Adriano Garsia

(192.6-2.02)
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Adriano passed down areat generosity

He fathered many FPSAC oraanizers

-' T \V; (s ; -: i e

Nantel Beraeron — Toronto, Helene Barcelo — Arizona,
Luisa Carini — Taormina, Mike Zarrocki — San Dieco,
Luc Lapointe — Valparaiso, Sara Billey — Seattle



In 8 Nnutshell

Adriano relieved that there was Nno Boundary
Retween

family friendship mathematics life.

every visitor could Become a collarorator,
every collarorator could Recome a $riend,

every math exchange could Be had at the reach
and could Become a shared dinner.

more trirutes to Adriano: https://arxiv.ora/aes/2071H4H84

Ol



https://arxiv.org/abs/2607.14184

Adriano had a colorful career

Proeagilit .
eaplty, Transition to Macdonald Theory
Eraodic Theo . N . .
Comginatorics and g, t-=-Comginatorics

Analysis

moditied Macdonald polynomials

Bernoulli convolutions Garsia—Procesi modules
Qarsia entropy nl conjecture
Garsia—R_odemich— g-Laarange inver- diagonal harmonics
Rumsey inequality sion V operator
Hopf's inequality GQarsia—Milne involu- q, t-Catalans and Dyck paths

tion principle

Cohen—Macaulay

posets

syvmetric functions

Throuahout, he distilled complicated math into simple truths



We'll talk arout

Involution principle

— influential

— hallmark Adriano presentation
— computer exploration

— elements of drama

The reainnings of modified Macdonald theory






The Rogers-Ramanujan identities
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Jacoei Triprle Product identity (Jacogi, [829)
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Doron Zeilreraer (Experimenting with the Garsia-Milne
Involution Principle, 202.5):

Like Christopher Columrus [Wikll and Alexander the

Great [Wik2] Before them, Garsia and Milne had a eril-
liart idea: think outside the Box!

D partitions of n whose parts differ By at least 2
E; x E, partitions of n with parts 1 and 4 mod 5.

D

A

A\

E1><E4




Sian reversina involution a with fixed points D,
Sian reversing involution 3 with fixed points E; x Ej,
sian preserving Bijection f

== D + | E1 X Eq




a*=foa =10 3
a € D7 by = Oé*(al),QQ Fa ﬁ*(bl),bz = Oé*(az),. p .,bn b= a*(a,,) € E; x Es

= D + [EL1xEq
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A Rogers—Ramanujan Bijection

A. M. GARsia

Department of Mathematics, University of California,
San Diego, La Jolla, California 92093

AND
S. C. MILNE*

Department of Mathematics, Texas A&M University,
College Station, Texas 77843

Communicated by the Managing Editors
Received November 1, 1980

In this paper we give a bijection between the partitions of n with parts congruent
to 1 or 4 (mod 5) and the partitions of n with parts differing by at least 2. This
bijection is obtained by a cut-and-paste procedure which starts with a partition in
one class and ends with a partition in the other class. The whole construction is a
combination of a bijection discovered quite early by Schur and two bijections of
our own. A basic principle concerning pairs of involutions provides the key for
connecting all these bijections. It appears that our methods lead to an algorithm for
constructing bijections for other identities of Rogers—Ramanujan type such as the
Gordon identities.




A distinctly ‘Adriano’ presentation of the paper

The actual final Bijection itself is aiven in Sec-
tion L6 as a completely deruaced APL proaram.

The APL lanauaae is one of the easiest computer
lanGuaaes to learn and one which most closely re-
semiles the mathematical lanauace Of common use,
But is infinitely more precise. The reader should have
NO difficulty learning what is needed of APL here.

9 ALPHA

S0Kx C0=CpEZ) +( 6D )
G201 {0=pEZ)ACD#0D)
463x% 3 (0£pE7) A (00D}
#GUx CEZL1D:0C11+2)
AGTx A (DE1IAEZEIT+1)
OK ! CLASSDET
AGATEBETh
62iEZe10),Dl1]
DEC0. (T 1Hpn el /0
+GATERETA
1 63:DrEZC1]

EZ¢(0.("1+aED) 1) /EL
SGATEBETA
GY:DHEZL1 .

