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Motivating question

Consider the symmetric group &, of all the permutations on the
set [n] :={1,...,n}.
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Motivating question

Consider the symmetric group &, of all the permutations on the
set [n] :={1,...,n}. Assume that n is even, and let

E,:={m € &, : all cycles in 7 are of even lengths only},

Oy :={m € &, : all cycles in 7 are of odd lengths only}.
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Motivating question

Consider the symmetric group &, of all the permutations on the
set [n] :={1,...,n}. Assume that n is even, and let

E,:={m € &, : all cycles in 7 are of even lengths only},

Oy :={m € &, : all cycles in 7 are of odd lengths only}.

Question What are the cardinalities of these sets?
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Motivating question

Consider the symmetric group &, of all the permutations on the
set [n] :={1,...,n}. Assume that n is even, and let

E,:={m € &, : all cycles in 7 are of even lengths only},

Oy :={m € &, : all cycles in 7 are of odd lengths only}.

Question What are the cardinalities of these sets?

Example

For a partition 1 = n, let C, be the conjugacy class of all the
permutations of cycle type p.

For n = 4:

|Eal = [Ca)l +|Ca2)l =6 +3 =09,
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Motivating question

Consider the symmetric group &, of all the permutations on the
set [n] :={1,...,n}. Assume that n is even, and let

E,:={m € &, : all cycles in 7 are of even lengths only},

Oy :={m € &, : all cycles in 7 are of odd lengths only}.

Question What are the cardinalities of these sets?

Example

For a partition 1 = n, let C, be the conjugacy class of all the
permutations of cycle type p.

For n = 4:

|Eal = [Ca)l +|Ca2)l =6 +3 =0,

|04 = [Cap1) + |Gyl =1+8=09.

It Rt
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Theorem (e.g., Béna '06)

For every even n > 0, |O,| = |E,| = (n — 1)112.
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Theorem (e.g., Béna '06)

For every even n > 0, |O,| = |E,| = (n — 1)112.

The descent set of a permutation 7 = [71,...,m] € &, is

Des(m) :=={i : mj > miz1} C [n—1].
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Theorem (e.g., Béna '06)

For every even n > 0, |O,| = |E,| = (n — 1)112.

The descent set of a permutation 7 = [71,...,m] € &, is
Des(m) :=={i : mj > miz1} C [n—1].

Our main result is the following.

Theorem (Adin-Hegediis-R 2025)

For every even n and J C [n — 1],

{m € O, : Des(m) =J}| = |{m € E,: Des(w)=[n—1]\ J}|.
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Theorem (e.g., Béna '06)

For every even n > 0, |O,| = |E,| = (n — 1)112.

The descent set of a permutation 7 = [71,...,m] € &, is
Des(m) :=={i : mj > miz1} C [n—1].

Our main result is the following.

Theorem (Adin-Hegediis-R 2025)

For every even n and J C [n — 1],
{m € O, : Des(m) =J}| = |{m € E,: Des(w)=[n—1]\ J}|.

This also holds for odd n, for a properly defined E,.
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Theorem (e.g., Béna '06)
o= |Ed = (n— )12,

The descent set of a permutation 7 = [71,...,m] € &, is
Des(m) :=={i : mj > miz1} C [n—1].

Our main result is the following.

Theorem (Adin-Hegediis-R 2025)

For every even n and J C [n — 1],
{m € O, : Des(m) =J}| = |{m € E,: Des(w)=[n—1]\ J}|.

This also holds for odd n, for a properly defined E,.

Two proofs will be sketched, one representation theoretic [AHR,
ALCO '26]
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Theorem (e.g., Béna '06)

For every even n > 0, |O,| = |E,| = (n — 1)112.

The descent set of a permutation 7 = [71,...,m] € &, is
Des(m) :=={i : mj > miz1} C [n—1].

Our main result is the following.

Theorem (Adin-Hegediis-R 2025)

For every even n and J C [n — 1],
{m € O, : Des(m) =J}| = |{m € E,: Des(w)=[n—1]\ J}|.

This also holds for odd n, for a properly defined E,.

