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Matroids

Fix K an infinite field.

The support of a linear form £ =>""  aix € (K")" is
supp(¢) :={x; : a; # 0}
A linear subspace L C (K")* induces a matroid

M(L) := {supp(¥) : £ € L}

Felipe Rincén (Queen Mary) Tropical Ideals Jul 15, 2026

2/13



Matroids

Fix K an infinite field.

The support of a linear form £ =>""  aix € (K")" is
supp(¢) :={x; : a; # 0}

A linear subspace L C (K")* induces a matroid

M(L) := {supp(¥) : £ € L}

The collection M = M(L) satisfies:
(MO) pe M
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Matroids

Fix K an infinite field.

The support of a linear form £ =>""  aix € (K")" is
supp(¢) :={x; : a; # 0}
A linear subspace L C (K")* induces a matroid

M(L) := {supp(¥) : £ € L}

The collection M = M(L) satisfies:
(MO) pe M
(M1) If 51,5, € M then 5, US e M
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Matroids

Fix K an infinite field.

The support of a linear form £ =>""  aix € (K")" is
supp(¢) :={x; : a; # 0}
A linear subspace L C (K")* induces a matroid

M(L) := {supp(¥) : £ € L}

The collection M = M(L) satisfies:
(M0) e M
(M1) If 51,52 € M then ;U S, e M
(M2) If 51,5, € M and x; € 51 N S then there is S3 € M such that

SSAS C S C (SUS)\ {x}
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Matroids

Fix K an infinite field.

The support of a linear form £ =>""  aix € (K")" is
supp(¢) :={x; : a; # 0}
A linear subspace L C (K")* induces a matroid

M(L) := {supp(¥) : £ € L}

The collection M = M(L) satisfies:
(M0) e M
(M1) If 51,52 € M then ;U S, e M
(M2) If 51,5, € M and x; € 51 N S then there is S3 € M such that

SSAS C S C (SUS)\ {x}

.

A collection M of subsets of {xi,...,x,} satisfying (M0) - (M2) is called a matroid.

If M = M(L) then M is realizable over K.
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Tropical ideals

A polynomial f =" X" € K[x1,...,xn] has support
supp(f) :={ueN": ¢ # 0}
An ideal J C K[xi,...,xn] induces

supp(J) := {supp(f) : f € J}

ueNn
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Tropical ideals

A polynomial f =" X" € K[x1,...,xn] has support
supp(f) :={ueN": ¢ # 0}
An ideal J C K[xi,...,xn] induces

supp(J) := {supp(f) : f € J}

uecN”?

The collection / = supp(J) C 2" satisfies:
(TI0) 0 e/
(TIL) If $1,S5, € I then S;US, €/
(TI2) If 51,5 € I and u € 51 N S, then there is S3 € [ such that

SSAS C S C (S5US) )\ {u}
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Tropical ideals

A polynomial f = ZHGN,, X" € K[x1,...,xn] has support
supp(f) :={ueN": ¢ # 0}
An ideal J C K[xi,...,xn] induces
supp(J) := {supp(f) : f € J}

The collection / = supp(J) C 2" satisfies:
(TI0) 0 e/
(TIL) If $1,S5, € I then S;US, €/
(TI2) If 51,5 € I and u € 51 N S, then there is S3 € [ such that
S$AS, C S C (51 USz)\ {u}
(TI3) If Selthene;+ S :={ei+u:uecStel
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Tropical ideals
A polynomial f = ZHGN,, X" € K[x1,...,xn] has support
supp(f) :={ueN": ¢ # 0}

An ideal J C K[xi,...,xn] induces
supp(J) := {supp(f) : f € J}

The collection / = supp(J) C 2" satisfies:
(TI0) 0 e/
(TIL) If $1,S5, € I then S;US, €/
(TI2) If 51,5 € I and u € 51 N S, then there is S3 € [ such that
S$AS, C S C (51 USz)\ {u}
(TI3) If Selthene;+ S :={ei+u:uecStel

\.

Definition (Maclagan-R '16)

A collection [ of finite subsets of N" satisfying (TI0) - (TI3) is called a tropical ideal.

If I = supp(J) then [ is realizable over K.
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Tropical ideals

If Ag = monomials of deg < d, then I<4:={S €1:5 C Ay} is a matroid My(/) on Ag.
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Tropical ideals

If Ag = monomials of deg < d, then I<4:={S €1:5 C Ay} is a matroid My(/) on Ag.

