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Schubert calculus

Studies generalized flag varieties G/B and partial flag varieties
G/P, where:

▶ G is complex semisimple Lie group,

▶ B is a Borel subgroup,

▶ P is a parabolic subgroup.

Mostly concerned with H∗(G/P) and K (G/P), including their
T -equivariant versions, where T is the corresponding maximal
torus.
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Geometric bases of H∗(G/P) and K (G/P)

1. Schubert classes, indexed by Weyl group elements: are the
fundamental classes of Schubert varieties in G/B, G/P.

Note. Are not well-defined for other cohomology theories.

2. ℏ-deformed Schubert classes, defined in terms of the cotangent
bundle to G/B:

▶ CSM and SSM classes in cohomology;

▶ MC and SMC classes in K -theory.

These classes are constructed recursively via certain operators
indexed by simple roots.
Related algebraic setup: Demazure algebra.

There are many related combinatorial formulas: for the classes,
their multiplication, etc.
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The next step after H∗( · ) and K ( · ): elliptic cohomology

Why? Because, corresponding to ordinary cohomology, K -theory,
and elliptic cohomology, there are only...

▶ three kinds of one-dimensional algebraic groups: the additive
group Ga = (C,+), the multiplicative group Gm = (C∗, · ),
and elliptic curves E = C∗/qZ, |q| < 1 (multiplicative
coordinates);

▶ three types of solutions to the Yang-Baxter equation: rational,
trigonometric, and elliptic.

More on these later.
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Elliptic cohomology and the related Schubert calculus

▶ Initial work of topologists (1980s). Modern geometric theory
of equivariant elliptic cohomology: Grojnowski (1994),
Ginzburg-Kapranov-Vasserot (1995).

▶ Geometric construction of the (equivariant) elliptic Schubert
classes: Rimányi-Weber (2020).

▶ Rephrasing of the Rimányi-Weber construction in the
Demazure algebra setup: L.-Zhao-Zhong (2023).
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Plan of the talk

Based on the setup in L.-Zhao-Zhong, we derive combinatorial
formulas for the (equivariant) elliptic classes:

▶ Billey-type formula − generalizes: Billey formula for
cohomology (Duke Math. J., 1999), Graham-Willems formula
for K -theory, others for ℏ-deformed classes;

▶ pipe dream formula in type A − generalizes classical formulas
for double Grothendieck polynomials (Fomin-Kirillov, 1994)
and double Schubert polynomials (Bergeron-Billey,
Billey-Jockush-Stanley, 1993).
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Theta function

A crucial role is played by the Jacobi theta function:

θ(u) = (x1/2 − x−1/2)
∏
n>0

(1− qnx)(1− qn/x) ,

where x = e2πiu.

Remark. The theta function is closely related to the elliptic formal
group law F (x , y) ∈ R[[x , y ]].

This expresses the addition on an elliptic curve E in a
neighborhood of the identity:

F (t(P), t(Q)) = t(P + Q) .

The same happens for the algebraic groups corresponding to
H∗( · ) and K ( · ), where the f.g.l.’s are, respectively:

Fa(x , y) = x + y , Fm(x , y) = x + y − xy .
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The Demazure algebra setup (cf. Rimányi-Weber,
L.-Zhao-Zhong)

Root system: simple roots αi , simple reflections si = sαi ,
Weyl group W ; a formal parameter ℏ; elliptic curve E .

X ∗(T ), X∗(T ): characters and cocharacters of the torus T .

EllT (G/B) is a sheaf over EllT (pt) = X ∗(T )⊗Z E (not a ring!).

The lattice Λ = X ∗(T )⊕ X∗(T )⊕ Zℏ and Q := FracQ[Λ][[q]] .

By localization EllT (G/B) ⊂ Q∗
W := Map(W ,Q) .

Equivariant parameters: zα for α a root.

Dynamical parameters (new!): λβ∨ for β∨ a coroot.
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The Demazure-Lusztig operators

Tαi = Ti act on Q∗
W := Map(W ,Q) via a so-called •-action.

Fact. The Demazure-Lusztig operators satisfy the braid relations
and T 2

i = id.

Fact. The Demazure-Lusztig operators generate the (equivariant)
elliptic Schubert classes Ew ∈EllT (G/B)⊂Q∗

W , w ∈W, recursively

Ewsi = Ti • Ew .

Remark. The elliptic Schubert classes Ew considered here are dual
to those in Rimányi-Weber, being supported on u ≥ w (i.e.,
Ew (u) = 0 unless u ≥ w in Bruhat order).

Remark. The elliptic Schubert classes degenerate to SMC classes
in KT (G/B) via the K -theory limit.
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Elliptic Billey-type formula

We define the following two functions:

P(x , y) =
θ(x − y) θ(ℏ)
θ(y + ℏ) θ(x)

, Q(x , y) =
θ(x + ℏ) θ(y)
θ(y + ℏ) θ(x)

.

Theorem (L.-Xiong-Zhong)

Consider the localization of an elliptic Schubert class Ew (u), for
u,w ∈W. Consider a decomposition u = si1 · · · siℓ .
We express Ew (u) combinatorially as a sum over J ⊆ {1, . . . , n}
such that w = sϵ1i1 · · · s

ϵℓ
iℓ
, where ϵj = δKrj∈J :

Ew (u) =
∑
J

ℓ∏
j=1

Q(λγ̌J
j
, zβj

), j ∈ J,

P(λγ̌J
j
, zβj

), j /∈ J,

{
βj = si1 · · · sij−1

αij ,

γ̌Jj = sϵℓiℓ · · · s
ϵj+1

ij+1
α∨
ij
.