Two proofs will be sketched, one representation theoretic [AHR,
ALCO '26] and one bijective [Elizalde, Europ. J. Comb. '26].
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Representation theoretic proof
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Quasisymmetric functions
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Quasisymmetric functions

For a subset J C [n—1]:={1,2,...,n—1} let
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Quasisymmetric functions

For a subset J C [n—1]:={1,2,...,n—1} let

Fny(x) := Z Xiy Xiy * * + Xi.

1<ii<i<...<in
i<ina if jeJ

be the corresponding fundamental quasisymmetric function.

Bijective proof
0000000000000
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Quasisymmetric functions

For a subset J C [n—1]:={1,2,...,n—1} let

Fny(x) := Z Xiy Xip * * * Xi,

1<ii<i<...<in
ii<ijy ifjed

be the corresponding fundamental quasisymmetric function.

The functions {F, ; : J C [n — 1]} are known to be linearly
independent.
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Quasisymmetric functions

For a subset J C [n—1]:={1,2,...,n—1} let

Fny(x) := Z Xiy Xip * * * Xi,

1<ii<i<...<in
ii<ijy ifjed

be the corresponding fundamental quasisymmetric function.

The functions {F, ; : J C [n — 1]} are known to be linearly
independent.

Defining an involution w by

W(Fng) = Fopp-pg - (VIS [n—1]),
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Quasisymmetric functions

For a subset J C [n—1]:={1,2,...,n—1} let

Fas)i= ) Xiy X * ** Xiy
1<ii<i<...<in
ii<ijy ifjed
be the corresponding fundamental quasisymmetric function.

The functions {F, ; : J C [n — 1]} are known to be linearly
independent.

Defining an involution w by
W(Fng) = Fopp-pg - (VS [n—1]),

it follows that our main result is equivalent to the claim

Z Fn,Des(ﬂ') =w Z fn,Des(ﬂ)

€Oy ek,
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Lyndon symmetric functions
For a subset A C &, let

Qa = Z fn,Des(Tr)'

TEA

Bijective proof
0000000000000
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Lyndon symmetric functions
For a subset A C &, let

Qa = Z -Fn,Des(Tr)-

TEA

We want to prove that

Qo, = w(QE,)-

Bijective proof
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For A n, let C, C &, be the conjugacy class of permutations of
cycle type A. The Lyndon symmetric function indexed by A is

Ly:= QC,\ = Z ]:n,Des(7r)'

TeCy
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Lyndon symmetric functions
For a subset A C &, let

Qa = Z -Fn,Des(Tr)-

TEA

We want to prove that

Qo, = w(QE,)-

For A n, let C, C &, be the conjugacy class of permutations of

cycle type A. The Lyndon symmetric function indexed by A is

Ly:= QC,\ = Z ]:n,Des(7r)'

TeCy

A priori, Ly is only quasisymmetric.
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Lyndon symmetric functions
For a subset A C &, let

Qa = Z -Fn,Des(Tr)

TEA

We want to prove that

Qo, = w(QE,)-

For A n, let C, C &, be the conjugacy class of permutations of
cycle type A. The Lyndon symmetric function indexed by A is

Ly:= QC,\ = Z ]:n,Des(7r)'

TeCy

A priori, Ly is only quasisymmetric.

Theorem [Gessel-Reutenauer '93] For every At n, Ly = Qc, is
symmetric and Schur-positive.
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Stanley's Codimension Problem

Let AG, be the space of all homogeneous symmetric functions of degree n.
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Stanley's Codimension Problem

Let A% be the space of all homogeneous symmetric functions of degree n.

The Codimension Problem (Stanley '22):
Find the codimension, in A?, of the subspace spanned by all the
Lyndon symmetric functions of degree n.
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Stanley's Codimension Problem

Let A% be the space of all homogeneous symmetric functions of degree n.

The Codimension Problem (Stanley '22):
Find the codimension, in A?, of the subspace spanned by all the
Lyndon symmetric functions of degree n.

Richard Stanley's talk in FPSAC 2021,
The symmetric functions catalog,

OEIS A352457.
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Stanley's Codimension Problem

Let A% be the space of all homogeneous symmetric functions of degree n.

The Codimension Problem (Stanley '22):
Find the codimension, in A?, of the subspace spanned by all the

Lyndon symmetric functions of degree n.

Richard Stanley's talk in FPSAC 2021,
The symmetric functions catalog,
OEIS A352457.

