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Grassmannian and Plabic Graphs

Grassmannian

Grm,n is the space of m-planes in Cn.

Represent z ∈ Grm,n by a full-rank m × n matrix z = [z1 · · · zn], mod left multiplication by GLm.

For I ∈
([n]
m

)
, the Plücker coordinate ⟨I ⟩z is the maximal minor of z using columns I .

z =

(
1 2 4 0
0 0 1 3

)
, ⟨12⟩ = 0, ⟨13⟩ = 1, ⟨24⟩ = 6, . . .

Plabic graphs [Postnikov ’06]

A plabic graph is a planar bipartite graph in a
disk, with black boundary vertices 1, . . . , n.

Later

A plabic graph G gives a rank-k matroid M(G).
M(G) will label a positroid variety ΠG and a
positroid cell SG inside Grk,n.
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Vector-relation configurations

Definition (m-VRC) [Affolter–Glick–Pylyavskyy–Ramassamy ’24; EPSBTW ’25]

An m-vector-relation configuration (m-VRC) on a plabic graph G is an assignment of:

a vector vb ∈ Cm to each black vertex b of G ;

a coefficient re ∈ C∗ to each edge e of G ;

such that:

for each white vertex w of G , we have the linear relation
∑

e={b,w} revb = 0

the boundary vectors z1, . . . , zn on vertices 1, . . . n span Cm.

For the white vertex w in the picture,

r1z3 + r2z4 + r3v1 = 0, hence v1 ∈ ⟨z3, z4⟩.
Similarly, v2 ∈ ⟨v1, z5⟩ and v2 ∈ ⟨z6, z7⟩.

We consider m-VRCs up to:

gauge transformations at internal vertices;

GLm-action on all vectors.

The boundary is the point z = [z1 · · · zn] ∈ Grm,n.

Example of a 4-VRC
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Plabic Tangles

Definition (Plabic Tangles) [EPSBTW ’25]

Let ℓ be a positive integer. A plabic tangle (G ,D), with D = {D1, . . . ,Dℓ}, is the data of:

(core): a plabic graph G , drawn inside an outer disk with boundary verts {1, . . . , n}
(blobs): ℓ inner disks, each of which lies in a face of G and has boundary verts Di , i ∈ [ℓ]

such that:

each boundary vertex u ∈ Di is connected to a black vert bu of G

the resulting graph is planar

Outer disk with bd verts {1, . . . , 7}
ℓ = 1 inner disk/blob with verts D = {u1, . . . , u6}
u1, u2, u3, u7 connected to bd vertices 1, 2, 3, 7

u4, u5 connected to black verts b1, b2

⋆-ordering for D: u1 < . . . < u6.
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Solvable tangles

Solvable graphs and solvable tangles

A plabic graph G with n boundary vertices is m-solvable if, for generic z = [z1 · · · zn] ∈ Grm,n,
there is a unique m-VRC on G with boundary z, modulo gauge.

A plabic tangle (G ,D) is m-solvable if G is m-solvable and each blob D ∈ D has size at least m.

A pinning is a choice of representative
({vb(z)}, {re(z)}) for the unique m-VRC, where the
vectors vb(z) and coefficients re(z) are rational
functions of the boundary data z.
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Promotion Maps

Let (G ,D) be an m-solvable plabic tangle with D = {D1, . . . ,Dℓ} with a pinning.
For each blob Da, the Da-boundary gives a point ∂Da (z) ∈ Grm,Da , whenever it has rank m.

Definition (Promotion Maps) [EPSBTW ’25]

We define the promotion maps:

φ : Grm,n 99K Grm,D1
× . . .× Grm,Dℓ

, z 7−→ (∂D1
(z), . . . , ∂Dℓ

(z))

