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Eventown
Erdés '60s

In Eventown, all n residents love to form clubs. Not being very particular about
their club tastes, the residents simply want to maximize the number of clubs m

(even if this means an empty club!).
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Eventown
Erdés '60s

In Eventown, all n residents love to form clubs. Not being very particular about
their club tastes, the residents simply want to maximize the number of clubs m

(even if this means an empty club!).
However, there are traditions in the forming of clubs which must be observed:
@ cach club must have an even number of members;

® no two clubs have exactly the same members;
© any two clubs must share an even number of members.
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Eventown
Erdés '60s

In Eventown, all n residents love to form clubs. Not being very particular about
their club tastes, the residents simply want to maximize the number of clubs m
(even if this means an empty club!).

However, there are traditions in the forming of clubs which must be observed:

@ cach club must have an even number of members;
® no two clubs have exactly the same members;

© any two clubs must share an even number of members.

To maximize the # clubs, the residents first wish to formalize this problem.
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Formal Eventown

We represent the citizens of Eventown as the set [n] :={1,2,...,n}.
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® |C;| is even for each 1 <i < m.

® C; # Cj for all distinct 1 < 4,5 < m.
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Formal Eventown

Eventown for
Permutations

We represent the citizens of Eventown as the set [n] := {1,2,...,n}. Nathan

Lindzey

The clubs can be represented as a collection of m subsets C1,...,Cy, C [n]. Eventown
Main Results

® |C;| is even for each 1 <i < m. e
Proof Sketch

® C; # Cj for all distinct 1 < 4,5 < m.

©® |C; N Cj| must be even for all distinct 1 < 4,5 < m.

Goal: maximize m, i.e., find the largest # of clubs that satisfy the Eventown rules.

«OrP«Fr»«E>» «E)»
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A Lower Bound

Eventown for
Permutations

Nathan
. . . Lindzey
Partner off the n residents of Eventown into |n/2] many pairs. ’
Eventown
Take all of the 21"/2! different subsets of these |n/2] pairs. Main Results
Bijections &
.. . . Characters
Any subset must have an even number of members (they join the club in pairs). oot ;M

Any two subsets have even intersection (if x is in both clubs, then so is x's partner).

This gives 21"/2] many clubs satisfying Eventown'’s rules.

«O»«Fr«E» <=
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An Upper Bound

Berlekamp '69
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To each club C; C [n], define its characteristic vector v; € F} defined such that Fventown for
. \EYE
1 |f T € C’Lu Lindzey
vi(x) == )
0 if x ¢ C»L Eventown
Main Results
Note (v;,v;) := v v; = |C; N C;j| mod 2, thus (v;,v;) =0 for all 1 <i,j < m. Bijections &
Characters
Proof Sketch

Let V := Span{vy,...,un}.
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An Upper Bound

Berlekamp '69
To each club C; C [n], define its characteristic vector v; € F} defined such that

1 ifzeCj

u@=y eecn

Note (v;,v;) := v v; = |C; N C;j| mod 2, thus (v;,v;) =0 for all 1 <i,j < m.

Let V := Span{vi,..., v, }. Since (v;,v;) =0 for all 7, j, we have

V<Vt={weF}:(wv)=0 YveV}.
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An Upper Bound

Berlekamp '69

To each club C; C [n], define its characteristic vector v; € F} defined such that

1 ifzeCj
vi(z) = .
0 ifxé¢C.

Note (v;,v;) := v v; = |C; N C;j| mod 2, thus (v;,v;) =0 for all 1 <i,j < m.

Let V := Span{vi,..., v, }. Since (v;,v;) =0 for all 7, j, we have
V<Vt={weF}:(wv)=0 YveV}.

Since dim V' 4 dim V+ = n, we have

2dimV < dimV+dimV*+ =
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An Upper Bound

Berlekamp '69

To each club C; C [n], define its characteristic vector v; € F} defined such that

1 ifzeCj
vi(z) = .
0 ifxé¢C.