= Search for identities on Lyndon symmetric functions;
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Stanley's Codimension Problem

Let A% be the space of all homogeneous symmetric functions of degree n.

The Codimension Problem (Stanley '22):
Find the codimension, in A?, of the subspace spanned by all the
Lyndon symmetric functions of degree n.

Richard Stanley's talk in FPSAC 2021,
The symmetric functions catalog,

OEIS A352457.

= Search for identities on Lyndon symmetric functions;
in particular, disjoint unions of conjugacy classes which have the
same distribution of Des.
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Stanley's Codimension Problem

Let A% be the space of all homogeneous symmetric functions of degree n.

The Codimension Problem (Stanley '22):
Find the codimension, in A?, of the subspace spanned by all the

Lyndon symmetric functions of degree n.
Richard Stanley's talk in FPSAC 2021,

The symmetric functions catalog,
OEIS A352457.

= Search for identities on Lyndon symmetric functions;

in particular, disjoint unions of conjugacy classes which have the
same distribution of Des.

Examples
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Stanley's Codimension Problem

Let A% be the space of all homogeneous symmetric functions of degree n.

The Codimension Problem (Stanley '22):
Find the codimension, in A?, of the subspace spanned by all the
Lyndon symmetric functions of degree n.

Richard Stanley's talk in FPSAC 2021,
The symmetric functions catalog,

OEIS A352457.

= Search for identities on Lyndon symmetric functions;
in particular, disjoint unions of conjugacy classes which have the
same distribution of Des.
Examples
Ly =Ly
Lian) = La2) + L
Loyt L3 = Le2ny +Leii
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Higher Lie characters

Let Z) be the centralizer in &, of a permutation of cycle type .

Observation If k; denotes the number of parts of A equal to /, then

Z\ = X(Zi16,).

1
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Higher Lie characters

Let Z) be the centralizer in &, of a permutation of cycle type .

Observation If k; denotes the number of parts of A equal to /, then

Z\ = X(Zi16,).

i

For each i, let w; be the linear character on Z; ! Sy, which is trivial
on &y, and primitive on Z;. Let W = ®); wi, a linear character on
Zy. The higher Lie character indexed by A is

A A 4G,
=w TZA .
Theorem [Garsia, Gessel, Reutenauer]

ch() =Ly (VA F n).
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Main theorem restated (plus)

Theorem (Adin-Hegediis-R '25)
For every n=2m > 0,

Z Ly=w Z Ly

A-2m AF2m
all parts odd all parts even
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Main theorem restated (plus)

Theorem (Adin-Heged(is-R '25)
For every n=2m > 0,

SN n=w| Y L = | D wg g,

AF2m AF2m puEm
all parts odd all parts even

where )(#"#7) js the type B higher Lie character corr. to (™, ™).
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Main theorem restated (plus)

Theorem (Adin-Heged(is-R '25)
For every n=2m > 0,

SN n=w| Y L = | D wg g,

AF2m AF2m puEm
all parts odd all parts even

where )(#"#7) js the type B higher Lie character corr. to (™, ™).

Note that [{m € By, : all cycles of 7 are positive}| = (2m — 1)!1,
and also the index of By, in Gap, is (2m — 1)!1. Thus the theorem
implies that |Expn| = |Oam| = (2m — 1)112.
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Main theorem restated (plus)

Theorem (Adin-Heged(is-R '25)
For every n=2m > 0,

Y Li=w S| = [ S wl g,

AF2m AF2m puEm
all parts odd all parts even

where )(#"#7) js the type B higher Lie character corr. to (™, ™).

Note that [{m € By, : all cycles of 7 are positive}| = (2m — 1)!1,
and also the index of By, in Gap, is (2m — 1)!1. Thus the theorem
implies that |Expn| = |Oam| = (2m — 1)112.

Combining the theorem with the Gessel-Reutenauer theorem implies

{m € O, : Des(w) = J}| = |[{m € E,: Des(w) =[n—1]\ J}|.