φ∗ : C(Ĝrm,D1
)⊗ · · · ⊗ C(Ĝrm,Dℓ

) → C(Ĝrm,n),

φ∗(⟨u1 . . . um⟩Da ) = ⟨vb1 (z), . . . , vbm (z)⟩

φ : Gr4,7 99K Gr4,6

z = [z1, . . . , z7] 7→ ∂D(z) = [z1, z2, z3, v1(z), v2(z), z7]

v1 = z4⟨3567⟩z − z3⟨4567⟩z, v2 = z6⟨3457⟩z − z7⟨3456⟩z

φ∗ : C(Ĝr4,6) → C(Ĝr4,7)
e.g. ⟨1246⟩ 7→ ⟨12v17⟩ = ⟨1247⟩⟨3567⟩ − ⟨1237⟩⟨4567⟩

Promotion maps interact nicely with cluster structure (and positivity) on the Grassmannian!
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e.g. ⟨1246⟩ 7→ ⟨12v17⟩ = ⟨1247⟩⟨3567⟩ − ⟨1237⟩⟨4567⟩

Promotion maps interact nicely with cluster structure (and positivity) on the Grassmannian!

Matteo Parisi (OIST) Cluster Promotion Maps 6 / 14



Cluster algebras and quasi-homomorphisms

Cluster algebras [Fomin, Zelevinsky ’02]

Cluster algebras are a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators called cluster variables, grouped in (overlapping) sets of the
same size called clusters, and relations among them are encoded by mutations and quivers.

A collection of cluster variables is compatible if it appears in a common cluster.

The coordinate ring C[Ĝrm,n] of the Grassmannian Grm,n is a cluster algebra. [Scott ’03]

Only finite types: Gr2,n, Gr3,6, Gr3,7, Gr3,8 (and their duals).

Seeds and mutations

Seed Σ: quiver with cluster var xi at each node.
Mutating at a node i replaces xi by x ′i via

xix
′
i =

∏
j→i xj +

∏
j←i xj , and quiver changes.

Some variables are frozen, i.e. never mutated.

Cluster quasi-homomorphisms [Fraser ’15]

Ψ : A → Ã is a cluster quasi-homomorphism
if it sends compatible cluster vars {xa} of A
to compatible cluster vars {x̃a} of Ã
(up to Laurent monomials in the frozen vars).

Can generate higher-degree cluster vars from
simpler ones preserving compatibility. E.g.:
Ψ(⟨1246⟩) = ⟨1273⟩⟨4567⟩ − ⟨1274⟩⟨3567⟩.

E.g. also used in [Gorsky–Scroggin ’24].

Matteo Parisi (OIST) Cluster Promotion Maps 7 / 14



Cluster algebras and quasi-homomorphisms

Cluster algebras [Fomin, Zelevinsky ’02]

Cluster algebras are a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators called cluster variables, grouped in (overlapping) sets of the
same size called clusters, and relations among them are encoded by mutations and quivers.
A collection of cluster variables is compatible if it appears in a common cluster.
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(up to Laurent monomials in the frozen vars).

Can generate higher-degree cluster vars from
simpler ones preserving compatibility. E.g.:
Ψ(⟨1246⟩) = ⟨1273⟩⟨4567⟩ − ⟨1274⟩⟨3567⟩.

E.g. also used in [Gorsky–Scroggin ’24].

Matteo Parisi (OIST) Cluster Promotion Maps 7 / 14



Cluster algebras and quasi-homomorphisms

Cluster algebras [Fomin, Zelevinsky ’02]

Cluster algebras are a class of commutative rings with remarkable combinatorial structure.
They have distinguished generators called cluster variables, grouped in (overlapping) sets of the
same size called clusters, and relations among them are encoded by mutations and quivers.
A collection of cluster variables is compatible if it appears in a common cluster.
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They have distinguished generators called cluster variables, grouped in (overlapping) sets of the
same size called clusters, and relations among them are encoded by mutations and quivers.
A collection of cluster variables is compatible if it appears in a common cluster.

The coordinate ring C[Ĝrm,n] of the Grassmannian Grm,n is a cluster algebra. [Scott ’03]

Only finite types: Gr2,n, Gr3,6, Gr3,7, Gr3,8 (and their duals).

Seeds and mutations

Seed Σ: quiver with cluster var xi at each node.
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′
i =

∏
j→i xj +

∏
j←i xj , and quiver changes.
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Cluster Promotion Conjecture

Recall: promotion map φ : Grm,n 99K Grm,D1
× . . .× Grm,Dℓ

, z 7−→
(
∂D1

(z), . . . , ∂Dℓ
(z)

)
.