Note (v;,v;) := v v; = |C; N C;j| mod 2, thus (v;,v;) =0 for all 1 <i,j < m.

Let V := Span{vi,..., v, }. Since (v;,v;) =0 for all 7, j, we have
V<Vt={weF}:(wv)=0 YveV}.

Since dim V' 4 dim V+ = n, we have

2dimV < dimV+dimV+t =n = dimV < |n/2]
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An Upper Bound

Berlekamp '69

To each club C; C [n], define its characteristic vector v; € F} defined such that

1 ifzeCj
vi(z) = .
0 ifxé¢C.

Note (v;,v;) := v v; = |C; N C;j| mod 2, thus (v;,v;) =0 for all 1 <i,j < m.

Let V := Span{vi,..., v, }. Since (v;,v;) =0 for all 7, j, we have
V<Vt={weF}:(wv)=0 YveV}.
Since dimV 4 dim V1 = n, we have

2dimV < dimV+dimV+:t =n — dimV < |[n/2] = m < |V| <272 O
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C|

Eventown for
Permutations

Nathan

Lindzey
Eventown
Main Results

Bijections &
Characters

Proof Sketch

Nathan Lindzey — Eventown for Permutations



Eventown Analogues

Eventown for subsets:
max |F| subject to
FCaln

¢ |7 =0 mod 2 for all 7 € F;
® [oN7| =0 mod 2 for all distinct 0,7 € F.
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Eventown Analogues

Eventown for subsets:

max |F| subject to
FC2ln]

¢ |7 =0 mod 2 for all 7 € F;
® [oN7| =0 mod 2 for all distinct 0,7 € F.

Eventown for finite groups G:

max |F| subject to
FCa

e |7 =0 mod 2 for all id # 7 € F;
® |[or~ Y =0 mod 2 for all distinct 0,7 € F.
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Eventown for Permutations

We want to solve the following optimization problem for all symmetric groups S,:

max |F| subject to
FCSn

® |7| =0 mod 2 for all id # 7 € F:

every non-identity permutation 7w € F has an even-length cycle.
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Eventown for Permutations

Eventown for
Permutations

We want to solve the following optimization problem for all symmetric groups S,:

Nathan
. Lind
max |F| subject to e
FCSn

Eventown
. Main Results
® |7| =0 mod 2 for all id # 7 € F: e
Bijections &

C}ialactevs
every non-identity permutation 7w € F has an even-length cycle. ot it

@® |on!| =0 mod 2 for all distinct o, 7 € F:

the difference o7~ ! of any distinct o, 7 € F has an even-length cycle.
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Eventown for Permutations

Eventown for
Permutations

We want to solve the following optimization problem for all symmetric groups S,:
\EYE

. Lind
max |F| subject to e
FCSn

Eventown
. Main Results
® 7| =0 mod 2 for all id # 7 € F: e
Bijections &

C}iavacters
every non-identity permutation 7 € F has an even-length cycle. P

@® |on!| =0 mod 2 for all distinct o, 7 € F:
the difference o7~ ! of any distinct o, 7 € F has an even-length cycle.

A family F C S, satisfying Property 2 is called an even-cycle-intersecting family.

«O»«Fr«E» <=
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Reversing Families of Permutations
Kérner '10 / Firedi, Kantor, Monti, Sinaimeri '10

We say o, € S, are reversing if their difference o7~ has a transposition.
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We say o, € S, are reversing if their difference o7~ has a transposition.
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Reversing Families of Permutations

Kérner '10 / Firedi, Kantor, Monti, Sinaimeri '10
We say o, € S, are reversing if their difference o7~ has a transposition.
A family F C S, is reversing if any two distinct members of F are reversing.

Cibulka (2013) showed a reversing family of permutations F C S, has size

|J,~_-| < nn/2+0(n/ logy n).