EZ€(0,( 1+4pEZ) 1) /EZ
SGATERETA
65:EZ¢DL1].EZ

DE(R, 1401 /T
GATEBETA:




Discrete Mathematics 38 (1982) 313-315

COMMUNICATION

A SHORT ROGERS-RAMANUJAN BIJECTION

David M. BRESSOUD

Department of Mathematics, Pennsylvania State University, University Park, PA 16802, USA

Doron ZEILBERGER
Department of Theoretical Mathematics, The Weizmann Institute of Science, Rehovot 76100,
Israel

Communicated by D.M. Jackson
Received 17 September 1981

R.ecently Garsia and Milne (2, 31 proved this result gy
presenting a Bijection getween A(n) and C(n). We
are GOING to Give another gijective proof which
is very similar in form to that of Garsia and Milne
iNn that it involves an iteration of two involutions
.. However, our second involution is consider—
aBly simpler than that provided By Garsia and Milne.




Doron Zeilkeraer, Enumerative and Alaeiraic Comeinatories,
in: Princeton Companion to Mathematics, (Timothy Gowers, ed),
Princeton University Press, S50-56l, 2008.

While the so-called Wilt—Z eilgeraer (WZ.) method
can handle many such proglems, there are many other
cases where one still needs a humvan proos. In either

case such proofs involve (alaerraic, and sometives

analytic) manipulations. The areat comeinatorial-

ist Adriano Garsia deroaatorily calls such proo#fs
"manipulatories,' and real enumerators do Nnot ma-
Nipulate, or at least try to avoid it whenever possi-
gle. The preferred method of proo# is By Bijection.




Doron Zeilkeraer, Enumerative and Alaeiraic Comeinatories,
in: Princeton Companion to Mathematics, (Timothy Gowers, ed),
Princeton University Press, S50-56l, 2008.

While the so-called Wilt—Z eilgeraer (WZ.) method
can handle many such proglems, there are many other
cases where one still needs a humvan proos. In either
case such proofs involve (alaerraic, and sometives
analytic) manipulations. The areat comeinatorial-
ist Adriano Garsia deroaatorily calls such proo#fs
"manipulatories,' and real enumerators do Nnot ma-
Nipulate, or at least try to avoid it whenever possi-

gle. The preferred method of proo# is By Bijection.

Experimenting with the Garsia-Milne Involution Principle
Shalosh B. EKHAD and Doron ZEILBERGER
In memory of Adriano M. Garsia (19 24) and in honor of Stephen C. Milne on his
75th, birthday

Abstract: In 1981, Adriano G and Stephen Mllne found the first ve proof of the cele-

complexity.



Adriano had a colorful career

Proeagilit .
eaplty, Transition to Macdonald Theory
Eraodic Theo . N . .
Comginatorics and g, t-=-Comginatorics

Analysis

moditied Macdonald polynomials

Bernoulli convolutions Garsia—Procesi modules
Qarsia entropy nl conjecture
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Hopf's inequality GQarsia—Milne involu- q, t-Catalans and Dyck paths

tion principle

Cohen—Macaulay

posets

syvmetric functions

Throuahout, he distilled complicated math into simple truths



The 80’s

Adriano aets interested in symmetric functions

lan Macdonald was thinkina arout syvmmetric functions, too!



The 80’s

Adriano aets interested in symmetric functions

Lessons of Young

B (23] B B B B iy B B

i +

S = X1X2X3 T X1X2X3 + X1 X1 X2 + X1 X2 X2 + X1 X1 X3 + X1X3X3 + X2X3X3 + X2X2X3

lan Macdonald was thinkina arout symmetric functions, too!

Orthoaonal rases




Macdonald’s rrain

Definition of Schur functions

e an orthonormal Rasis
o unitrianaularly related to {m,}

Inner product on A

0 I AF#p
<p)\vpu> = {

some Nnumper z, Otherwise

COMPu‘te S2.1

triangularity = s111 = mi11
S51 =M1 +7"m 11 = S1=mp1+ 775111



Macdonald’s rrain

Definition of Schur functions

e an orthonormal Rasis
o unitrianaularly related to {m,}

Inner product on A

0 I AF#p
<p)\vpu> = {

some Nnumper z, Otherwise

COMPu‘te S2.1

triangularity = s111 = mi11
S51 =M1 +7"m 11 = S1=mp1+ 775111

orthoaonality = 0= (s31,51,1,1) = (M21 + ?751.1.1,51,1.1)
=(my1,5111) + 77
0= (p21— P3, sP1,11 — 3P2.1 + 3p3) + 77



[988: Macdonald qoes wild

Study symmetric functions over Q(g, t)!