A plabic tangle is dominant if φ has Zariski-dense image.

Conjecture (Cluster Promotion) [EPSBTW ’25]

Let (G ,D) be a solvable dominant plabic tangle. Then there is a pinning such that the

promotion map φ∗ :
⊗

a C[Ĝrm,Da ] → C[Ĝrm,n] gives a cluster quasi-homomorphism.

In particular, φ∗ sends collections of compatible cluster variables on the factors Grm,Da to
collections of compatible cluster variables on Grm,n, up to Laurent monomials in frozen variables.

We call φ∗ a cluster promotion map.

φ : Gr4,7 99K Gr4,6

z = [z1, . . . , z7] 7→ ∂D(z) = [z1, z2, z3, v1, v2, z7]

v1 = z4⟨3567⟩z − z3⟨4567⟩z, v2 = z6⟨3457⟩z − z7⟨3456⟩z

φ∗ : C(Ĝr4,6) → C(Ĝr4,7)
e.g. φ∗(⟨1246⟩) = ⟨12v17⟩ = ⟨1247⟩⟨3567⟩ − ⟨1237⟩⟨4567⟩

is a cluster var for Gr4,7, obtained by mutating ⟨2367⟩ in Σ4,7.
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Families of Cluster Promotions

Recall promotion map: φ : Grm,n 99K Grm,D1
× . . .× Grm,Dℓ

, z 7−→
(
∂D1

(z), . . . , ∂Dℓ
(z)

)
.

Conjecture (Cluster Promotion) [EPSBTW ’25]

Let (G ,D) be a solvable dominant plabic tangle. Then there is a pinning such that the

promotion map φ∗ :
⊗

a C[Ĝrm,Da ] → C[Ĝrm,n] gives a cluster quasi-homomorphism.

Equivalently, φ∗ sends collections of compatible cluster variables on the factors Grm,Da to
collections of compatible cluster variables on Grm,n, up to Laurent monomials in frozen variables.

Theorem (Some families of cluster promotions) [EPSBTW ’25]

The Cluster Promotion Conjecture holds for the following families of plabic tangles:
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Solvable Trees

A perfect orientation of G : [Postnikov ’06]
1 incoming edge at each white vertex and 1 outgoing edge at each internal black vertex.

M(G) is the collection of source sets of perfect orientations of G

G is of type (k, n) if I ∈ M(G) has size k

.

Theorem (Characterization of m-solvable trees) [EPSBTW ’25]

Let G be a plabic tree of type (k, n). G is m-solvable ⇐⇒ G is m-balanced and n = mk + 1.

Definition (m-balanced property) [EPSBTW ’25]

The tree G is m-balanced if for each edge e of G ,
writing G \ {e} = G1 ⊔ G2 and giving “half” the edge e
to each Gi , the resulting trees Gi are of type (ki , ni ):

m(ki − 1) < ni − 1 ≤ mki , for i = 1, 2

.

G1 of type (1, 3): 4 · (1− 1) < 3− 1 ≤ 4 · 1 ✓

G2 of type (1, 4): 4 · (1− 1) < 4− 1 ≤ 4 · 1 ✓
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Counting Solvable Trees

Let ck,m := # m-solvable trees of type (k, km + 1)/∼, G ∼ G ′ if M(G) = M(G ′).

m
k

1 2 3 4 5

1 1 1 1 1 1
2 1 5 35 285 2530
3 1 14 280 6565 160916
4 1 30 1274 63410
5 1 55 4228 380310
6 1 91 11438

Theorem [EPSBTW ’25]

When k = 1, we have c1,m = 1; for k = 2, 3 the generating functions are:

∑
m≥0

c2,mx
m =

1 + x

(1− x)4
and

∑
m≥0

c3,mx
m =

1 + 28x + 56x2 + 14x3

(1− x)7
,

where c2,m = 12 + 22 + · · ·+m2 =
m(m + 1)(2m + 1)

6

is the sequence of square pyramidal numbers (cf. A000330 in OEIS).