A tropical ideal is an “infinite tower of compatible matroids” (Mq)a>o0:
> My is a matroid on the ground set Ay
> My = Mqgi1|a,

> For any variable x; we have a matroid quotient x; - Mg — Myt1|x.a,
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Tropical ideals

If Ag = monomials of deg < d, then I<4:={S €1:5 C Ay} is a matroid My(/) on Ag.

A tropical ideal is an “infinite tower of compatible matroids” (Mq)a>o0:
> My is a matroid on the ground set Ay
> My = Mqgi1|a,

> For any variable x; we have a matroid quotient x; - Mg — Myt1|x.a,

Ideals of K(x1,... 2y Tropical ideals

- __Realizable

@)vvr K)
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Examples of tropical ideals

Example
Take n =1 and / the collection of finite subsets of at least 2 monomials (plus {0}).
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Examples of tropical ideals

Example

Take n =1 and / the collection of finite subsets of at least 2 monomials (plus {0}).

Example

Take n =2, and [ the collection of finite unions of subsets C consisting of k + 2
monomials inside a standard triangle of size k (and C is minimal with this property).

~0® <0
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Examples of tropical ideals

Example
Take n =1 and / the collection of finite subsets of at least 2 monomials (plus {0}).

Example

Take n =2, and [ the collection of finite unions of subsets C consisting of k + 2
monomials inside a standard triangle of size k (and C is minimal with this property).

w O

y
[ ] [ ] [ ] o]
y? y? Y2 oxy?
L ] [ ] [ ] [ ] (o] [ ] o] [ ]
y y o oxy y oxy y xy x¥y
[ ] [ ] o] o] o] 0] [ ] [ ] o] [ ] o] [ ]
1 X 1 X x? 1 X x? 1 X x? x3

It is non-realizable: If | = supp(J) for J C K|[x,y] then
x+y+1leJ and (x+y+1)(x2—|—y2—xy—x—y+1):(X3+y3—3xy+1)EJ
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Examples of tropical ideals

Example
Take n =1 and / the collection of finite subsets of at least 2 monomials (plus {0}).

Example

Take n =2, and [ the collection of finite unions of subsets C consisting of k + 2
monomials inside a standard triangle of size k (and C is minimal with this property).

o]
y3
[ ] [ ] [ ] o]
y? y? Y2 oxy?
L ] [ ] [ ] [ ] (o] [ ] o] [ ]
y y o oxy y oxy y xy x¥y
[ ] [ ] o] o] o] 0] [ ] [ ] o] [ ] o] [ ]
1 X 1 X x? 1 X x? 1 X x? x3

It is non-realizable: If | = supp(J) for J C K|[x,y] then
x+y+1leJ and (x+y+1)(x2—|—y2—xy—x—y+1):(X3+y3—3xy+1)EJ

Theorem (Anderson-R '21)

There are uncountably many tropical ideals in one variable (while only countably many
are realizable).
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Why tropical ideals?

Tropical geometry is a piecewise-linear shadow of algebraic geometry.

O tropicalization R
E——
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Why tropical ideals?

Tropical geometry is a piecewise-linear shadow of algebraic geometry.

Q tropicalization R
EE—

If V. C A" is the zero locus of an ideal J C K[xi,...,xx],

trop(V):={aeR":VS € supp(J), the rlr‘wea;((a - u) is attained at least twice}

ﬂ codimension-1 skeleton of the normal fan N (convex(S))
Séesupp(J)
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Why tropical ideals?

Example
Take J={(x+y+1) C K[x,yl Vis a line in A?
J={x+y+1, supp(J) = { {x,y,1},
xy+y* +y, {xv,y? v},
XX -y +x—y, {x%,y%, x, ¥}
-} .
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Why tropical ideals?

Example
Take J={(x+y+1) CKlx,yl Vis a line in A?
J={x+y+1, supp(J) = { {x,y,1},
X2+ xy + x, {x27xy,x}
xy+y>+y, v, vy}
P —y?+x—y, %y, %y}

! )

Structure Theorem in Tropical Geometry
The set trop(V) is a finite polyhedral fan, of the
same dimension and degree as V.

Maximal cones of trop(V) come with
multiplicities that make it balanced.
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Why tropical ideals?

Example
Take J={(x+y+1) C K[x,yl Vis a line in A?
J={x+y+1, supp(J) = { {x,y,1},
xy+y* +y, {xv,y? v},
XX -y +x—y, {x%,y%, x, ¥}
) !

