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P-partitions and order polynomials

For a �nite poset P , a height m P-partition is
an order-preserving map

π : P −→ {0, 1, . . . ,m}.

The order polynomial counts these maps:

ΩP(m) = #PPm(P).

For δn = (n, n − 1, . . . , 1),

Ωδn(m) =
∏

1≤i≤j≤n

i + j + 2m

i + j
.

δ4
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Toggles and rowmotion

Piecewise-linear rowmotion, introduced by Einstein�Propp, is an action on the order polytope of a
�nite poset P . It is a product of toggles:

The toggle at (i , j) changes only that entry:

τi ,j(x) = min
(
N,W

)
+max

(
E ,S

)
− x .

At the boundary, missing upper neighbors have value m and
missing lower neighbors have value 0.

It is a local involution: it re�ects the entry inside the
interval allowed by its neighbors.
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A heuristic

�Posets which have order-polynomial product formulas

should have good dynamics.�

�Sam Hopkins

rectangle staircase shifted staircase trapezoid chains of V 's

[Rhoades, 2010]
[Armstrong�Stump�

Thomas, 2013]
[Rush�Shi, 2013] [Johnson�Liu, 2023] [Hopkins�Rubey, 2022]

all heights height 1 height 1 all heights
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Good dynamics: cyclic sieving
Let C = ⟨c⟩ be a cyclic group of order N acting on a �nite set X , and let f (q) ∈ N[q].

De�nition (Reiner�Stanton�White, 2004)

The triple (X ,C , f ) exhibits the cyclic sieving phenomenon if, for every k ,

#Fix(ck) = f (ζk), ζ = e2πi/N .

Conjecture for staircases

Let

Ωδn(m; q) =
∏

1≤i≤j≤n

1− qi+j+2m

1− qi+j
.

For all m, n ≥ 1,

(PPm(δn), ⟨Row⟩,Ωδn(m; q)) exhibits CSP, |⟨Row⟩| = 2(n + 1).

Theorem (Hopkins�Kim�P, 26+)

The staircase conjecture is true for m = 2.
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Proof at a glance

Rhoades-style blueprint: Realize staircase plane partitions as a basis of a representation on which
rowmotion acts cyclically, so �xed-point counts become character evaluations.

rowmotion PP

1 0

0

ordRow(ρ) = 3

promotion PP

1 0

1

ordPr(π) = 3

2-fan

(00, 11, 20, 31, 22, 11, 00)

type B2 spin element

+
+ ⊗

−
+ ⊗

+
+ ⊗

+
− ⊗

−
− ⊗

−
−

type C2 element

1 ⊗ 2 ⊗ 1 ⊗ 2 ⊗ 1 ⊗ 1

oscillating tableau

(
∅

, , , , , ,
∅

)

matching

12

3

4 5

6

ξ = {14, 26, 35}

bush basis

Bξ ∈ G2,3

conjugacy level sets increments

B2 ≃ C2

word�tableauSundaramξ 7→ Bξ
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Promotion and Rowmotion

rowmotion

1

2

3

4

Row = R4 ◦ R3 ◦ R2 ◦ R1

promotion

−3
−2
−1
0 1 2 3

Pr = F3 ◦ · · · ◦ F−3

Theorem (Striker�Williams, 2012)

Pr and Row are conjugate, hence have the same orbit structure.
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Fans of Dyck paths
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Staircase plane partitions and fans of Dyck paths

3 3 3 3 3 1
3 3 2 2 2
3 3 2 1
1 1 1
1 0
0

π ∈ PP3(δ6)

←→

F = (000, 111, 222, 331, 442, 331, 220, 311,

420, 311, 200, 111, 220, 111, 000).

PPm(δn−1)
∼−→ Dm

n , Pr←→ Pr.
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The general spin-crystal model

F = (000, 111, 222, 331, 442, 331, 220, 311,

420, 311, 200, 111, 220, 111, 000).

Each increment µi − µi−1 ∈ {±1}r is a vertex of the type
Br spin crystal.

b(F) =

+
+
+ ⊗

+
+
+ ⊗

−
+
+ ⊗

+
+
+ ⊗

−
−
− ⊗

−
−
− ⊗

+
−
+

⊗

−
+
+ ⊗

+
−
− ⊗

−
−
− ⊗

+
+
− ⊗

−
+
+ ⊗

+
−
− ⊗

−
−
− .

+
+
+

−
+
+

+
−
+

−
−
+

+
+
−

−
+
−

+
−
−

−
−
−

3 2
3

1

1

3

2 3

Bspin
3

Observation (Pappe�P�Schilling�Simone '24)

Dr
n

∼−→ HW0

(
(Bspin

r )⊗2n
)
,

and fan promotion is the crystal commutor.
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The exceptional isomorphism B2 ≃ C2

+
+

−
+

+
−

−
−

1 2 2 1

Bspin
2

Cvec
2

2 1 2

1 2 1

ψ

ψ⊗2n : HW0

(
(Bspin

2 )⊗2n
)

∼−→ HW0

(
(Cvec

2 )⊗2n
)
.

Naturality: ψ⊗2n intertwines promotion.

bB =
+
+ ⊗

−
+ ⊗

+
+ ⊗

+
− ⊗

−
− ⊗

−
− 7→ 1⊗ 2⊗ 1⊗ 2⊗ 1⊗ 1.
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From a type C word to an oscillating tableau

A weight-zero highest weight element of (Cvec
2 )⊗6 is

bC = 1⊗ 2⊗ 1⊗ 2⊗ 1⊗ 1.