Characters
ooce

Explicit generating functions

Let x = (x1,x2,...) be a countable set of indeterminates. For a
permutation m € &, with n; cycles of size i for each i > 1, denote

c(7r . Hxn,

Let OP, (EP,) be the set of all partltlons of n with only odd
(respectively, even) parts. Then

> a X v

n>0 \e OP,, 7r€6

=) Z Z sign(r) 93, () x(V
n>0 \e EPn TeS,

_ <1+X2p>1/2p+1
!-;[0 1 — xop ’

Note: The equality of the first and last expressions was proved
already in [Calderbank-Hanlon-Sundaram '94].
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Root enumerators
The k-th root enumerator of a finite group G is the function
p¢ : G — N U {0} which counts the number of k-th roots of the
elements of G:

pS(g) = |{x € G : x* = g} .
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Root enumerators

The k-th root enumerator of a finite group G is the function
p¢ : G — N U {0} which counts the number of k-th roots of the
elements of G:

pi(g):=l{xe G:x" =g}l
Theorem [Scharf '91] For any integers k > 0 and n > 0,

ch(pg) = > Lx

Abn: Ck={1}
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Root enumerators

The k-th root enumerator of a finite group G is the function
¢ G — NU {0} which counts the number of k-th roots of the
elements of G:

pE(g) = l{x € G : x* = g}|.
Theorem [Scharf '91] For any integers k > 0 and n > 0,
ch(pg) = > Lx
Abn: Ck={1}
Define p¢,,: G — NU {0} by
pC(g) = |{x € G : xK=g for some odd k}| (Vg € G).
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Root enumerators

The k-th root enumerator of a finite group G is the function
pS : G — NU{0} which counts the number of k-th roots of the
elements of G:

pE(g) = l{x € G : x* = g}|.
Theorem [Scharf '91] For any integers k > 0 and n > 0,
ch(pg) = > Lx
Abn: Ck={1}
Define p¢,,: G — NU {0} by
pC(g) = |{x € G : xK=g for some odd k}| (Vg € G).

Corollary For any positive integer n,

(GH)
ch(poq) = Y. L= Qo,
An
all parts odd
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Theorem [Adin-Hegediis-R '25] For any integers k > 0 and n > 0

.
e = Z vh .

(>\+ A~ ={1}
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Theorem [Adin-Hegediis-R '25] For any integers k > 0 and n > 0

. AF A
pen = Z Yo ),

(,\+ A~ ={1}

Corollary For every classical Weyl group W and any k > 0, the
k-th root enumerator pZV is a proper character (i.e., positively
spanned by the irreducible characters).
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Bijective proof
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Bijective proof
Recall the main result:

Theorem
For any even n and any J C [n — 1],

|{m € Op: Des(rw)=J} = |{m € E,: Des(w) =[n—1]\ J}|.
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Bijective proof
Recall the main result:

Theorem
For any even n and any J C [n — 1],

Bijective proof
0800000000000

|{m € Op: Des(m) =[n—1]\ J} = |{w € E, : Des(w) = J}|.
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Bijective proof
Recall the main result:

Theorem
For any even n and any J C [n — 1],

|{m € Op: Des(m) =[n—1]\ J} = |{w € E, : Des(w) = J}|.

For m € &, define its ascent set

Asc(m) = [n— 1] \ Des(m).
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Bijective proof
Recall the main result:

Theorem
For any even n and any J C [n — 1],

{m € On: Asc(m) =J}| = |{m € E,: Des(m) = J}|.

For m € &, define its ascent set

Asc(m) = [n— 1] \ Des(m).
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Bijective proof
Recall the main result:

Theorem
For any even n and any S C [n — 1],

{m € On: Asc(m) C S}| = |{m € E,: Des(m) C S}|.

For m € &, define its ascent set

Asc(m) = [n— 1] \ Des(m).
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Bijective proof
Recall the main result:

Theorem
For any even n and any S C [n — 1],

{m € On: Asc(m) C S}| = |{m € E,: Des(m) C S}|.

For m € &, define its ascent set

Asc(m) = [n— 1] \ Des(m).