Structure Theorem in Tropical Geometry

The set trop(V) is a finite polyhedral fan, of the

same dimension and degree as V. o« .
Maximal cones of trop(V) come with

multiplicities that make it balanced.

Giansiracusa-Giansiracusa '13: We should look at algebraic information as well.

Maclagan-R '14: This information is equivalent to the collection supp(J).
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Hilbert functions

The (affine) Hilbert function of an ideal J C K[xi,...,xn] is the function H, : N — N

H_/(d) = dimg ( K[Xl7 N ,Xn]gd/Jgd)

Felipe Rincén (Queen Mary) Tropical Ideals Jul 15, 2026 8/13



Hilbert functions

The (affine) Hilbert function of an ideal J C K[xi,...,xn] is the function H, : N — N
H_/(d) = dimK ( K[Xl7 e ,Xn]gd/Jgd)
Definition
The Hilbert function of a tropical ideal I is the function H; : N —» N
Hi(d) : = rank My(1)
= size of any maximal B C Ag4 with B 2 S for any S € /

If I = supp(J) then H; = H,.

Ideals of Klz1,....a, Tropical ideals

Q - ’

Hilbert functions
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Hilbert functions

The (affine) Hilbert function of an ideal J C K[xi,...,xn] is the function H, : N — N

H_/(d) = dimg ( K[Xl7 N ,Xn]gd/Jgd)

Definition
The Hilbert function of a tropical ideal I is the function H; : N —» N

Hi(d) : = rank My(1)
= size of any maximal B C Ag4 with B 2 S for any S € /

If I = supp(J) then H; = H,.

Ideals of Klz1,....a, Tropical ideals

Theorem (Maclagan-R '16) s
The Hilbert function of any tropical ideal is
eventually polynomial. ) .

Hilbert functions
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Varieties of tropical ideals

The variety of a tropical ideal [ is

V(I):={aeR":VS €l the ma§<(a - u) is attained at least twice}
ue

Felipe Rincén (Queen Mary)
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Varieties of tropical ideals

The variety of a tropical ideal [ is

V(I):={aeR":VS €l the ma§<(a - u) is attained at least twice}
ue

Ideals of K[zy,...,2,) Tropical ideals

Theorem (Maclagan-R '16 )

The set V() is a finite polyhedral fan
of dimension

supp

Tropical varieties

dim(V/(/)) = degree of the Hilbert polynomial of |
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Varieties of tropical ideals

The variety of a tropical ideal [ is

V(I):={aeR":VS €l the ma§<(a - u) is attained at least twice}
ue

Ideals of K[zy,...,2,) Tropical ideals

Theorem (Maclagan-R '16, '20)

The set V() is a finite balanced polyhedral fan
of dimension

supp

Tropical varieties

dim(V/(/)) = degree of the Hilbert polynomial of |
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Varieties of tropical ideals

The variety of a tropical ideal [ is

V(l):={aeR":VS el the ma;((a -u) is attained at least twice}
uc

Ideals of K[z1,... .2, Tropical ideals

Theorem (Maclagan-R '16, '20)

The set V() is a finite balanced polyhedral fan
of dimension

__supp

dim(V/(I)) = degree of the Hilbert polynomial of | - Q

Tropical varieties

Problem: Find a useful algebraic/combinatorial property that ensures V(/) is pure.
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Tropically realizable matroids

Question: How general can the polyhedral fans V(/) be?

Definition
A matroid M on the set {1,...,n} is tropically realizable if
there is a tropical ideal | on the variables {xi,...,x,} s.t.

V(I) = Bergman fan of M.

All (linearly) realizable matroids are tropically realizable.

Bergman fan of Us 4
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Tropically realizable matroids

Question: How general can the polyhedral fans V(/) be?

Definition
A matroid M on the set {1,...,n} is tropically realizable if
there is a tropical ideal | on the variables {xi,...,x,} s.t.

V(I) = Bergman fan of M.

All (linearly) realizable matroids are tropically realizable.

Bergman fan of Us 4

Theorem (Draisma-R '19)
The matroid Vi3 @ Us 3 is not tropically realizable.
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Tropically realizable matroids

Question: How general can the polyhedral fans V(/) be?

Definition
A matroid M on the set {1,...,n} is tropically realizable if
there is a tropical ideal | on the variables {xi,...,x,} s.t.

V(I) = Bergman fan of M.

All (linearly) realizable matroids are tropically realizable.