For fixed k, we expect ck,m to satisfy a generating function of the form p(x)/(1− x)3k−2.
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VRCs & the Amplituhedron Map

Let G be of type (k, n) and fix 1 ≤ m ≤ n − k.

Positroid variety ΠG =
{
C ∈ Grk,n : ⟨I ⟩C = 0 for all I ̸∈ M(G)

}
. [Knutson–Lam–Speyer ’13]

Amplituhedron map. Let Z ∈ Mat◦n,k+m and Z̃ : Grk,n 99K Grk,k+m with Z̃(C) = C · Z .

Intersection number INm(G) := degree of the amplituhedron map Z̃ |ΠG
, if dimΠG = mk.

Theorem [EPSBTW ’25]

# {m-VRCs of G with boundary generic z ∈ Grm,n}/ gauge = INm(G)

Corollary [EPSBTW ’25]

G is m-solvable ⇔ INm(G) = 1

Cohomological methods to compute INm(G) [Knutson–Lam–Speyer ’13; Lam ’16]

Computer-algebra methods to compute INm(G) on Mathematica [12’ Bourjaily]

Use plabic tangles to generate graphs with INm(G) = 1:
set of dominant solvable plabic tangles closed under

composition
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Plabic tangles and Amplituhedron Tiles

Recall: for a plabic graph G of type (k, n), G is m-solvable ⇐⇒ INm(G) = 1.

Positroid cell. SG =
{
[C ] ∈ Gr≥0

k,n : ⟨I ⟩C > 0 ⇐⇒ I ∈ M(G)
}
. [Postnikov ’06]

Amplituhedron. Let Z ∈ Mat>0
n,k+m and Z̃ : Grk,n 99K Grk,k+m, C 7→ C · Z .

Then AZ
n,k,m := Z̃(Gr≥0

k,n) ⊆ Grk,k+m. [Arkani-Hamed–Trnka ’13]

Amplituhedron tile. If dimSG = mk and Z̃ |SG is 1-1, Z̃(SG ) is called a tile of AZ
n,k,m.

All known amplituhedron tiles Z̃(SG ) arise from graphs with INm(G) = 1.

Cluster adjacency conjecture [Even-Zohar–Lakrec–P.–Sherman-Bennett–Tessler–Williams, ’23]

A tile Z̃(SG ) is the region where a set XG of compatible cluster vars for Grm,n has fixed signs.

BCFW plabic tangle

Plabic tangles as recursive structure for:

Graphs/tiles: insert smaller graphs Ga into the blobs Da of
a plabic tangle to obtain a larger graph G .

Cluster variables: the same tangle defines a cluster
promotion map φ∗, and we expect XG = φ∗(∪aXGa ).

Proved for BCFW tiles and promotions, see [FPSAC ’24].
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Cluster promotion maps in physics

Particle Physics [‘13 Golden, Goncharov, Spradlin, Vergu, Volovich; ‘17 Drummond, Foster, Gürdogan]

Cluster algebras for Grassmannians appear to govern singularities of scattering amplitudes in
planar N = 4 SYM, but their geometric origin was not fully understood.

at tree-level, poles of amplitudes come from
facets of amplituhedron tiles;

for BCFW tiles, cluster promotion maps
recursively produce the compatible cluster
variables cutting out these facets.
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Cluster algebras for Grassmannians appear to govern singularities of scattering amplitudes in
planar N = 4 SYM, but their geometric origin was not fully understood.

at tree-level, poles of amplitudes come from
facets of amplituhedron tiles;

for BCFW tiles, cluster promotion maps
recursively produce the compatible cluster
variables cutting out these facets.

Even-Zohar–Lakrec–P.–Sherman-Bennett–Tessler–Williams

Cluster promotion maps provide the
mechanism for cluster variables appearing
as singularities in scattering amplitudes.

Even-Zohar, P., Sherman-Bennett, Tessler, Williams,
Plabic tangles and cluster promotion maps,

Journal of Algebra 695 (2026), 14–102.

beyond tree level, singularities are branch
points of Feynman integrals/periods;

in recent work, these arise as discriminants
of projections from line-incidence varieties;

the corresponding recursions involve cluster
promotion maps and produce cluster vars.