We will construct an explicit bijection

{m € O, :Asc(r) C S} «~ {7 € E, : Des(m) C S}.
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Structure of the bijection

{me O0,:Asc(r) CS} e~ {me€E,:Des(nr)CS}
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Structure of the bijection

@:9
{r € 0p:Asc(n) €S} «w {m€E,:Des(r)C S}
\: 1

Multisets of Multisets of
odd, distinct necklaces even necklaces
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Structure of the bijection

B
{r€0,:Asc(r)C S} e~ {meE,:Des(r)C S}
{ {

Multisets of Multisets of
odd, distinct necklaces even necklaces

Il Il
Words whose Words whose
Lyndon factors “— Lyndon factors

are odd and distinct are even
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Multisets of necklaces

Let A={a,b,c,...}, W = finite words over A.
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Multisets of necklaces

Let A={a,b,c,...}, W = finite words over A.

A word u € W is primitive if it is not of the form u = r/ for j > 2.
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Multisets of necklaces

Let A={a,b,c,...}, W = finite words over A.

A word u € W is primitive if it is not of the form u = r/ for j > 2.

A necklace is an equivalence class of primitive words under cyclic
rotation, e.g. (a,b,a,b,a) = (b,a,b,a,a) = (a,b,a,a,b) =...
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Multisets of necklaces

Let A={a,b,c,...}, W = finite words over A.
A word u € W is primitive if it is not of the form u = r/ for j > 2.

A necklace is an equivalence class of primitive words under cyclic
rotation, e.g. (a,b,a,b,a) = (b,a,b,a,a) = (a,b,a,a,b) =...

M, = multisets of necklaces of total length n.
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Multisets of necklaces

Let A={a,b,c,...}, W = finite words over A.

A word u € W is primitive if it is not of the form u = r/ for j > 2.

A necklace is an equivalence class of primitive words under cyclic
rotation, e.g. (a,b,a,b,a) = (b,a,b,a,a) = (a,b,a,a,b) =...

M, = multisets of necklaces of total length n.

The weight of M € M, is wt(M) = a#'sp#b'sci#c’s
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Multisets of necklaces

Let A={a,b,c,...}, W = finite words over A.
A word u € W is primitive if it is not of the form u = r/ for j > 2.

A necklace is an equivalence class of primitive words under cyclic
rotation, e.g. (a,b,a,b,a) = (b,a,b,a,a) = (a,b,a,a,b) =...

M, = multisets of necklaces of total length n.
The weight of M € M, is wt(M) = a#'sp#b'sci#c’s
Ex: M = (a,b,a,b,a)(a, c)(a, c)(b) € Mig, wt(M) = a5b3c2.
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Multisets of necklaces

Let A={a,b,c,...}, W = finite words over A.
A word u € W is primitive if it is not of the form u = r/ for j > 2.
A necklace is an equivalence class of primitive words under cyclic
rotation, e.g. (a,b,a,b,a) = (b,a,b,a,a) = (a,b,a,a,b) =...
M, = multisets of necklaces of total length n.
The weight of M € M, is wt(M) = a#a'sp#P'sc#c’s

Ex: M = (a,b,a,b,a)(a, c)(a, c)(b) € Mig, wt(M) = a5b3c2.

Define the weight of a set S = {s1,2,...,5¢} C [n — 1] to be the
monomial with exponents s;,s — s1,...,n — sg.

Ex: If n=6and S ={2,3} C [5], then wt(S) = a’bc3.
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From permutations to multisets of necklaces: Des C S

In 1993, Gessel and Reutenauer described a bijection
{m € &, :Des(r) CS} = {Me M, wt(M)=wt(S)}

that preserves the cycle structure.
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From permutations to multisets of necklaces: Des C S
In 1993, Gessel and Reutenauer described a bijection
{m € &, :Des(r) CS} = {Me M, wt(M)=wt(S)}
that preserves the cycle structure.
Example

Let n=8and S = {4,7}, so wt(S) = a*b3c.
Let m = 4567-238:1 € Gg.
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From permutations to multisets of necklaces: Des C S
In 1993, Gessel and Reutenauer described a bijection
{m € &, :Des(r) CS} = {Me M, wt(M)=wt(S)}

that preserves the cycle structure.

Example

Let n=8and S = {4,7}, so wt(S) = a*b3c.
Let m = 4567-238:1 € Gg.

== (3,6)(2,5)(1,4,7,8)
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From permutations to multisets of necklaces: Des C S
In 1993, Gessel and Reutenauer described a bijection
{m € &, :Des(r) CS} = {Me M, wt(M)=wt(S)}

that preserves the cycle structure.

