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P-partitions and order polynomials

For a finite poset P, a height m P-partition is
an order-preserving map

m: P —{0,1,...,m}.
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P-partitions and order polynomials

For a finite poset P, a height m P-partition is
an order-preserving map

m: P — {O,l,...,m}. 5<4-3<3<2
RPN
3<—3<-2
A IA
| <—1
A
0
S PP5(54)
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P-partitions and order polynomials

For a finite poset P, a height m P-partition is
an order-preserving map

T P—>{O,1,...,m}. 5<—3<43<2
et
The order polynomial counts these maps: }*—%*—2
|
Qp(m) = #PP(P). ATt
0
S PP5(54)
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P-partitions and order polynomials

For a finite poset P, a height m P-partition is
an order-preserving map

m: P —{0,1,...,m}.

5<-3<-3<-2
et
The order polynomial counts these maps: }*—%*—2
|
Qp(m) = #PP"(P). ATt
0
For 6, = (n,n—1,...,1),
5
i—|—j+2m T € PP (54)
an(m) = H T
1<i<j<n J
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Toggles and rowmotion

Piecewise-linear rowmotion, introduced by Einstein—Propp, is an action on the order polytope of a
finite poset P. It is a product of toggles:
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Toggles and rowmotion

Piecewise-linear rowmotion, introduced by Einstein—Propp, is an action on the order polytope of a
finite poset P. It is a product of toggles:

5(3](3 ﬂ The toggle at (/,/) changes only that entry:

3 2
11|
0

7ij(x) = min(N, W) + max(E, S) — x.

At the boundary, missing upper neighbors have value m and
missing lower neighbors have value 0.

toggle the highlighted 3
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Toggles and rowmotion

Piecewise-linear rowmotion, introduced by Einstein—Propp, is an action on the order polytope of a
finite poset P. It is a product of toggles:

5(3](3 ﬂ The toggle at (/,/) changes only that entry:

3 2 77j(x) = min(N, W) + max(E, S) — x.

1

0 At the boundary, missing upper neighbors have value m and

missing lower neighbors have value 0.
3—3+2-3=2

It is a local involution: it reflects the entry inside the
interval allowed by its neighbors.
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Toggles and rowmotion

Piecewise-linear rowmotion, introduced by Einstein—Propp, is an action on the order polytope of a
finite poset P. It is a product of toggles:

A The toggle at (/,/) changes only that entry:
; 77j(x) = min(N, W) + max(E, S) — x.
3 At the boundary, missing upper neighbors have value m and
4/

missing lower neighbors have value 0.

Row = Ryo R3o Ro o Ry It is a local involution: it reflects the entry inside the

interval allowed by its neighbors.
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A heuristic

“Posets which have order-polynomial product formulas

should have good dynamics.”

—Sam Hopkins
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A heuristic

“Posets which have order-polynomial product formulas
should have good dynamics.”

—Sam Hopkins
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rectangle staircase shifted staircase trapezoid chains of V's

[Armstrong—Stump— Cepr . .
[Rhoades, 2010] Thomas, 2013] [Rush—Shi, 2013] [Johnson—Liu, 2023] [Hopkins—Rubey, 2022]
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A heuristic

“Posets which have order-polynomial product formulas

should have good dynamics.”

height 2 now
|

rectangle staircase shifted staircase trapezoid

[Armstrong—Stump— Cepr .
[Rhoades, 2010] Thomas, 2013] [Rush—Shi, 2013] [Johnson—Liu, 2023]

all heights height 1 height 1 all heights
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Good dynamics: cyclic sieving
Let C = (c) be a cyclic group of order N acting on a finite set X, and let f(q) € N|[q].

Definition (Reiner-Stanton-White, 2004)
The triple (X, C, f) exhibits the cyclic sieving phenomenon if, for every k,

#Fix(c") = £(¢F), (=N,
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Good dynamics: cyclic sieving

Let C = (c) be a cyclic group of order N acting on a finite set X, and let f(q) € N|[q].
Definition (Reiner-Stanton-White, 2004)

The triple (X, C, f) exhibits the cyclic sieving phenomenon if, for every k,

#Fix(c") = £(¢F), (=N,

Conjecture for staircases

Let o

1 — ql+J+2m
1— ql+./

Q,(ma)= ][]

1<i<j<n

Forall m,n>1,

(PP™(6n), (Row),Qs,(m; q)) exhibits CSP, [{(Row)| = 2(n+ 1).
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Good dynamics: cyclic sieving
Let C = (c) be a cyclic group of order N acting on a finite set X, and let f(q) € NJq].