Inner product on A

0 P ANF£p
ol % otherwise

<P>\7 p/t>q«f - {

A basis {P,} is uniquely defined by

o unitrianaularity wrt {m,}
e orthogonality

_ (gt—qg+t—1) " (2q%t3 —3q%t?>+3qt3 —3qt?>+t3+q>—3qt+3q—3t+2)
Pp=mH (qt — 1) o (G2t —qt2 — qt + 1)




Macdonald’s Bold conjecture

A basis {P,} is uniquely defined by

e unitrianaularity wrt {m,}
e orthogonality

PEB: " (gt—qg+t—1) + (29t3 —3q%t?+3qt3 —3qt2 +t3+ ¢ —3qt+3q—3t+2)
THT T (qt—1) Ho (@263 — qt? — qt + 1)

Conjecture xP, has a g, t-positive "funny" Basis expansion

one g, t monomial for each standard tarleaux

* Poo=t*frm+ (qt® + qt + t) i+ (a°t° + 1) fg+ (¢°t + gt + q)@]JrquE




Garsia’s reaction

Macdonald polynomials, Py
e unitrianaular wrt {m,}
e orthogonal

Conjecture: g, t-positive "funny" Basis expansion

* Poo=t*frmm+ (qt® + qt + t) i+ (a°t° + 1) fg+ (a*t + gt + q)@;rqz%

pleth : f\ — sy

Haz = e+ (qt° + gt + t) g+ (6282 + 1) s+ (¢t + gt + q)s§]+qst

Def: Moditied Macdonald polynomials

Hx(x; g, t) = xpleth(Pa(x; g, t))

Conjecture: modified Macdonalds are g, t-Schur positive



Mouna explored interplay of modules,
syymmetric functions, comrinatories

Harmonic polynomials in xq, ..., x,

My ={Ff(x): (0% +--+02)f(x)=0Va>0}

D LB
A, 2x(x2 — x3) — x5 + X5, X3 — X1, Xo — X3, 1

3 vector space of dimension nl

closed under permutations of the variskles

sp{A} ® sp{2xi(x2 —x3) — x5 + X3, x; —2x2(x1 —X3) —x3 } B sp{x3 —x1, x2—x3} B sp{1}
—— ~——

] i ks
Building Blocks (irreducigles) indexed By partitions




Mmodules to syvmmetric functions

Harmonic polynomials i xi, ..., x,

My={Ff(x): (03 +---+0;)f(x)=0Va>0}

sp{A} @ sp{2x(x2 —X3)—x22+x§, x12 —2x2(x1 —X3) —xg} @ sp{xz3—x1,x2—x3} ®sp{l}
~—— ~——

g 5 g oo
irreduciele suemodule V* — s,

sOme symmetric function = E 4L SH] + SH] + 17

F(M) = Schur positive symmetric function

coefficient of sy in F(M) = = irreducisles V> in M




MOdules to compBinatoriecs

Harmonic polynomials i xi, ..., X,

My={Ff(x): (0% +---+02)f(x)=0Va>0}

sp{A} @ sp{2x(x2 —X3)—x22+x§, x12 —2x2(x1 —X3) —xg} @ sp{xzs—x1,x2—x3} ®sp{l}
~—— ~——

\

]:(M):(Z1+22+22)3:s§ +g + + s

Study Schur expansion of F(M) to understand
irreduciele decomposition of the module, M




Garsia’s idea

Harmonic polynomials i xi, ..., x,

M={f(x): (05 + -+08])f(x)=0vVa>0}

sp{A} @ sp{2x(xe —x3) =5 +53, X —2x2(x1 —x3) =33 } Bsp{x3—x1, 2 —x3} Bsp{1}
= ~——

f(M)—(zl+22+22)3—E+ =t + S

a modified Macdonald when g = t = 1, £or any partition p




Garsia’s idea

Harmente polynomials iN xq,...,x, and yi. ..., ¥,

M,, =777

sp{1} & sp{x3 — x1,x1 — x2} @ sp{ys — y1,¥1 — 2} ®sp{xiy1 — x2y2}
S— —

oo H 2}
OO dearee O in y dearee | in x 1,0 <1gﬂ>

V) with Bidearee (r,d) — t'q%sy

H :toqo 10 thl + tho + thl
i 8

Find Biaraded modules, M,,, each of dimension n!

whose Frorenius imaaes are the modified Macdonalds, H -




£ can it Be done when g = 0!

Garsia-Procesi gave an elecant prood

For each partition u,the modified Macdonald, H,(x;0, t),
is the Froerenius imaae of a araded module in xg, ..., x,,




Qarsia-Procesi Modules (the g = 0 solution)

A resutt of reworking scattered and Nnew ideas
unttil the perfect solution was Broucht forth

alaerraic aeometry (Hotta-Sprincer and
DiConcini-Procesi), rep theory (Luzstia), alaerra (Tanisaki),
and comprinatorics (Lascoux—Scku‘tzer\&erraeﬂ

- ,m": £ SO
\.
-

! -

*4




But what arout Macdonald's conjecture,
ar\d —tke q par‘aMe—ter'7




Garsia’s idea

Harmente polynomials iN xq,...,x, and yi. ..., ¥,

M,, =777

sp{l} ® sp{x3 — x1,x1 — x2} @ sp{ys — y1,¥1 — 2} ®sp{xiy1 — x2y2}
—

s s s
OO dearee Oiny dearee | in x 10, (1%)

V) with Bidearee (r,d) — t'q%sy

H :toqo 10 thl + tho + thl
i 7

Find Biaraded modules, M,,, of dimension n!

whose Froeenius imaaes are the modified Macdonalds, H,,.