«Or«Fr»«E>» «E)»
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Reversing Families of Permutations
Kérner '10 / Firedi, Kantor, Monti, Sinaimeri '10

We say o, € S, are reversing if their difference o7~ has a transposition.
A family F C S, is reversing if any two distinct members of F are reversing.
Cibulka (2013) showed a reversing family of permutations F C S, has size
| F| < nn/2+0m/logan)
Firedi et al. (2010) construct a reversing family of permutations F C S, of size
oln/2] < 1.515" ~ 8l/5) = | 7.

Improved to 1.587" ~ 41"/3] by Harcos & Soltész (2020).
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Korner's Conjecture

Conjecture (Korner '10)
A reversing family of S,, has size no greater than C" for some constant C > 1.
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Korner's Conjecture

Eventown for

COﬂ_]eCture (Korner ,10) Permutations
A reversing family of S,, has size no greater than C™ for some constant C' > 1. stk
. . . . . . . . . . Eventown
This conjecture has since spawned other interesting lines of combinatorial inquiry: P
.. . i . i i t}'\ject\'on: &
e Fiiredi, Kantor, Monti, Sinaimeri (2010, 2011) Characters
Proof Sketch

e Korner, Messuti, Simonyi (2012)
Cibulka (2013)

Soltész (2018)

Harcos, Soltész (2020)

Byrne, Tait (2024)

Nathan Lindzey — Eventown for Permutations «O>«Fr» «E>» «E>»
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Main Results

Recall F C S, is even-cycle-intersecting if o' has an even cycle for all 0,7 € F.
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Main Results

Recall F C S, is even-cycle-intersecting if o' has an even cycle for all 0,7 € F.

Theorem (L. '25)
If F C S, is even-cycle-intersecting, then for all n > 2, we have

|F| <2n L

Equality holds if F < S, is a Sylow 2-subgroup and n = 2¢,2¢ + 1 for some ¢ € N.

Conjecture (L. '25)
The Sylow 2-subgroups are the extremal even-cycle-intersecting families Vn > 6.
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Main Results

Corollary (L. '25)

The maximum size of an eventown family of S, is 2"~ .

Open Question: Is there a dimension argument that achieves this bound?

Theorem (L. '25)
Kérner’s Conjecture holds for C' = 2.

Open Question: Can C' be improved?
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The Odd Cycles Bijection

Béna, Hopkins (https://mathoverflow.net/questions/412727)

Consider a permutation
(467)(51829)(3).
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The Odd Cycles Bijection

Béna, Hopkins (https://mathoverflow.net/questions/412727)
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Eventown for
Permutations

Consider a permutation i
(467)(51829)(3). ‘
Eventown
Cyclically shift each cycle so that it starts with its largest element Vo Rl
Bijections &
(746)(95182)(3) Characters
Proof Sketch

«A4O0>» «F» «E» « =
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The Odd Cycles Bijection

Béna, Hopkins (https://mathoverflow.net/questions/412727)

Consider a permutation
(467)(51829)(3).

Cyclically shift each cycle so that it starts with its largest element

(746)(95182)(3).

Then sort the cycles in ascending order

(3)(746)(95182).

«OrP«FPr»«E>»«E)»
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The Odd Cycles Bijection

Béna, Hopkins (https://mathoverflow.net/questions/412727)
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Eventown for
Permutations

Consider a permutation i
(467)(51829)(3). ‘
Eventown
Cyclically shift each cycle so that it starts with its largest element N
Bijections &
(746)(95182)(3) Characters
Proof Sketch

Then sort the cycles in ascending order

(3)(746)(95182).

Let's call this standard cycle form. Assume all permutations are in this form.

«O»«Fr«E» =
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The Odd Cycles Bijection

Consider a permutation ¢ € S,, with only odd cycles in standard cycle form, e.g.,

o = (3)(746)(95182).
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The Odd Cycles Bijection

Eventown for
Permutations

Consider a permutation ¢ € S,, with only odd cycles in standard cycle form, e.g., ot

Lindzey
o = (3)(746)(95182). _

Main Results

There are #cycles(o) — 1 gaps between the cycles. Assign a bit b; to each gap.