Definition (Reiner-Stanton-White, 2004)
The triple (X, C, f) exhibits the cyclic sieving phenomenon if, for every k,

#Fix(c") = £(¢F), (=N,

Conjecture for staircases

Let .
1 — ql+J+2m

1— ql+./

Q,(ma)= ][]

1<i<j<n

Forall m,n>1,

(PP™(6n), (Row),Qs,(m; q)) exhibits CSP, [{(Row)| = 2(n+ 1).

Theorem (Hopkins—Kim—P, 26+)

The staircase conjecture is true for m = 2.
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Proof at a glance

Rhoades-style blueprint: Realize staircase plane partitions as a basis of a representation on which
rowmotion acts cyclically, so fixed-point counts become character evaluations.
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Proof at a glance

Rhoades-style blueprint: Realize staircase plane partitions as a basis of a representation on which
rowmotion acts cyclically, so fixed-point counts become character evaluations.

rowmotion PP

promotion PP

type B> spin element

B.BE.B.,B,B.8

increments
_—

nn conjugacy n level sets
- T

ordrow(p) = 3

ordp,(m) = 3

By ~ G

bush basis £ Be Sundaram oscillating tableau

(gm J Do

word—tableau type C; element
<«
B € G

9) 19212111

s

¢ = {14,26,35}
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Promotion and Rowmotion

rowmotion promotion
o 1_2_3
1 J—
2 J—
3
4
ROW:R4OR3OR20R1 Pr=Fo0---0F_3
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Promotion and Rowmotion

rowmotion

1
2
3
4
ROW:R4OR3OR20R1

Theorem (Striker-Williams, 2012)

Pr and Row are conjugate, hence have the same orbit structure.

promotion

0o 1 _2_3

Pr=F30---0F_3
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Fans of Dyck paths
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Fans of Dyck paths

oth

Catalan Nurbers \,' \ ’ S ‘ Dyck P
1 2n
Cn £ m n) a

0) to (nn)
N and E steps
Y2

From (0
using
staying

|| Noncrossing matchings

* || Binary trees
o v Bt-avidn
ing perms
Bijection? . [2415 3P]
{ More like
BEAUTIJECTION!
g

inomial Love
Binomial -

@Y= @
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Staircase plane partitions and fans of Dyck paths

3[3]3]3]3]1]

3[3]2]2]2

3/3[2]1

1]1]1 —
1]0

0]

7 € PP3(5)

F = (000,111,222, 331, 442, 331, 220, 311,
420,311,200,111,220, 111, 000).
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Staircase plane partitions and fans of Dyck paths

3[3]3]3]3]1]

3[3]2]2]2

3/3[2]1

1]1]1 —
1]0

0]

T € PP>(d)

F = (000,111,222, 331, 442, 331, 220, 311,
420,311,200, 111,220, 111, 000).
PP™(5p-1) — DI, Pr «— Pr.
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The general spin-crystal model

g
3 1
4 32 23
7 H—] H—]
4 = =
1™ F 3
=]

spin
B3

F = (000,111,222, 331,442, 331,220, 311,
420,311,200, 111,220,111, 000).

Each increment p/ — pi=1 € {£1}" is a vertex of the type
B, spin crystal.

=]
=
egHgHgHgHgH
]
= =
esdegHegtdgHgHgH,

S. Pfannerer (University of Waterloo) Cyclic Sieving for Staircase Plane Partitions FPSAC 2026 10/19

[+1+]
EERER

b(F) =

O ®

®




The general spin-crystal model

F = (000,111,222, 331,442, 331,220, 311,
420,311,200, 111,220,111, 000).

Each increment p/ — pi=1 € {£1}" is a vertex of the type
B, spin crystal.

=]
=
egHgHgHgHgH
]
= =
esdegHegtdgHgHgH,

[+1+]
EERER

b(F) =

O ®

®

=
3 1
3 -] 2 = 2 3
[+ H—] H—]
= =
1 3
=

B;pin
Observation (Pappe—P—Schilling—Simone '24)
D, = HWo ((BF7™)22)

and fan promotion is the crystal commutor.
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The exceptional isomorphism B, ~ C,

~-

~-

in 2 1
B H > B H

f
N
~
NI

~-
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The exceptional isomorphism B, ~ C,

B B——— B ———— B =
Gt 531
$E2 - HW, ((B;pin)®2") s HW, ((Cgec)®2n) ‘
Naturality: 12" intertwines promotion.
FPSAC 2026
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The exceptional isomorphism B, ~ C,

~
[
~
|

B B > B

G »2 %) >T

¢®2n : HWQ ((Bspin)®2n) 1> HWO ((CgeC)®2n) ]

Naturality: 12" intertwines promotion.

bg = E®E®E®E®E®EH1®2®1®§®T®T.
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From a type C word to an oscillating tableau

A weight-zero highest weight element of (Cy¢)®° is

bce=1®20122®1®1.
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From a type C word to an oscillating tableau

A weight-zero highest weight element of (Cy¢)®° is
bce=1®20122®1®1.