Garsia-Haiman seek Riaraded modules

harmonic polynomials in x

f(x) killed 8y > ;07 #or all a >0

diagonal harmonices in x, y

f(x,y) killed By >, 0202 Va+b>0

1

Nnot a8 Macdonald polynomial



Garsia—-Haiman seek Riaraded modules

harmonic polynomials in x

f(x) killed 8y >, 07 $or all a>0
span Of all partials of the Vandermonde

Garsia-Haiman modules diagonal harmonics in x, y

Vandermondes in x and y f(x,y) killed By 3~ 9208 Va+ b >0

+ +

modified Macdonald not a8 Macdonald polynomial




What arout that other module?

harmonic polynomials in x

f(x) killed 8y >, 07 $or all a >0
span oOf all partials of the Vandermonde

Garsia-Haiman

MmOodules diagonal harmonics in x, y

Vandermondes in x and y f(x,y) killed By =, 0202 Va+b>0

3 1

modified Macdonald Nnot a Macdonald polynomial



What arout that other module?

harmonic polynomials in x

f(x) killed &y >, 07 $or all a>0
span oOf all partials of the Vandermonde

diagonal harmonics in x, y

f(x,y) killed By >°.020° Va+b>0

Xi i

!




Modules, Symmetric functions, and
comBINatorias

Harmonics modules aeneralized to riaraded
modules IN xq,...,x, and y1, ..., ¥»

Garsia—Haiman modules, M, diagonal harmonies, DH,

sp{l} ® sp{xz—x1,x1 —xo} @ sp{ys —y1,)1 — Yo} ®sp{xiy1 — xoy2}
~——

o B 4 Hr B
&9 dearee 0iny, dearee 1 in x 1,0y @1

ﬁ2 1= £0 qO + ql A + £l qO + £l ql
, H T

Prove: the modules, M,, and DH,, have Frogenius imaaes

aiven By the modified Macdonalds, H uand Ve,



This only Brinas us to the early-90’s

Adriano inspired 3 more decades (and counting) of research
BrinGinG toaether alaerra, compinatorics, and ceometry

o ceometry of Hilrert schemes o Dyck path and tarleaux tuple
compinatorics e aeneralized diagonal harmonies/coinvariant
frameworks e atfine Schurert caleulus o V and the elliptic
Hall slaerra e torus knots e Dyck path alcerra e - --

And still remaining from the earliest Questions

> Find explicit rases for the Garsia—Haiman modules and
for diagonal harmonics.

> Find a tarleau formula for the g, t-Schur coefticients.

> Prove Science Fiction




Adriano inspired the g, t-world comriNing
alaerra, comrinatorics, and ceometry

Every deep result hides a simple aem, and the
fun is digaing for it

compute urctil the
pattern recomes visigle,

rewrite until an idea
Becomes inevitarle,

explain until the joy
Becomes shareagle.




He taught us Not only math,
But arout having a meaninaful life.

mathematics

that recame
clearer recause
he rewrote it

students and
colleagues who
Became family

AdrianQ’s lecacy

joy, humor, fields that continue
foaod, stories, 10 arow $rom
and generosity his Questions




AdrianQ’s students. around the world

Nottingham, UK
Paris, France
.

#Pisa, Jtaly Beijing, China
s
Sequl. South Korea

STaipei, Taiwan

United States & Canada (detail)

.Seame, WA
i v ‘ Minneapolis, MN Montreg), cafed
lérida, Venezuela Toront, Canads
e oNiankato, My o Newton Centre, M
New York NV
University Worcester4
Denver, CO Bethief swick,
serkeley, CA . Richmon, IN® COumbus, OH \‘
erkeley,
. St Louis: Charfottesville, v~ Philadaiphia, PA

San Luis Obispo, CA
ompusonEn ®-winston-Salem, NC
<Santa Barbara, CA ®orman, 0K

SSanDiego, CA

JTalca, Chile
% " .
Melbourne -Australia
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life.

mathematics friendship  £amily

S A




Thank you £or aiving us rich lives.

)

Adriano