Hollering–Mazzucchelli–P.–Sturmfels

Matteo Parisi (OIST) Cluster Promotion Maps 14 / 14



Cluster promotion maps in physics

Particle Physics [‘13 Golden, Goncharov, Spradlin, Vergu, Volovich; ‘17 Drummond, Foster, Gürdogan]
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Extras: Spurion Promotion

Definition (Spurion Promotion) [EPSBTW ’25]

Ψsp : A(Gr4,N′ ) → A(Gr4,n)

2 7→
(21) ∩ (3(456) ∩ (789))

⟨13 | 456 | 789⟩
∼ v1

7 7→
(789) ∩ (123) ∩ (456)

⟨89 | 123 | 456⟩
∼ v2

8 7→
(89) ∩ (7(123) ∩ (456))

⟨97 | 123 | 456⟩
∼ v3

v2 ∈ Span{z1, z2, z3} ∩ Span{z4, z5, z6} ∩ Span{z7, z8, z9};

v2 := (123) ∩ (456) ∩ (789) := z1⟨23|456|789⟩ − z2⟨13|456|789⟩+ z3⟨12|456|789⟩,

where −⟨de|abc|fgh⟩ = ⟨abc|de|fgh⟩ = ⟨abcd⟩⟨efgh⟩ − (d ↔ e)

v1 ∈ Span{z1, z2} ∩ H, where H is the 3-plane spanned by z3 and the 2-plane
Span{z4, z5, z6} ∩ Span{z7, z8, z9}, denoted as H ∼ (3(456) ∩ (789)).
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∝ −⟨ijℓ|789|123|456⟩ cubic cluster var for Gr4,N′

Theorem (Spurion Cluster Promotion Map) [EPSBTW ’25]

Ψsp is a cluster map, i.e. it maps collections of compatible cluster variables of Gr4,N′ to
collections of compatible cluster variables of Gr4,n (up to frozens).
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Beyond Rational Promotions

Definition (4-Mass Box Promotion) [EPSBTW ’25]

φ± : Gr4,n 99K Gr4,n−4

z = [z1, . . . , zn] 7→ [z1, v
±
1 , v±2 , z8, . . . , zn]

v±2 = z7+α±z8, v±1 = z2⟨156v±2 ⟩−z1⟨256v±2 ⟩

α± :=
−B ±

√
∆

2A
, ∆ := B2 − 4AC

A = Q88,B = Q78 + Q87,C = Q77,

Qij := ⟨12i3⟩⟨456j⟩ − ⟨12i4⟩⟨356j⟩

E.g. for n = 9 : Ψ±(⟨1235⟩) = ⟨12v±2 9⟩ = ⟨1279⟩+ α±⟨1289⟩ algebraic function on Gr4,9

Theorem (4-mass box Cluster positivity) [EPSBTW ’25]

The map Ψ± preserves positivity of cluster vars for Gr4,n−4:

x is a cluster var for Gr4,n−4 ⇒ Ψ±(x) > 0 on Gr>0
4,n . Equivalently, φ±(Gr

>0
4,n) ⊆ Gr>0

4,n−4.

We expect this positivity property holds for (non rational) promotion maps with IN > 1.
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Qij := ⟨12i3⟩⟨456j⟩ − ⟨12i4⟩⟨356j⟩

E.g. for n = 9 : Ψ±(⟨1235⟩) = ⟨12v±2 9⟩ = ⟨1279⟩+ α±⟨1289⟩ algebraic function on Gr4,9

Theorem (4-mass box Cluster positivity) [EPSBTW ’25]

The map Ψ± preserves positivity of cluster vars for Gr4,n−4:

x is a cluster var for Gr4,n−4 ⇒ Ψ±(x) > 0 on Gr>0
4,n . Equivalently, φ±(Gr

>0
4,n) ⊆ Gr>0

4,n−4.

We expect this positivity property holds for (non rational) promotion maps with IN > 1.
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