Read i as adding a box in row i, and i as removing one. This produces actual Young diagrams:

o 1,0 251 |§|:|:|T|:|T®

A0 AL 22 A3 A A \®
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From a type C word to an oscillating tableau

A weight-zero highest weight element of (Cy¢)®° is
be=1220121x1.

Read i as adding a box in row i, and i as removing one. This produces actual Young diagrams:

o 1 2 H 1 | 2 [M_.1. 0 1 o

A0 Al A2 3 2\ A\° \O

This is a 2-symplectic oscillating tableau: consecutive shapes differ by one box, every shape has at
most two rows, and the sequence begins and ends at &.
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Sundaram’s map
[Sundaram, 1986] gives a bijection

M :0,(2n) = TC,11(2n).

between
@ weight-zero r-symplectic oscillating tableaux,
@ and (r + 1)-noncrossing perfect matchings

(0,1,11,21,2,1,0) — 4 6

S. Pfannerer (University of Waterloo) Cyclic Sieving for Staircase Plane Partitions FPSAC 2026

13/19



Sundaram’s map
[Sundaram, 1986] gives a bijection

M :0,(2n) = TC,11(2n).

between
@ weight-zero r-symplectic oscillating tableaux,
@ and (r + 1)-noncrossing perfect matchings

(0,1,11,21,2,1,0) — 4 6

Theorem (P-Rubey—Westbury 2020)

Sundaram’s map intertwines crystal promotion and rotation.
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Electrical networks and the electroid variety

A circular planar electrical network T is a
finite graph embedded in a disk, with labeled
boundary vertices and conductances c. > 0.

Boundary voltages determine boundary
currents:

I = Mg(N)U.
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Electrical networks and the electroid variety

A circular planar electrical network T is a , }
finite graph embedded in a disk, with labeled ~Lam'’s embedding

boundary vertices and conductances c. > 0. e E, denotes electrical networks modulo electrical
equivalence.

@ There is an embedding
t: Ep — Gr(n—1,2n)>0.

o The electroid variety is the Zariski closure

Xn _ —L(En)Zar
Boundary voltages determine boundary
currents: [Lam, 2018])

I = Mg(N)U.
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The grove algebra

o The grove algebra is the homogeneous coordinate ring

Gn = C[Xs] = P Gmon.

m>0

o X, =LG(n—1,2n—2) = Gmp = Vmw,_, as an irreducible Sp(2n — 2)-module.

)

[Bychkov et al., 2023; Gao—Lam—Xu, 2025]
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The grove algebra

o The grove algebra is the homogeneous coordinate ring

Gn = C[Xs] = P Gmon.
m>0
o X, =2LG(n—-1,2n—-2) = Gpmn = Vpw,_, as an irreducible Sp(2n — 2)-module.
[Bychkov et al., 2023; Gao—Lam—Xu, 2025]

Degree one: grove basis Degree two: bush basis
{Ly : 0 € NC(n)} is a basis of G, {B¢ : £ € TC3(2n)} is a basis of G 5,
¢ Ly = Lkrew(o)s indexed by 3-noncrossing perfect matchings, and
equwalethIy, rotat|9n of the associated c - Be = Buoy(e)-
noncrossing matching. J
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The running example: every map is equivariant

rowmotion PP promotion PP

type B spin element

P I P =

increments
—_—

n conjugacy level sets

ordrow(p) = 3 ordp,(7) = 3 By~ G

matching

i oscillating tableau
bush basis Sundaram s word—tableau type Cz element
D —

- _
B: € Gy (Q’vm H B]F\])Dyg) 19201020101

& = {14,26,35}

S. Pfannerer (University of Waterloo) Cyclic Sieving for Staircase Plane Partitions FPSAC 2026 16 /19



The running example: every map is equivariant

rowmotion PP promotion PP

type B spin element

conjugacy level sets R ’ increments
e |y fevel sets . — B.B.B_B.B.B

(00,11,20,31,22,11,00)

ordrow(p) = 3 ordp,(7) = 3 By~ G

matching

i oscillating tableau
bush basis Sundaram = word-tableau type C; element
-—

B _ _ _
=5 B FT5 -,

& = {14,26,35}

Consequently, in degree two, the promotion-equivariant bijection identifies staircase plane partitions
with the bush indexing set. Therefore

