structure constant c,’fJ # 0 (equivalently, d,’f_, # 0) if and only if

e KD IUJ, and
e For each connected component Ky of K, we have |Ki| < |Kk N 1|+ |Kic N J|.

July 14, 2026 FPSAC 2026
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Weight polytope

@ ®: a crystallographic root system of rank n.
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Weight polytope

@ ®: a crystallographic root system of rank n.

@ A: the associated integral weight lattice, Ag = A ® R: the weight space.
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Weight polytope

@ ®: a crystallographic root system of rank n.
@ A: the associated integral weight lattice, Ax = A ® R: the weight space.
o W: Weyl group.
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Weight polytope

@ ®: a crystallographic root system of rank n.

@ A: the associated integral weight lattice, Ax = A ® R: the weight space.
o W: Weyl group.

e Taking a weight y € Ag, the weight polytope Pqs () is defined as the

convex hull of the Weyl group orbit of x

Po(x) := ConvexHull{w(x) € Ag | w € W}.
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convex hull of the Weyl group orbit of x
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Weight polytope

®: a crystallographic root system of rank n.
A: the associated integral weight lattice, Ag = A ® R: the weight space.
W: Weyl group.

Taking a weight x € Ag, the weight polytope Py(x) is defined as the
convex hull of the Weyl group orbit of x

Po(x) := ConvexHull{w(x) € Ag | w € W}.

Example (Type A,_1 weight polytope—Permutohedron)

Consider the natural action of S, on R". For as,...,a, € R, the permutohedron
P, (a1,-..,an) is the convex hull of points in the Sy-orbit of (a1, ..., an)

Pn(a1,...,an) := ConvexHull { (aw(1), -, awm) ER" |w € Sp}.
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Standard permutohedra
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Standard permutohedra

(1,2,3)

(3,2,1)
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Standard permutohedra

(1,2,3)

@12.4) (4,1,2,3)

(3,1,2)

(3,2,1)

Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Mixed ®-Eulerian numbers

Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026



Mixed ®-Eulerian numbers

Let wy,...,w, be the fundamental weights, and suppose x = vyow1 + - - + up@,.
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Mixed ®-Eulerian numbers

Let wy,...,w, be the fundamental weights, and suppose x = vyow1 + - - + up@,.

Definition (Postnikov, 2009)

Let c1,...,¢, > 0 with 37 | ¢; = n. The mixed ®-Eulerian number Ag’h___7cn is
the coefficient of the volume polynomial

1 Cn
. @ 1 u
Vo (ui, ..., u,) := volume of Py (u1coy + -+ - + upwo,) = E Aq,...,cn; e c_nl
1- n
Cly.+-5Cp

Zhexi Zhang Structure constants of Peterson Schubert calculus July 14, 2026 FPSAC 2026 21/27



Mixed ®-Eulerian numbers

Let wy,...,w, be the fundamental weights, and suppose x = vyow1 + - - + up@,.

Definition (Postnikov, 2009)

Let c1,...,¢, > 0 with 37 | ¢; = n. The mixed ®-Eulerian number Ag’h___7cn is
the coefficient of the volume polynomial

1 Cn
. @ 1 u
Vo (ui, ..., u,) := volume of Py (u1coy + -+ - + upwo,) = E Aq,...,cn; e c_nl
1- n:
Cly.+-5Cp

e By definition, A? s exactly the mixed volume of ¢; copies of Po (1),
¢ copies of Py (W2) .., and ¢, copies of Py (w,), multiplied by n!.
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Mixed ®-Eulerian numbers

Let wy,...,w, be the fundamental weights, and suppose x = vyow1 + - - + up@,.
Definition (Postnikov, 2009)
Let c1,...,¢, > 0 with 37 | ¢; = n. The mixed ®-Eulerian number Ag’h___7cn is
the coefficient of the volume polynomial

UCI UC"
Vo (ui, ..., u,) := volume of Py (u1coy + -+ - + upwo,) = Z Az,_..7cnzl! e c:! .

