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Chow polynomials of posets

Definition

For every finite bounded graded poset P, define Hyointe(?) = 1 and

He(t)=1+1 > Ho,)®,  tk(P)>0.
tk(p)>1

p p
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Chow polynomials of posets

Definition

For every finite bounded graded poset P, define Hyointe(?) = 1 and

He()=1+1 > Ho,)®,  tk(P)>0.
rk(p)>1

p p

b ([0, p))
What properties should Hp (7) satisfy?

1721



Chow polynomials of posets

Definition
For every finite bounded graded poset P, define Hpoint(f) = 1 and

Hp() =1+t > H_,)®, 1k(P)>0.
rk(p)>1

P p

P T([O’p])
Hp(t) = 1+ 8¢ + 16> + 8¢° + 1*.

1721



Palindromicity, unimodality, and
real-rootedness

Theorem (Larson)

If L is a geometric lattice, H £ (t) is the Hilbert series of the Chow ring
of the underlying matroid.

Theorem (Adiprasito-Huh-Katz)

For every geometric lattice, H p () is palindromic and unimodal.
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Palindromicity, unimodality, and
real-rootedness

Theorem (Adiprasito-Huh-Katz)

For every geometric lattice, H £ (t) is palindromic and unimodal.

Conjecture (Huh-Stevens; Ferroni-Schroter)

For every geometric lattice, H p (¢) has only real zeros.

Theorem (Ferroni-Matherne-V.)

For every finite bounded graded poset P, Hp (¢) is palindromic and
unimodal. For every Cohen-Macaulay poset, it is y-positive.

A previous conjecture, now disproven, proposed real-rootedness
for every Cohen-Macaulay poset.
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Why extend to arbitrary posets?

® For geometric lattices, palindromicity and unimodality follow
from deep theorems (Poincaré duality and Hard Lefschetz)

® For arbitrary posets, the proof is fully combinatorial.
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Why extend to arbitrary posets?

® For geometric lattices, palindromicity and unimodality follow
from deep theorems (Poincaré duality and Hard Lefschetz)

® For arbitrary posets, the proof is fully combinatorial.

® Separate the real-rootedness question from the geometry of
matroids.
® Several classes are known to have real-rooted Chow
polynomials:
> uniform geometric lattices (Brandén-V.);
» simplicial posets with positive h-vector (Hoster-Stump) this
FPSAC;
> totally nonnegative posets this talk;
> UMEL-shellable posets (Coron-Ferroni-Li).
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Goal for today

Prove real-rootedness using totally nonnegative
matrices.
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Goal for today

Prove real-rootedness using totally nonnegative
matrices.

Theorem

Let P be a TN rank-uniform poset. Then Hp(t) has only real zeros.

Joint work with Petter Brandén (KTH).
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Boolean lattices and Eulerian polynomials

Theorem (Well-known fact)

P=B, Hg,()=A,0).
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Boolean lattices and Eulerian polynomials

Theorem (Well-known fact)
P=B, Hg, ()= A0

An(l) — Z texc(a)).

weS,

In &3 123 132 213

231 312 321.
Hp, (1) = 1 + 4t + 1%

Theorem (Frobenius)

For every n, A, (t) has only real zeros.
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Derangement polynomials

Theorem (Hameister-Rao-Simpson)

1
P= T(Bn) =Uu-1,n HUn,l,n(t) = ;dn(t)-
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Derangement polynomials

Theorem (Hameister-Rao-Simpson)

1
P= T(Bn) =Uu-1,n HUn,l,n(t) = ;dn(t)-

Let D, be the set of
derangements in G,,.

dn(l)= Z texc(a))‘

weD,
In &3 312 231.
Hy,,(t) =1(t+}) =1 +1.

IHOEDY (Z)dku).

k=0
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How does one prove real-rootedness?
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How does one prove real-rootedness?

Let p, g € R[#] have positive leading coefficient and only real zeros

(B:) and (a;).

We say that p interlaces ¢ if

<qgé& - < < ap < < ay.
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How does one prove real-rootedness?

Let p, g € R[#] have positive leading coefficient and only real zeros

(Bi) and (a;).
We say that p interlaces g if

pLqg&— - < <<am<pP <a.

-
\

Theorem (Brandén-Solus)

A, (1) < du(1).

7121
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A new recursion

Theorem (Brandén-V.)

Let P be a finite bounded graded poset. There exist unique polynomials
dip x] (1), palindromic with center rk(x) /2, such that

Hp(f) = Z dig (0.

O<x<i

9/21



A new recursion

Theorem (Brandén-V.)

Let P be a finite bounded graded poset. There exist unique polynomials
dip x] (1), palindromic with center rk(x) /2, such that

Hp(f) = Z dig (0.

O<x<i

The theorem comes with a recursive way of computing d.

9/21



A new recursion

Theorem (Brandén-V.)

Let P be a finite bounded graded poset. There exist unique polynomials
dip x] (1), palindromic with center rk(x) /2, such that

Hp(f) = Z dig (0.

O<x<i

The theorem comes with a recursive way of computing d. We call
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A new recursion

Theorem (Brandén-V.)

Let P be a finite bounded graded poset. There exist unique polynomials
dip x] (1), palindromic with center rk(x) /2, such that

Hp(f) = Z dig (0.

O<x<i

The theorem comes with a recursive way of computing d. We call
dp the Chow-derangement polynomial of P.