Bijections &
Characters

Proof Sketch

«A4O0>» «F» « E» « =
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The Odd Cycles Bijection

Eventown for
Permutations

Consider a permutation ¢ € S,, with only odd cycles in standard cycle form, e.g., ot
Lindzey
o = (3)(746)(95182). E'-

Main Results

There are #cycles(o) — 1 gaps between the cycles. Assign a bit b; to each gap.

Bijections &
Characters

Process the bits from left to right. There are two cases: Proof Sketch

«O» «Fr«E» <=
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The Odd Cycles Bijection

Eventown for
Permutations

Consider a permutation ¢ € S,, with only odd cycles in standard cycle form, e.g., ot
Lindzey
o = (3)(746)(95182). E'-

Main Results

There are #cycles(o) — 1 gaps between the cycles. Assign a bit b; to each gap.

Bijections &
Characters

Process the bits from left to right. There are two cases: Proof Sketch

b; = 0: do nothing.

«O»«Fr«E» <=
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The Odd Cycles Bijection

Consider a permutation ¢ € S,, with only odd cycles in standard cycle form, e.g.,
o = (3)(746)(95182).

There are #cycles(o) — 1 gaps between the cycles. Assign a bit b; to each gap.

Process the bits from left to right. There are two cases:

b; = 0: do nothing.

b; = 1: move the last element of the left cycle to the end of the right cycle.

«O»«Fr«E» <=
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The Odd Cycles Bijection

Eventown for
Permutations

Consider a permutation ¢ € S,, with only odd cycles in standard cycle form, e.g.,

Nathan

Lindzey
o = (3)(746)(95182).
Eventown
There are #cycles(o) — 1 gaps between the cycles. Assign a bit b; to each gap. Hin Resuls
Bijections &
Characters
Process the bits from left to right. There are two cases: Proof Sketch

b; = 0: do nothing.
b; = 1: move the last element of the left cycle to the end of the right cycle.

Proceed to the next bit b; 1.

Nathan Lindzey — Eventown for Permutations «O>» «F>» «E»>» « E
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The Odd Cycles Bijection

Eventown for
Permutations

Example 1:
o= (3)(746)(95182) € Sy b="b1by =11 Nt

(3)(746)(95182) Eventown

Main Results

Bijections &
Characters

Proof Sketch

«40>» «F» « E «E>»
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The Odd Cycles Bijection

Eventown for
Permutations

Example 1:
o= (3)(746)(95182) € Sy b="b1by =11 Nt

(3)(746)(95182) —» (7463)(95182) Eventown

Main Results

Bijections &
Characters

Proof Sketch
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The Odd Cycles Bijection

Eventown for
Permutations

Example 1:
o= (3)(746)(95182) € Sy b="b1by =11 Nt

(3)(746)(95182) —» (7463)(95182) —» (746)(951823). Eventown

Main Results

Bijections &
Characters

Proof Sketch

«40>» «F» « E «E>»
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The Odd Cycles Bijection
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The Odd Cycles Bijection

Example 1:
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(3)(746)(95182) —» (7463)(95182) —» (746)(951823).

Example 2:
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Example 1:
o= (3)(746)(95182) € Sy b="b1by =11 Nt

(3)(746)(95182) — (7463)(95182) — (746)(951823). Eventown

Main Results
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Proof Sketch
Example 2:
7 = (321)(746)(8)(950) € S190 b= bybebs = 101

(321)(746)(8)(950)—(32) (7461)(8)(950)—(32) (7461)(8)(950)—(32) (7461)(9508).
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The Odd Cycles Bijection
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This procedure maps 'gap-signed’ odd cycle only permutations to the set .S,,:

Nathan
Lindzey

{(o,b):01-0p, =0 €S, |o;loddVi and be{0,1}"} — S,. Eventown

Main Results

Bijections &
Characters

In fact, it's a bijection: given 7 € S,, in standard cycle form, we can recover (o, b).
Proof Sketch

We obtain the following identity:

n! = Z 2#cycles(a)—1'

geSy
o has only odd cycles
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Hooks

A hook is an integer partition of the form (n — k, 1¥) - n for some k.