Read i as adding a box in row i , and i as removing one. This produces actual Young diagrams:

∅ ∅1 2 1 2 1 1

λ0 λ1 λ2 λ3 λ4 λ5 λ6

This is a 2-symplectic oscillating tableau: consecutive shapes di�er by one box, every shape has at
most two rows, and the sequence begins and ends at ∅.
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Sundaram's map
[Sundaram, 1986] gives a bijection

M : Or (2n)
∼−→ T Cr+1(2n).

between

weight-zero r -symplectic oscillating tableaux,

and (r + 1)-noncrossing perfect matchings

(∅, 1, 11, 21, 2, 1, ∅) 7→

12

3

4 5

6

Theorem (P�Rubey�Westbury 2020)

Sundaram's map intertwines crystal promotion and rotation.
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Electrical networks and the electroid variety

A circular planar electrical network Γ is a
�nite graph embedded in a disk, with labeled
boundary vertices and conductances ce > 0.

1

2

3

4

5

6

Boundary voltages determine boundary
currents:

I = MR(Γ)U.

Lam's embedding

En denotes electrical networks modulo electrical
equivalence.

There is an embedding

ι : En ↪→ Gr(n − 1, 2n)≥0.

The electroid variety is the Zariski closure

Xn = ι(En)
Zar
.

[Lam, 2018]
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The grove algebra

The grove algebra is the homogeneous coordinate ring

Gn := C[Xn] =
⊕
m≥0

Gm,n.

Xn
∼= LG(n − 1, 2n − 2) =⇒ Gm,n

∼= Vmωn−1 as an irreducible Sp(2n − 2)-module.

[Bychkov et al., 2023; Gao�Lam�Xu, 2025]

Degree one: grove basis

{Lσ : σ ∈ NC(n)} is a basis of G1,n,

c · Lσ = LKrew(σ),

equivalently, rotation of the associated
noncrossing matching.

Degree two: bush basis

{Bξ : ξ ∈ T C3(2n)} is a basis of G2,n,

indexed by 3-noncrossing perfect matchings, and

c · Bξ = Brot(ξ).
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The running example: every map is equivariant

rowmotion PP

1 0

0

ordRow(ρ) = 3

promotion PP

1 0

1

ordPr(π) = 3

2-fan

(00, 11, 20, 31, 22, 11, 00)

type B2 spin element

+
+ ⊗

−
+ ⊗

+
+ ⊗

+
− ⊗

−
− ⊗

−
−

type C2 element

1 ⊗ 2 ⊗ 1 ⊗ 2 ⊗ 1 ⊗ 1

oscillating tableau

(
∅

, , , , , ,
∅

)

matching

12

3

4 5

6

ξ = {14, 26, 35}

bush basis

Bξ ∈ G2,3

conjugacy level sets increments

B2 ≃ C2

word�tableauSundaramξ 7→ Bξ

Consequently, in degree two, the promotion-equivariant bijection identi�es staircase plane partitions
with the bush indexing set. Therefore

#Fix(Prk) = #Fix(rotk) = tr(ck | G2,n),

and this trace is a symplectic-character value because G2,n
∼= V2ωn−1 .
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oscillating tableau

(
∅

, , , , , ,
∅

)

matching

12

3

4 5

6

ξ = {14, 26, 35}

bush basis

Bξ ∈ G2,3

conjugacy level sets increments

B2 ≃ C2

word�tableauSundaramξ 7→ Bξ

Consequently, in degree two, the promotion-equivariant bijection identi�es staircase plane partitions
with the bush indexing set. Therefore

#Fix(Prk) = #Fix(rotk) = tr(ck | G2,n),

and this trace is a symplectic-character value because G2,n
∼= V2ωn−1 .
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Extracting cyclic sieving

The cyclic action rotates the bush basis, and the equivariant bijection identi�es rotation with promotion. Thus, for

ζ = e2πi/(2n),

#Fix(Prk) = tr(ck | G2,n).

Under Xn
∼= LG(n − 1, 2n − 2),

tr(ck | G2,n) = i
2k(n−1)

Sp2n−2

(
2ωn−1; ζ

k , ζ2k , . . . , ζ(n−1)k
)
.

Proctor's principal specialization [Proctor, 1990] gives

Sp2n−2(2ωn−1; q, q
2, . . . , qn−1) = q−2(n

2
)

∏
1≤i≤j≤n−1

1− qi+j+4

1− qi+j
.

Since i2k(n−1)ζ−2k(n
2
) = 1,

tr(ck | G2,n) = Ωδn−1
(2; ζk).

Theorem (Hopkins�Kim�P, 26+)

For n ≥ 3, (
PP2(δn−1), ⟨Pr⟩ ≃ Z/2nZ,Ωδn−1

(2; q)
)

exhibits CSP.
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Where next?

Beyond height m = 2

Construct a conjectural electrical canonical basis of Gm,n.

Find a bijection between m-fans of Dyck paths and the basis elements that intertwines promotion
and rotation.

3 3 3 3 3 3 3 3 2 2 2
3 3 3 3 3 3 3 3 1 0
3 3 3 3 3 3 3 0 0
3 3 3 3 3 3 3 0
3 3 3 2 1 1 1
3 3 3 2 0 0
3 2 2 1 0
3 2 1 1
3 1 0
2 0
0

7→ 7→
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Thank you!
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