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The Grassmannian

Gleftknrightk dimsubspacesofan n dim space

Plucker embedding

GrleftknrightrightarrowPleftbeginmatrixleftnrightkendmatrixright1
V1rightarrowleftDeltaIleftvrightrightIinleftleftnrightright

minor
indexedbycols I
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Positroid varieties Knutson Lam Speyer 11

pifDeltaI0 for specific I closed positoid

varietyboundedaffine perm or Grassmannnecklace Le diagram eti

prod0fDeltaI0 forspecific I Delta5neq0 for specific J open positroid

varietypositroidcellprod0fgeq0prod0fcapGrleftknrightgeq0
VDeltaIleftVrightgeq0 I

Thm The Grassmannian admits a stratificationbypositroid varieties

Pifoverlineprodfcoprod_gleqfprod0gGrleftknrightcoprod_fprod0f
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Electrical networks
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Jef Thm Lam 14

En compactified space of electrical networks w n boundary vts 1 nelec

space of cactus networks
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Connecting electrical networks the Grassmannian

Lam ly constructed
maplinear

grovemapiEnrightarrowPleftleft2nrightright1

Thm Lam 14 There is an embedding iEnrightarrowGrleftn12nrightgeq0

1 linear s liveofGrleftn12nright
Gao Lam Xu24

Def Electroid space is chinoverlineileftEnright

elestroid variety

positroidvariety
chiFpif

xn
Gleftn12nright
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Connecting electrical networks the Lagrangian

GrassmannianThmChepuri George Speyer 21 Bychkov Gorbounov Kazakov Talalaev 21

Electroid space xn is a LagrangianGrassmannian

LGleftn12n2rightcongchinsubsetGleftn12nright
typeAtype

CUpshotElectroid varieties are the type C analog of positroid varieties

Warning Although Xn is isomorphic to Karpman's Lagrangian Grassmannian it'sembedded

differentlyin the Grassmannian and so inherits a different decomposition nicefrac715
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Stratification of the TNN Grassmannian TypeA

Thm Postnikov 06 Grleftknrightgeq0 has a stratification into positroid cells

parameterized by plabic graphs
6

1s
ab dc

fleftbeginmatrix246579endmatrixrightprod_fgeq00
positroid cell

f e 2
4

3
bounded affineperm
indexingobjectplabic

graph

parameterizing

graphcellStratification
of the TNN Lagrangian Grassmannian Type

C

Thm Lam ly leftXnrightgeq0congLGleftn12n2rightgeq0 has a stratification into electroid

cellsparameterizedby cactus networks6

3
1

1

5 2 tau132546chi0taugeq0
34

2
cactus network
parameterizinggraphmatching

on 2n

indexingobjectelectroid
cell

cell nicefrac915



Positroid Varieties

Thm knution Lam Speyer'll TheGrassmannian admits a stratification by
open positoid vars GleftknrightUoverrightarrowpif
it leftprodcircfrightgeq0 is Zariski dense in prod0f
ii prod0f is irred smooth has expected dim
iii pif is reduced irred normal
liviThere's a Frobenius splittingon Grleftknright underwhich all Pif are compatibly

splitThmMuller Speyer 16

Theboundarymeasurementmap can be extended algebraically to embed

a torus 9
as a dense open subscheme of prodcircf

Thm Gorsky Siroggin 24 Gorsky Kim Scroggin Simental 25

There exists a splicing open embedding prod_lambda1mu10timesprod_lambda2mu20rightarrowprod0lambdamu
nicefrac1015



Electroid

VarietiesThm
Shen S Speyer 26 The electroid spare xn admits a stratification by

open electroid vars xnUx0tau
it leftX0taurightgeq0 is Zariski dense in overrightarrowxtau

i chiT is irred smooth has expected dim

iii chiT is reduced irred
reg

in codim 1

iv There is a Frobenius splitting on xn underwhich all chiT are compatiblysplit

v1 The grove measurementmap can be extended to embed a tows
mathbbC l

as a dense open subscheme of
overrightharpoonchiT

vi There's a splicingisomorphism chiT1timeschiT2congchiT1omegatau2 respecting
stratifications on both

sides

nicefrac1115



Combinatorial Tool

Matchingsunderlie everything

Thm Shen S Speyer 26

The dimension of xtauand chitau is clefttauright
min crossings
intau

xi
Thm KLS 11

Pifcoprod_fleqfprodinftyf
Bruhat

orderThm
Lam14 Shen S Speyer26

chitaucoprod_tauleqtauchitauPoset of matchings on leftGright

dictatescombinatoricsof X3 uncrossing

nicefrac1215



Combinatorial Tool
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Ex
ii1 ii1
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F
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Thm Shen S Speyer 26
XT is irred smooth and has dimension clefttauright
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135Pf Induction proposition



SummaryPositroid

Electroid

Positroid

Electroid

GrleftknrightLGleftn12nrightvarieties stratify

varieties have nice algebrogeometric
properties.normal

Lleftbeginmatrixpifchigendmatrixright reduced irred compatibly fsplit regular in codim 1
Thus far the story of electroid varieties has paralleled that of positroid varieties
Wehope tocontinue developingtheseparallels in thefuture
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Combinatorial Tool

Matchingsunderlie everything

heyingredient in embedding proposition
From tau we can read off which Plickers must be zero nonzero

1 1
tauT For eachstrandwhich isn't leftitauleftirightright

add endptwhich is reached
first whengoing c wile from i
to Ii1

1cwising 6 26

s 3S 3

4 4

I1left233646566223rightIleft122535455112right
I1left233446566113right

Ileft122335455662right These Plickers
nonzeroSubsetsless have DeltaJ0

Ii1leftTright1Ii1leftTright1Tleftirightcuptaulefti1right

Ii1lefttaurightIi1lefttaurightfleftirightcupflefti1right



Combinatorial Tool

Matchingsunderlie everything

heyingred in pf of

R1JefA cover rel TCT is regularpair if chiT is regularalong the genericpoint of
overrightharpoonXT

If Tae is i crossing it's

regular.IdeaShow
you cangetfrom and e L to some ooo i crossing via

regular pair preserving moves



Electroidvarieties are compatibly

splitThmLam15 Theposet ofpairings on 2n is Eulerian

or In the poset of pairings on 2n every interval of length 2 is a diamond

g

h2h1

f

Thm shen S Speyer 26 Electroid varieties are compatiblysplit

Pf induct on codim c

Let chiT havecodim 1 Since posetofmatchingsEulerian hasunique mail elem get
tau2

T1 T1
tau

By it xTi and XT comp split XtauicapXtau compsplit

chiuparrow comp split