Example

Let n=8and S = {4,7}, so wt(S) = a*b3c.

Let m = 4567-238:1 € Gg.
m=(3,6)(2,5)(1,4,7,8) — (a, )(a, )(a,a, , ).
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From permutations to multisets of necklaces: Des C S
In 1993, Gessel and Reutenauer described a bijection
{m € &, :Des(r) CS} = {Me M, wt(M)=wt(S)}

that preserves the cycle structure.

Example

Let n=8and S = {4,7}, so wt(S) = a*b3c.

Let m = 4567-238:1 € Gg.

7 =(3,6)(2,5)(1,4,7,8) — (a,b)(a,b)(a,a,b, ).
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From permutations to multisets of necklaces: Des C S
In 1993, Gessel and Reutenauer described a bijection
{m € &, :Des(r) CS} = {Me M, wt(M)=wt(S)}

that preserves the cycle structure.

Example

Let n=8and S = {4,7}, so wt(S) = a*b3c.

Let m = 4567-238:1 € Gg.
m=(3,6)(2,5)(1,4,7,8) — (a,b)(a,b)(a,a,b,c).
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From permutations to multisets of necklaces: Des C S

M¢E = multisets of necklaces of even length.

59;9
ey

{m € 0, :Asc(r) C S} {m € E, : Des(m) C S}

!
{M € M : wt(M) = wt(S)}
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From permutations to multisets of necklaces: Des C S

M¢E = multisets of necklaces of even length.

4567-238-1=(3,6)(2,5)(1,4,7,8)
i
Ra2ad

{m € 0, :Asc(r) C S} {m € E, : Des(m) C S}

!
{M € M : wt(M) = wt(S)}

(a,b)(a,b)(a,a,b,c)
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From permutations to multisets of necklaces: Asc C S

To deal with ascent sets, we use a related bijection due to
Gessel-Restivo—Reutenauer '12 and Steinhardt '10.
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From permutations to multisets of necklaces: Asc C S

To deal with ascent sets, we use a related bijection due to
Gessel-Restivo—Reutenauer '12 and Steinhardt '10.

Unfortunately, the resulting necklaces are not primitive in general.
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From permutations to multisets of necklaces: Asc C S

To deal with ascent sets, we use a related bijection due to
Gessel-Restivo—Reutenauer '12 and Steinhardt '10.

Unfortunately, the resulting necklaces are not primitive in general.

However, those of odd length are primitive
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From permutations to multisets of necklaces: Asc C S

To deal with ascent sets, we use a related bijection due to
Gessel-Restivo—Reutenauer '12 and Steinhardt '10.

Unfortunately, the resulting necklaces are not primitive in general.

However, those of odd length are primitive and distinct.
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From permutations to multisets of necklaces: Asc C S

To deal with ascent sets, we use a related bijection due to
Gessel-Restivo—Reutenauer '12 and Steinhardt '10.

Unfortunately, the resulting necklaces are not primitive in general.

However, those of odd length are primitive and distinct.
M¢ = multisets of distinct necklaces of odd length.

We get a bijection

{m € Op:Asc(m) C S} — {M e M7 : wt(M) = wt(S)}.
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The bijections so far

M¢ = multisets of necklaces of even length.

M¢ = multisets of distinct necklaces of odd length.

5
N

{m € Op : Asc(m) C S} {m € E,:Des(m) C S}

! I
{M e M¢ : wt(M) =wt(S)} {M € M¢ : wt(M) = wt(S)}
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The bijections so far

M¢ = multisets of necklaces of even length.

M¢ = multisets of distinct necklaces of odd length.

8632-541-7=(5)(3)(2,6,4)(1,8,7)

Bijective proof
0000000800000

4567-238-1=(3,6)(2,5)(1,4,7,8)

@;‘9
{m € Op : Asc(m) C S} e~ {m € E,:Des(m) C S}
! I
{M e M¢ : wt(M) =wt(S)} {M € M¢ : wt(M) = wt(S)}

(b)(a)(a,b,a)(a,c,b) (a,b)(a,b)(a,a,b,c)
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The bijections so far

M¢ = multisets of necklaces of even length.

M¢ = multisets of distinct necklaces of odd length.