Cly.+-5Cp

o By definition, A" ¢, Is exactly the mixed volume of c; copies of Po (1),
¢, copies of Py (wQ) ., and ¢, copies of Py (w,), multiplied by n!.

@ Here, the weight polytopes Po (1), Po (w02) ;- .., Po (t0,) are called the
®-hypersimplices.
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Standard hypersimplices in R3
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Standard hypersimplices in R3

(2) Pa, (1)
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Standard hypersimplices in R3

(2) Pa, (1) (b) Pa, (w=2)
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Mixed Eulerian numbers from Peterson Schubert calculus
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Mixed Eulerian numbers from Peterson Schubert calculus

Theorem (Horiguchi, 2024)

Let ® be an irreducible root system of rank n. Let cy,...,c, be non-negative
integers with ¢; + - - - + ¢, = n. Then the mixed ®-Eulerian number A?  _ is
equal to

Cn

¢ = a 2.
Agnen = Wy Wy Wy

Petg
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Mixed Eulerian numbers from Peterson Schubert calculus

Theorem (Horiguchi, 2024)

Let ® be an irreducible root system of rank n. Let cy,...,c, be non-negative

integers with ¢; + - - - + ¢, = n. Then the mixed ®-Eulerian number Afl,... ., Is
equal to

(] _ ca,_o @
Acl,.“,c,7 - Wy wy Wy
Petg
@ Hence, we have
1/ n
Vol Py (1101 + -+ + upo,) = — (o + -+ upwn)”,
n. Petg
which is exactly the volume polynomials of the nef divisors w1, ..., @, on the

Peterson variety Petg.
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Mixed Eulerian numbers from Peterson Schubert calculus

Theorem (Horiguchi, 2024)

Let ® be an irreducible root system of rank n. Let cy,...,c, be non-negative
integers with ¢; + - - - + ¢, = n. Then the mixed ®-Eulerian number Ag,...,c,, is
equal to

() _ 1, o @
Acl,.“,c,7 - Wy wy Wy
Petg
@ Hence, we have
1 n
Vol Py (unwoy + -+ - + upwp) = — (nwoy + -+ upwn)”
n! p
et
which is exactly the volume polynomials of the nef divisors wx, ..., w, on the

Peterson variety Petg.

@ This gives a different proof that Vol Py (u101 + - - - + u,w0,) is Lorentzian.
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Formula for mixed ®-Eulerian numbers
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Formula for mixed ®-Eulerian numbers

Theorem (Gui—Jia-Yu-Z.—Zhu, 2025)

Let ® be an irreducible root system. Let c1,...,c, be non-negative integers with
¢ +---+cy=n. Then Adcz,...,cn can be computed using the following formula

o _ _|Wel
@4~ det(Co)

[Mi* - Mg a s

where M;'s are the matrices defined as before

[C;zlli,s 9 — — o
i, = | fETs FE KO IKI= I+ 1 K\ = (o)

0, otherwise.

Here [ ]p,a denotes the entry in the row indexed by ) and column indexed by A.
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Examples of mixed ®-Eulerian numbers
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Examples of mixed ®-Eulerian numbers

Example (Type As)
For Lie type Ag and (cy,...,c) =(1,0,2,3,0,0,1,1). Then from our formula

Az,.wcs = 8! [(me)(mngf(me)g'(m;(,J)(mz’s(,J)] 0,{1,2,3,4,5,6,7,8}

41
=8l.

70
— 23616.
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Examples of mixed ®-Eulerian numbers

Example (Type As)
For Lie type Ag and (cy,...,c) =(1,0,2,3,0,0,1,1). Then from our formula

AZ‘Z,.‘.@ = 8! [(me)(mI}’f,Jy(mz}lfJ)?)(m;(,J)(ng)]@’{1727374757677,8}

41
=8l.

70
— 23616.

Example (Type Eg)

For Lie type Eg and (ci,...,¢) =(0,1,0,2,3,0). Then from our formula
® A K K \2( K \3
ClyyC6 det(CﬁEG) [(mZ,J)(m4,J) (m5,J) }@,{172,3,4,5,6}
1
=927.33.5. ?1_0
= 34992.
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