#Fix(Prk) = #Fix(rot¥) = tr(c* | Go.),

and this trace is a symplectic-character value because G, , = Vo, .
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Extracting cyclic sieving

The cyclic action rotates the bush basis, and the equivariant bijection identifies rotation with promotion. Thus, for
C — e27rl/(2n),

#Fix(Pr*) = tr(c* | Ga.n).
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Extracting cyclic sieving
The cyclic action rotates the bush basis, and the equivariant bijection identifies rotation with promotion. Thus, for
C — e27rl/(2n)

#Fix(Pr*) = tr(c* | Ga.n).
Under X, 2 LG(n—1,2n — 2),

tr(ck | G2>") = iZk(n_l)Sp2n72 (2“)"*1; Ck7 CZka ) C(n_l)k) .
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Extracting cyclic sieving
The cyclic action rotates the bush basis, and the equivariant bijection identifies rotation with promotion. Thus, for
C — e27rl/(2n),

#Fix(Pr*) = tr(c* | Ga.n).
Under X, 2 LG(n—1,2n — 2),

tr(ck | G2>") = iZk(n_l)Sp2n72 (2"'}"*1; Ck7 CZka ) C(n_l)k) .

Proctor’s principal specialization [Proctor, 1990] gives

1 gitite

SPap_2(2wn-1:9,4%, ..., 9" 1) = q_2(2) H T_gv

1<i<j<n—1
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Extracting cyclic sieving

The cyclic action rotates the bush basis, and the equivariant bijection identifies rotation with promotion. Thus, for
C — e27rl/(2n),

#Fix(Pr*) = tr(c* | Ga.n).
Under X, 2 LG(n—1,2n — 2),

tr(ck | G2>") = iZk(n_l)Sp2n72 (2"'}"*1; Ck7 CZka ) C(n_l)k) .

Proctor’s principal specialization [Proctor, 1990] gives
1— gitite

SPap_2(2wn-1:9,4%, ..., 9" 1) = q_2(2) H T_gv

1<i<j<n—1

Since iZk("’l)C_zk(;) =1,
tr(c’ | Ga.n) = Qs,_, (2:¢5).
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Extracting cyclic sieving

The cyclic action rotates the bush basis, and the equivariant bijection identifies rotation with promotion. Thus, for
C — 627\'1/(2n),

#Fix(Pr*) = tr(c* | Ga.n).
Under X, 2 LG(n—1,2n— 2),

tr(ck | G2>") = iZk(n_l)Sp2n72 (2"'}"*1; Ckv CZka ] C(n_l)k) .
Proctor’s principal specialization [Proctor, 1990] gives

szn_z(zwn—u q, qz, RN q"_l) = q—z(g) H

1<i<j<n—1

1— gitits
Since iZk("’l)C_zk(;) =1,
tr(c’ | Ga.n) = Qs,_, (2:¢5).

Theorem (Hopkins—Kim—P, 26+)
For n >3,

(PP?(dn-1), (Pr) =~ Z/2nZ,Qs5,_,(2: q))
exhibits CSP.
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Where next?

Beyond height m = 2
o Construct a conjectural electrical canonical basis of G, .

e Find a bijection between m-fans of Dyck paths and the basis elements that intertwines promotion
and rotation.

\J £
.

3[3[3[3[3[3[3[3[2]2]2] F : \ )
3[3[3[3]3[3[3[3[1]0]
3[3[3[3[3[3[3]0 . v’l' —\(
3[3]3[3[3]3[3]0 P X o Sall
3[3[3[2[1]1]1 /’" 11}7’(‘;':
3[3[3]2[0]0 — 7 — I e
3[2[2]1]o0 e 2 117;#
2[1[1 7 ‘\»/‘ .
1[0 7 7
0

e
; .
P

v/“\
//
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Thank you!
JAFTER'EVERY GAME... ;

COMBINATORICS K

% 1S x
LIRE

N g=" | NORTH,
B\ COMBINATORICS i}

| MAKES US MOVE{ REPEAT! —)
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