8632-541-7=(5)(3)(2,6,4)(1,8,7) 4567-238-1=(3,6)(2,5)(1,4,7,8)

| @

{m € Op : Asc(m) C S} {m € E,:Des(m) C S}

! I
{M e M¢ : wt(M) =wt(S)} {M € M¢ : wt(M) = wt(S)}

(b)(a)(a,b,a)(a,c,b) (a,b)(a,b)(a,a,b,c)

We can interpret multisets of necklaces as words.
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Lyndon words

A Lyndon word is a primitive word that is lexicographically smaller
than all of its cyclic rotations. Let £ be the set of Lyndon words.

Example: aabab € L, but ababa ¢ L.
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Lyndon words

A Lyndon word is a primitive word that is lexicographically smaller
than all of its cyclic rotations. Let £ be the set of Lyndon words.

Example: aabab € L, but ababa ¢ L.

We identify necklaces with Lyndon words: (a,b, a,b,a) <> aabab.
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Bijective proof
0000000080000

Lyndon words

A Lyndon word is a primitive word that is lexicographically smaller
than all of its cyclic rotations. Let £ be the set of Lyndon words.

Example: aabab € L, but ababa ¢ L.

We identify necklaces with Lyndon words: (a,b, a,b,a) <> aabab.

Theorem (Lyndon '58)

Every w € W has a unique Lyndon factorization w = {1|la| ... |lm
where {; € L for all i, and £1 > £y > --- > L, lexicographically.
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Lyndon words
A Lyndon word is a primitive word that is lexicographically smaller

than all of its cyclic rotations. Let £ be the set of Lyndon words.

Example: aabab € L, but ababa ¢ L.

We identify necklaces with Lyndon words: (a,b, a,b,a) <> aabab.

Theorem (Lyndon '58)
Every w € W has a unique Lyndon factorization w = £1|l2] ... |¢m
where {; € L for all i, and £1 > £y > --- > L, lexicographically.

Example
w = dedccedcdbdbdaabd
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Lyndon words
A Lyndon word is a primitive word that is lexicographically smaller

than all of its cyclic rotations. Let £ be the set of Lyndon words.

Example: aabab € L, but ababa ¢ L.

We identify necklaces with Lyndon words: (a,b, a,b,a) <> aabab.

Theorem (Lyndon '58)
Every w € W has a unique Lyndon factorization w = £1|l2] ... |¢m
where {; € L for all i, and £1 > £y > --- > L, lexicographically.

Example
w = dedccedcdbdbdaabd = de|d|ccedcd|bd|bd|aabd
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Lyndon words

A Lyndon word is a primitive word that is lexicographically smaller
than all of its cyclic rotations. Let £ be the set of Lyndon words.

Example: aabab € L, but ababa ¢ L.

We identify necklaces with Lyndon words: (a,b, a,b,a) <> aabab.

Theorem (Lyndon '58)
Every w € W has a unique Lyndon factorization w = {1|la| ... |lm
where {; € L for all i, and £1 > £y > --- > L, lexicographically.
Example
w = dedccedcdbdbdaabd = de|d|ccedcd|bd|bd|aabd

< (d,e)(d)(c,c,e,d,c,d)(b,d)(b,d)(a,a,b,d).
We identify multisets of necklaces with words.
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The bijections so far
Define the following sets of length-n words:

WE = words all of whose Lyndon factors have even length.

WO

words all of whose Lyndon factors have odd length
and are distinct.

Bijective proof
0000000008000
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The bijections so far
Define the following sets of length-n words:

WE = words all of whose Lyndon factors have even length.

W2 = words all of whose Lyndon factors have odd length
and are distinct.

By

{r € 0, : Asc(r) C S} v {r € E, : Des(w) C S}
! !

{M e M : wt(M) = wt(S)} {M e M¢ : wt(M) = wt(S)}
Il Il

{w e W? :wt(w) =wt(S)} {w e We :wt(w) = wt(S)}

(v)(a)(a,b,a)(a,c,b) =blacb|aabla (a,b)(a,b)(a,a,b,c) = ablablaabc
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The bijections so far
Define the following sets of length-n words:

WE = words all of whose Lyndon factors have even length.

W2 = words all of whose Lyndon factors have odd length
and are distinct.