We also have a parabolic version of this formula.
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About the proof

The twisted dynamical group algebra:

QW d := Q⋊Q[W d] ,

spanned over Q by δdw , for w ∈W .

Define the dynamical R-matrix (where δdi := δdsi ):

hi (β) := P(λα∨
i
, zβ) + δdi · Q(λα∨

i
, zβ) ∈ QW d .

Proof idea: the elliptic Billey-type formula follows from the
factorization of the generating function below, where u is fixed
(cf. the above notation and Billey’s proof in ordinary cohomology).

∑
w∈W

δdw · Ew (u) = hi1(β1) · · · hiℓ(βℓ) = root polynomial [Billey] .
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Comparison with Billey’s proof in ordinary cohomology

Fact. The R-matrix property of hi (x), x ∈ X ∗(T ), for H∗(·), K (·)
(Fomin-Kirillov, type by type) and Ell(·):
▶ Unitary property hi (x)hi (−x) = 1.

▶ Yang–Baxter equations

hi (x)hj(y) = hj(y)hi (x), if (si sj)
2 = id;

hi (x)hj(x + y)hi (y) = hj(y)hi (x + y)hj(x), if (si sj)
3 = id.

Similar expressions for (si sj)
4 = id and (si sj)

6 = id.

The comparison:

▶ for us, the R-matrix property is a corollary (uniform proof), as
opposed to an input for the main proof (in Billey’s approach);

▶ instead, our proof of the factorization is deduced directly from
the recursive generation of the elliptic Schubert classes.
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The pipe dream formula

Now let us restrict to type A.

Theorem (L.-Xiong-Zhong)

For any w ∈W = Sn, the class

Ew = an element specialized from Ew×id(u0)

gives a polynomial representative of Ew , where u0 ∈ S2n is

u0 : i
transposition←−−−−−−→ n + i , i = 1, . . . , n ,

and w × id is viewed as an element of S2n.

By our Billey-type formula before, Ew is expressed combinatorially,
and then this expression is translated using the generic pipe dreams
of Knutson and Zinn-Justin.
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Generic pipe dreams

Tilings of the following n × n square grid by the following tiles:

.

Let GPD(w) be the set of generic pipe dreams with the i-th pipe
from the left boundary going to the w(i)-th position of the upper
boundary.

Theorem (L.-Xiong-Zhong)

For any w ∈ Sn, we have

Ew =
∑

π∈GPD(w)

weight(π) .



Generic pipe dreams

Tilings of the following n × n square grid by the following tiles:

.

Let GPD(w) be the set of generic pipe dreams with the i-th pipe
from the left boundary going to the w(i)-th position of the upper
boundary.

Theorem (L.-Xiong-Zhong)

For any w ∈ Sn, we have

Ew =
∑

π∈GPD(w)

weight(π) .



Generic pipe dreams

Tilings of the following n × n square grid by the following tiles:

.

Let GPD(w) be the set of generic pipe dreams with the i-th pipe
from the left boundary going to the w(i)-th position of the upper
boundary.

Theorem (L.-Xiong-Zhong)

For any w ∈ Sn, we have

Ew =
∑

π∈GPD(w)

weight(π) .



The elliptic weight of a generic pipe dream

Let (i , j) be the position of a tile (i.e., its row and column).

Let a (resp., b) be the index of the pipe from the left (resp., lower)
boundary of a tile.

The level c : follow strings, start at the left with 0, add 1 after
meeting , subtract 1 after meeting . Take the product of:

Q(λa-λb, yj-xi )

P(λa-λb, yj-xi )

Q(λa-cℏ, yj-xi )

P(λa-cℏ, yj-xi )

Q(cℏ-λb, yj-xi )

P(cℏ-λb, yj-xi )
1

Example for w = 132 ∈ S3.

weight

(
1 0
2 0 1
3 0 1

)
=
∏

P(λ1-λ2, y1-x1) Q(λ2-λ3, y2-x1) P(λ2, y3-x1)

P(λ2, y1-x2) Q(ℏ− λ3, y2-x2) 1

Q(λ3, y1-x3) P(λ3-ℏ, y2-x3) 1


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Double Schubert polynomials

We are inspired by the following well-known trick for Schubert
polynomials (cf. Buch-Rimányi, 2004).

For w ∈ Sn, we have the double Schubert polynomial

Sw ∈ Z[x1, . . . , xn, y1, . . . , yn].

The specialization xi 7→ yn+i does not lose any information, and at
the same time, it can be computed by the Billey formula for the
localization of the Schubert class σw×id(u0), where u0 : i ↔ n+ i .

This recovers the pipe dream model of double Schubert
polynomials.
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Limit to K -theory

Consider the following limit process:

1. substitute λα∨ = −sτ for all simple roots α and 0 < s ≪ 1;

2. take the limit q → 0;

3. twist the class by a power of y = e2πiℏ.

Facts. This process recovers the Segre motivic class

SMCy (X̊
w ) = y−ℓ(w) lim

q→0
Ew

∣∣
λα∨=-sτ
∀α

∈ KT (G/B)[y ]loc.

In type A, by applying this process to Ew , and by further setting
y = 0, we recover the polynomial representatives for Schubert
classes in equivariant K -theory (double Grothendieck polynomials;
Fomin-Kirillov, 1994) and equivariant cohomology (double
Schubert polynomials; Bergeron-Billey, Billey-Jockush-Stanley,
1993).
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