C|

Eventown for
Permutations

Nathan

Lindzey
Eventown
Main Results

Bijections &
Characters

Proof Sketch

Nathan Lindzey — Eventown for Permutations



C|

Hooks

Eventown for
Permutations

A hook is an integer partition of the form (n — k, 1¥) - n for some k.
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Let

H g X(n) + X(n_lvl) _|_ X(n_zvlvl) _.I_ P + X(ln) Eventown

Main Results

Bijections &

be the sum of hooks character.
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Hooks
Eventown for
A hook is an integer partition of the form (n — k, 1¥) - n for some k. Permutations
\EYE
Lindze
Let ’
H — X(n) + X(?’L—l,l) _|_ X(n_zvlvl) + PP + X(ln) Eventown
Main Results
be the sum of hooks character. E—
Characters
Proof Sketch

Theorem (Regev '13, Taylor '17)

For all 0 € S, we have

o#tcycles(o)—1 if o has only odd cycles
0 if o has an even cycle.
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Two-Row Partitions

A two-row partition is an integer partition with at most two parts.
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Two-Row Partitions

A two-row partition is an integer partition with at most two parts.

Let n be even and define

B iy (1D (=22

+ oy (n/2m/2)
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Two-Row Partitions

Eventown for

A two-row partition is an integer partition with at most two parts. Permutations

Nathan
Lindzey

Let n be even and define

Eventown
B = X(n) — X(n_171) + X(n_2’2) — s :l: X(n/2’n/2). Main Results

Bijections &
Characters

Proof Sketch
Theorem (L. '25)
Let n be even. For all o € S,,, we have

otcycles(o) if o has only even cycles
B(o) :=

0 otherwise.
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Projectors
For any irreducible character x of a finite group G, let E, be the |G| x |G| matrix Fventown for
that is the orthogonal projection onto the y-isotypic component of CG: Nathan
Lindzey
1
(Ex)h,g = x(1) )X(ghfl) for all g,h € G. Eventown
‘G| Main Results
Bijections &
Characters
Proof Sketch
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Projectors

For any irreducible character x of a finite group G, let E, be the |G| x |G| matrix S

that is the orthogonal projection onto the y-isotypic component of CG: Nathan

Lindzey

1

(Ex)h,g — ﬁx(ghil) for a“ 97 h € G Eventown
‘G| Main Results
. Bijections &

Let G = S,, and define E) := EX)\ for each A = n. Then we have Charactors
Proof Sketch

A
1
(E\)ro = X )Xk(mr_l) for all m,0 € S,,.
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Projectors

For any irreducible character x of a finite group G, let E, be the |G| x |G| matrix S

that is the orthogonal projection onto the y-isotypic component of CG: Nathan

Lindzey

1

(Ex)hg = —X( )X(ghfl) forall g,h € G. Eventown
‘G| Main Results
. Bijections &

Let G = S,, and define E) := EX)\ for each A = n. Then we have Charactors
Proof Sketch

A
1
(E\)ro = X )Xk(mr_l) for all m,0 € S,,.

It is well known that

where h) denotes the hook product of A.

«COr«Fr» «E»r <
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The Odd Cycle Matrix

Define the following n! x n! matrix such that for all 7,0 € S, we have

oitcycles(om—1)—1 if or~! has only odd-length cycles;

O0Cr s =

o 0 otherwise.

Note that )
OC = i 1ryEniir),
k=0

i.e., OC is a low-rank positive semi-definite matrix with maximum eigenvalue n!.