Bergman fan of Us 4

Theorem (Draisma-R '19)
The matroid Vi3 @ Us 3 is not tropically realizable.

If M is a matroid on [m] and N is a matroid on [n], a tensor product of M and N is a
matroid P on [m] X [n] such that

» For any i, the map (i, j) — j is an isomorphism of matroids P|{}x[s; = N
» For any j, the map (i,j) + i is an isomorphism of matroids Py« 3 = M
» rank(P) = rank(M) - rank(N)
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Tropically realizable matroids

Theorem
The matroid Vi3 @ Us 3 is not tropically realizable.

Proof idea
> If V(I) = Bergman(Vs @ U>;3) then Mi(/) must be Vi @ Us 3

> Ma(I) restricted to the monomials x; y; must be a (quasi)product of Vg and Uz 3

» For the variety to be right, this restriction must have rank 8, but [Las Vergnas '81]
proved there is no tensor product of Vg and U3
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Tropically realizable matroids

Theorem
The matroid Vi3 @ Us 3 is not tropically realizable.

Proof idea
> If V(I) = Bergman(Vs @ U>;3) then Mi(/) must be Vi @ Us 3

> Ma(I) restricted to the monomials x; y; must be a (quasi)product of Vg and Uz 3

» For the variety to be right, this restriction must have rank 8, but [Las Vergnas '81]
proved there is no tensor product of Vg and U3

The class of tropically realizable matroids is closed under minors.
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Tropically realizable matroids

Theorem
The matroid Vi3 @ Us 3 is not tropically realizable.

Proof idea
> If V(I) = Bergman(Vs @ U>;3) then Mi(/) must be Vi @ Us 3

> Ma(I) restricted to the monomials x; y; must be a (quasi)product of Vg and Uz 3

» For the variety to be right, this restriction must have rank 8, but [Las Vergnas '81]
proved there is no tensor product of Vg and U3

The class of tropically realizable matroids is closed under minors.

Theorem (Anderson '23)

The class of tropically realizable matroids has infinitely many forbidden minors.
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Tropically realizable matroids

Theorem
The matroid Vi3 @ Us 3 is not tropically realizable.

Proof idea
> If V(I) = Bergman(Vs @ U>;3) then Mi(/) must be Vi @ Us 3

> Ma(I) restricted to the monomials x; y; must be a (quasi)product of Vg and Uz 3

» For the variety to be right, this restriction must have rank 8, but [Las Vergnas '81]
proved there is no tensor product of Vg and U3

The class of tropically realizable matroids is closed under minors.

Theorem (Anderson '23)

The class of tropically realizable matroids has infinitely many forbidden minors.
Problem: Is the Vamos matroid Vg tropically realizable?
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Tropical Nullstellensatz

Theorem (Maclagan-R '26+)
Strong Nullstellensatz:

V(S)D V(I) <= 3Im such that S+S+---+S5 €l
—_—

m times

Felipe Rincén (Queen Mary) Tropical Ideals Jul 15, 2026 12/13



Tropical Nullstellensatz

Theorem (Maclagan-R '26+)
Strong Nullstellensatz:

V(S) D V(I) <= 3m such that saturation(S+S+---+S) €l
—_—

m times
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Tropical Nullstellensatz

Theorem (Maclagan-R '26+)
Strong Nullstellensatz:

V(S) D V(I) <= 3m such that saturation(S+S+---+S) €l
—_—

m times
Some particular instances:
> V(=0 <= V(point) D V(I) <= [ contains a singleton
Felipe Rincén (Queen Mary)
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Tropical Nullstellensatz

Theorem (Maclagan-R '26+)
Strong Nullstellensatz:

V(S) D V(I) <= 3m such that saturation(S+S+---+S) €l
—_—

m times
Some particular instances:
> V(=0 <= V(point) D V(I) <= [ contains a singleton
> If J C Kl[xi,...,xd] is a zero-dimensional ideal,
for any polytope P # point, Im and F € J such that convex(supp(F)) = mP
Felipe Rincén (Queen Mary)
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Tropical Nullstellensatz

Theorem (Maclagan-R '26+)
Strong Nullstellensatz:

V(S) D V(I) <= 3m such that saturation(S+S+---+S) €l
—_—

m times
Some particular instances:
> V(=0 <= V(point) D V(I) <= [ contains a singleton
> If J C Kl[xi,...,xd] is a zero-dimensional ideal,
for any polytope P # point, Im and F € J such that convex(supp(F)) = mP