&%

{m € 0, : Asc(r) C S} Do {r € E, : Des(r) C S}
7 7

{M e M : wt(M) = wt(S)} {M e M¢ : wt(M) = wt(S)}
Il Il

(weWe wt(w) =wt(S)} <+ {weWe: wt(w) = wt(S)}

(v)(a)(a,b,a)(a,c,b) =blacb|aabla (a,b)(a,b)(a,a,b,c) = ablablaabc

We want a weight-preserving bijection between W2 and Wr.
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A weight preserving bijection W : W? — W¢
Given w € W,

Example

w = dadcdebccc
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.

Example
p o 3

w = dadcdebccc —
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® Let @ = 01|02] ... |om be the Lyndon factorization of a.

Example
p o 3

w = d|adcdebcce —
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.
® If |om| > 1, write o, = ris where s = lex. smallest proper suffix.

Example
p o 3

w = d|adcde bccc —
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.
® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
e Say that oy, is splittable if s < op,_1.

Example
p N 3

w = d|adcdeibccc —
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.
® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.

* Update (0102...0m—1r, sB) if o splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
a B
w = d|adcdeibccc —

d|adcde bcee
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® Let @ = 01|02] ... |om be the Lyndon factorization of a.

® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.
* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
o p
w = d|adcdebcce —

d|adcde bcee
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.
® If |om| > 1, write o, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.

* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
a B
w = d|adcdebcce —

dladicde bcee
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.
® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
e Say that oy, is splittable if s < op,_1.

* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
a B
w = d|adcdebcce —

dladicde bcee



Main result Quasisymmetric functions Characters Root interpretation Bijective proof
oo 0000 [e]e]e} e]e] 0000000000800

A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.
® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.

* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, ) =< (0102 ...0m_15, rf3) if o splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
a B
w = d|adcdebcce —
dladicde bcee

d|cde adbcce
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® Let @ = 01|02] ... |om be the Lyndon factorization of a.

® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.
* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
a B
w = d|adcdebcce —
d|adcde bcee

d|cde adbcce



Main result Quasisymmetric functions Characters Root interpretation Bijective proof
oo 0000 [e]e]e} e]e] 0000000000800

A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.

® If |om| > 1, write o, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.
* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
a B
w = d|adcdebcce —
d|adcde bcee

d|cide adbcce
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.
® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
e Say that oy, is splittable if s < op,_1.

* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Example
a B
w = d|adcdebcce —
d|adcde bcee

d|cide adbcce
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.

® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.
* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, OmOm—103) if on, not splittable.
Example
a B
w = d|adcdebcce —
d|adcde bcee
d|cide adbcce

— cdedadbccc
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.

® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.
* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Set V(w) = 6.
Example
a B
w = d|adcdebcce —
d|adcde bcee
d|cde adbcce

- cdedadbccec = V(w)
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A weight preserving bijection W : W? — W¢
Given w € W, initially set « = w and § = —.
Repeat until « is empty:
® let @ = 01|02] ... |om be the Lyndon factorization of a.

® If lom| > 1, write 0, = ris where s = lex. smallest proper suffix.
® Say that o, is splittable if s < op,_1.
* Update (0102...0m—1r, sB) if o, splittable and |s| even,
(o, B) =< (0102 ... 0m_15, rf3) if om splittable and |r| even,
(0102...0m—2, Omom—13) if o, not splittable.
Set V(w) = 6.
Example
o p
w = d|adcdebcce -
d|adcde bcee
d|cde adbccce

- cdedladbccc = W(w)
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A weight preserving bijection W : W? — W¢

Theorem
The map W : WS — W¢ is a weight-preserving bijection.



Main result Quasisymmetric functions Characters Root interpretation Bijective proof
[e]e] [e]e]e]e] ) [e]e] 0000000000080

A weight preserving bijection W : W? — W¢

Theorem
The map W : WS — W¢ is a weight-preserving bijection.

Composing the maps, we obtain the desired bijection:

o

o0

{7 € 0, : Asc(r) C S} ~ {7 € E, : Des(r) C S}
! !
{M e M¢ : wt(M) =wt(S)} {M € M¢ : wt(M) = wt(S)}

Il Il
(weWe wt(w) =wt(S)} - {we We:wi(w) = wt(S)}
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Thank you
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