The diagonal entries of OC are all 2771,

OC’ := OC — 2T has max eigenvalue n! — 2”1 and least eigenvalue —2" 1.
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The Delsarte—Hoffman Bound

OC’ is a weighted adj. matrix for the Cayley graph of S,, generated by permutations
with only odd-length cycles. Independent sets «— even-cycle-intersecting families.

Theorem (Delsarte-Hoffman)

Let A be a weighted adjacency matrix of a regular graph G = (V, E) with largest
eigenvalue Nyax and least eigenvalue nyin. If S C V is an independent set, then

—Tmin
S| < WV]|———

Thmax — "/min

Moreover, if equality holds, then the characteristic vector 1¢ € RV lies in the direct
sum of the nmax-eigenspace and nmin-eigenspace.

Thus, if S C S, is even-cycle-intersecting, then |S| < n!% =on-1
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Sylow 2-Subgroups P, of S,

|P,,| = highest power of 2 dividing n!, i.e., 92 kz11n/2"]
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Sylow 2-Subgroups P, of S,

|P,,| = highest power of 2 dividing n!, i.e., 92k2117/2"] \When n = 24 Eventown for
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|P,| = 25k21 /28] < g2 270 9201 gn—1
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Sylow 2-Subgroups P, of S,
|P,,| = highest power of 2 dividing n!, i.e., 92k2117/2") \When n = 2¢;

|Py| = 22k (/28] < 227 201 gne

The Sylow 2-subgroups are automorphism groups of perfect rooted binary trees:
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Equality in the Delsarte-Hoffman Bound

Delsarte—Hoffman is met with equality, so extremal even-cycle-intersecting families
live in the direct sum of the greatest and least eigenspaces of OC’...

. so the characteristic vector of any Sylow 2-subgroup lives there.

An application of Frobenius reciprocity gives us the following result of Gianelli.

Corollary (Gianelli '16)
The permutation representation of Sy acting on cosets Sye/ Py does not have a
non-trivial hook as an irreducible constituent.

«OrP«FPr»«E>»«E)»
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Conclusion + Future Work

What about (mod p)-cycle-intersection?

C|

Eventown for
Permutations

Nathan

Lindzey
Eventown
Main Results

Bijections &
Characters

Proof Sketch

Nathan Lindzey — Eventown for Permutations


https://digitalcommons.memphis.edu/speccoll-findingaids/238/

Conclusion + Future Work

What about (mod p)-cycle-intersection?

Theorem (L. '26+)
If F C S, is (mod p)-cycle-intersecting, then |F| < (27?) < 4™,

This admits a dimension argument proof using the exterior algebra...
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Conclusion + Future Work

What about (mod p)-cycle-intersection?

Theorem (L. '26+)
If F C S, is (mod p)-cycle-intersecting, then |F| < (27?) < 4™,

This admits a dimension argument proof using the exterior algebra...

. and ChatGPT knows this :-(
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Conclusion + Future Work
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What about (mod p)-cycle-intersection?

Nathan

Theorem (L. '26+) Eindzey
If F C S, is (mod p)-cycle-intersecting, then |F| < (27?) < 4™, i

Main Results

This admits a dimension argument proof using the exterior algebra... Bijections &
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. and ChatGPT knows this :-( Proof Sketch

Open Question: Can we do < (4 —¢€)"?

Open Question: Can we find better constructions than the Sylow p-subgroups?
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Conclusion + Future Work

C|

What about (mod p)-cycle-intersection? Eventown for
, Nathan
Theorem (L. '26+) Eindzey
If F C S, is (mod p)-cycle-intersecting, then |F| < (27?) < 4™ Eventown

Main Results

This admits a dimension argument proof using the exterior algebra... Bijections &
Characters

. and ChatGPT knows this :-( Proof Sketch

Open Question: Can we do < (4 —¢€)"?
Open Question: Can we find better constructions than the Sylow p-subgroups?

That’s all. Thanks.

If you have any Paul Erd6s memorabilia that you would like to donate to the Special Collections
Library at the University of Memphis, email me (Nathan.Lindzey@memphis.edu)
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