> V(S) D V((T)wop) <= Imsuch that saturation(S+S+---+5) € (T )trop
~———

m times
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Tropical Nullstellensatz

Theorem (Maclagan-R '26+)
Strong Nullstellensatz:

V(S) D V(I) <= 3m such that saturation(S+S+---+S) €l
—_—

m times
Some particular instances:
> V(=0 <= V(point) D V(I) <= [ contains a singleton
> If J C Kl[xi,...,xd] is a zero-dimensional ideal,
for any polytope P # point, Im and F € J such that convex(supp(F)) = mP

> V(S) D V((T)wop) <= Imsuch that saturation(S+S+---+5) € (T )trop
N———

m times

N(P) refines N(Q) = mP=Q+R
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Tropical Nullstellensatz

Theorem (Maclagan-R '26+)
Strong Nullstellensatz:

V(S) D V(I) <= 3m such that saturation(S+S+---+S) €l
—_—

m times
Some particular instances:
> V(=0 <= V(point) D V(I) <= [ contains a singleton
> If J C Kl[xi,...,xd] is a zero-dimensional ideal,
for any polytope P # point, Im and F € J such that convex(supp(F)) = mP

> V(S) D V((T)wop) <= Imsuch that saturation(S+S+---+5) € (T )trop
N———

m times

N(P) refines N(Q) = mP=Q+R <= mPNZ" = vert(Q) + RNZ"
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Many open questions!

» How can tropical ideals be finitely described?
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Many open questions!

» How can tropical ideals be finitely described?

Since there are uncountably many tropical ideals in one variable, tropical ideals are
not finitely determined.
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Many open questions!

» How can (some?) tropical ideals be finitely described?

Since there are uncountably many tropical ideals in one variable, tropical ideals are
not finitely determined.
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Many open questions!

» How can (some?) tropical ideals be finitely described?

Since there are uncountably many tropical ideals in one variable, tropical ideals are
not finitely determined.

Develop “commutative-algebraic” results for tropical ideals: sums, intersections,
prime ideals, primary decompositions, free resolutions, ...
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Many open questions!

» How can (some?) tropical ideals be finitely described?

Since there are uncountably many tropical ideals in one variable, tropical ideals are
not finitely determined.

Develop “commutative-algebraic” results for tropical ideals: sums, intersections,
prime ideals, primary decompositions, free resolutions, ...

e Given 51,5,...,S¢« C N, how can we combinatorially define (51,5, ..., Sk)trop?
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Many open questions!

» How can (some?) tropical ideals be finitely described?

Since there are uncountably many tropical ideals in one variable, tropical ideals are
not finitely determined.

Develop “commutative-algebraic” results for tropical ideals: sums, intersections,
prime ideals, primary decompositions, free resolutions, ...

e Given 51,5,...,S¢« C N, how can we combinatorially define (51,5, ..., Sk)trop?

» What more geometric information of V/(J) is captured by the tropical ideal supp(J)?
E.g., look for properties not captured by the tropical variety.

Ideals of K[ry,.... Tropical ideals

supp
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Many open questions!

» How can (some?) tropical ideals be finitely described?

Since there are uncountably many tropical ideals in one variable, tropical ideals are
not finitely determined.

Develop “commutative-algebraic” results for tropical ideals: sums, intersections,
prime ideals, primary decompositions, free resolutions, ...

e Given 51,5,...,S¢« C N, how can we combinatorially define (51,5, ..., Sk)trop?

» What more geometric information of V/(J) is captured by the tropical ideal supp(J)?
E.g., look for properties not captured by the tropical variety.

What can we say about the behavior of other matroid invariants in a “compatible
tower Of matrOidS”? Ideals of K[xy,... o] Tropical ideals

supp

@
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Many open questions!

» How can (some?) tropical ideals be finitely described?

Since there are uncountably many tropical ideals in one variable, tropical ideals are
not finitely determined.

Develop “commutative-algebraic” results for tropical ideals: sums, intersections,
prime ideals, primary decompositions, free resolutions, ...

e Given 51,5,...,S¢« C N, how can we combinatorially define (51,5, ..., Sk)trop?
» What more geometric information of V/(J) is captured by the tropical ideal supp(J)?
E.g., look for properties not captured by the tropical variety.

What can we say about the behavior of other matroid invariants in a “compatible
tower of matroids"? Ideals of K[xy,...,an) Tropical ideals

supp

Thank you!
Q
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