Hp() = Y dig(0)- An(t)zznl(;j)dk(t).

O<or<i k=0

Goal: Prove interlacing between Hp and dp.

9/21



What makes the Boolean case “easy”?
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What makes the Boolean case “easy”?

Symmetry!
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Rank-uniform posets: Boolean case
A bounded graded poset P is rank uniform if

{z<x:1k(z) =k} =rpx for all x, where n = rk(x).

R = (rui)n,k-
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Rank-uniform posets: Boolean case
A bounded graded poset P is rank uniform if

{z<x:1k(z) =k} =rpx for all x, where n = rk(x).

R = (rui)n,k-

=

I
— e b e e
B WO = O
AN W= O O
A —_ O OO
-0 O O O
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Rank-uniform posets
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Rank-uniform posets

=

I
—_ =
EENERUS I N
AN W =
S o=
—

If P is rank uniform, H and d only depend on the rank:

Hn(t) = H[(),xj(t)> dn(t) = dl(),x](t)-
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Rank-uniform posets

W N =

If P is rank uniform, H and d only depend on the rank:

Hn(t) = H[(),xj(t)> dn(t) = dl(),x](t)-

The recursions become one-dimensional:
n

Ho(1) = > dig(6) = ) ruidi0).

0<z<x k=0

W =
—

12721



New question

Which matrices R force real-rootedness?
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Totally nonnegative matrices

Definition

A matrix is totally nonnegative (TN) if all minors are nonnegative.
A rank-uniform poset is TN if its matrix R is TN.
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Totally nonnegative matrices

Definition
A matrix is totally nonnegative (TN) if all minors are nonnegative.
A rank-uniform poset is TN if its matrix R is TN.

Examples:
® Pascal's triangle and Boolean lattices;

® face lattices of simplicial and cubical polytopes (with positive
h-vector);

¢ perfect matroid designs;

® projective and affine geometries;
® dual partition lattices;

® their truncations;

® and their rank selections.

14721



Why total nonnegativity?

Theorem (Brandén-Saud)

Ris TN = Risresolvable.
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Theorem (Brandén-Saud)

Ris TN = Risresolvable.

Let R, (t) = X7 _o rnxtk.

Row polynomials R, (#) can be refined into polynomials R,, x ()
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Rn,O = Rna Rn,n = tn’
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Why total nonnegativity?

Theorem (Brandén-Saud)

Ris TN = Risresolvable.

Let R, (t) = X7 _o rnxtk.
Row polynomials R, (#) can be refined into polynomials R,, x ()
satisfying

Rn,O =Ry, Rn,n =",

Rn+1,k = Rn+1,k+1 + /ln,kRn,kv /ln,k > 0.

This positive recurrence is what preserves interlacing.
For example, this led [Brandén-Saud] to prove real-rootedness for
chain polynomials of TN posets.

15721



The Chow-deranged map

For a matrix R, define the Chow-deranged map

D :R[7] = RJ1], D(") = d,.
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The Chow-deranged map

For a matrix R, define the Chow-deranged map

D :R[7] = RJ1], D) = d,.

Rn,O =R, — Rn,k — Rn,n ="
(52 o (52
dn,O = Hn — dn,k — dn,n = dn-

From the positive recursion for R, x we can prove

Theorem (Brandén-V.)

For every f(t) = X%_o hiRn ik (2) with hy > O,

H, < D(f) < d,.
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Real-rooted TN posets

Theorem (Brandén-V.)

If P or its dual is TN, then
Hp (1) < dp(2).

In particular, Hp(t) and dp(t) have only real zeros.
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Real-rooted TN posets

Theorem (Brandén-V.)
If P or its dual is TN, then

Hp (1) < dp(1).
In particular, Hp(t) and dp(t) have only real zeros.

Moreover,
® Hy(p)(1) <Hp(2),
e for every corank-one element x € P, H[O,x](’) < Hp(1);

® the construction extends to every TN lower-triangular matrix
with diagonal entries equal to one.

17721



Further results in the paper

The same methods also give:
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Further results in the paper

The same methods also give:

e for projective geometries, recovery of the real-rootedness of
g-Eulerian polynomials (Shareshian-Wachs)

Z qmaj(a—)—exc((r)texc((r)

oeC,

and all their truncations;

® real-rootedness for paving geometric lattices (almost all
geometric lattices?);

® a Pélya frequency is a sequence (a,),>0 such that the
corresponding Toeplitz matrix R = (a@n—k)n.x is TN. We now
have new families of real-rooted polynomials and study their
generating functions.

18721



Recap

Hp (1) arises from combinatorial algebraic geometry, but is
conjectured to have strong combinatorial properties.

Rank-uniformity makes the recursions one-dimensional.
® Total nonnegativity gives a refined positive recurrence.
® This recurrence gives interlacing, hence real-rootedness.
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Thank you! ®



Toeplitz matrices and symmetric functions

1
el(X) 1
E(X) — €2(X) el(X) 1
e3(x) e er(x) 1

v (I=-DE(x;z) L "
D Ha(1:%)z = T 1B 6D E(xz) = ) ea(®)2".

n>0 n>0

Theorem (Stanley)

n
Hn(t;x) = Z tdes(w) l_lxw(i)-
i=1

weW,

We study also the case e(x \ y).

21/21



	Main results
	Thank you! 44

