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Outline

» (Coherent) monotone paths on polytopes and a question

» Positive answers

» Negative answers

> An almost positive answer



Monotone paths on polytopes

Given a polytope P C RY, ¢ € RY, we want to maximize cTx for x € P.

. e
T T



Monotone paths on polytopes

Given a polytope P C RY, ¢ € RY, we want to maximize cTx for x € P.

. e
T - T

~~ get a directed graph Gp .



Monotone paths on polytopes

Given a polytope P C RY, ¢ € RY, we want to maximize cTx for x € P.

. e
T - T

~~ get a directed graph Gp .

A c-monotone path on P is a directed path in Gp . from v to Viax.



Monotone paths on polytopes

Given a polytope P C RY, ¢ € RY, we want to maximize cTx for x € P.

. e
T T

~ get a directed graph Gp .
A c-monotone path on P is a directed path in Gp . from v to Viax.

The simplex method traverses such paths.



Monotone paths on polytopes

Given a polytope P C RY, ¢ € RY, we want to maximize cTx for x € P.

. e
T T

~ get a directed graph Gp .
A c-monotone path on P is a directed path in Gp . from v to Viax.

The simplex method traverses such paths. ~~ length is a measure of complexity.



When is a path coherent?

Given a polytope P C R?, ¢ € R?, we want to maximize cTx for x € P.

The simplex method uses a pivot rule to choose a c-improving neighbor.
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When is a path coherent?

Given a polytope P C R?, ¢ € R?, we want to maximize cTx for x € P.
The simplex method uses a pivot rule to choose a c-improving neighbor.

The shadow vertex rule chooses w € R? and projects P to the plane spanned by ¢ and w.
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Take vertex with highest slope ~» upper path.

A c-monotone path is coherent if it arises this way (for some w).
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Our starting point

Question (De Loera; 2022)
Let P C R be a polytope and ¢ € R,

Let N, and NKCOh be the number of c-monotone and coherent paths of length /.

Are the sequences (N;)s>1 and (N§°")y~1 unimodal?

Yes, for simplices and generic c.

There are more positive cases.
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The standard cube

Let P=[0,1]¢ and c = (1,...,1).
» Vmin = (0,...,0) and Vmax = (1,...,1)

» v — wis a directed edge in Gp . iff w — v equals a unit vector

= All c-monotone paths have length d and Ny = d!.

» All c-monotone paths are coherent (Billera, Sturmfels; 1992).

(0,1,1) (1,1,1)

(0,0,1) (1,0,1)

(0,0,0) (1,0,0)



More examples

P e | Ny | Nge"
5 e | 2527 G
Cycy(n), d > 4 (1,0,...,0) ('é:f) complicated
Bg(S), ISI=r>2| (L1 ) | (s las Jiffl=r] (o 6 ) ifft=r

» Oy =conv(te; : 1<i<d)
> Cycy(n) =conv((t;, t2,...,t8) : 1<i<n)withty<tr<--- <t

> S-hypersimplex A4(S) = conv(x € {0,1}9 Y>ixi€5), where S = {s1,...,s} C[d]



Negative answers



Lopsided cubes

c=(1,1,1)

0,1,1) (1,1,1)
(0.1.1) N (3.1.4
>
0.1,0 - (0,1,0)
( ) P (1.1,0) ( )
»~
PS PS PS
0,0,1) (0,0,1)
. » (1.0,1) .
A b |
)
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c=(1,1,1)

(0,1.1) (1.1,1)
N
(0,1,0) " ) L 10)
PS PS
.(0’0‘1) » (1,0,1)
~
N
(0,0,0) 4 (1,0,0)

(3.1,3)

(0,1,0)

v

(1,0,0)

(4,0,1)



Lopsided cubes

c=(1,1,1)
0,1,1) (1.1,1)
(0,1.3) N (3,1
(0,1,0) T ) (10 (0,1,0) )
»>
T .((),0.1) }A o) T ©0.0.1)
N
(0,0,0) > (1,0,0) (0,0,0) (1,0,0)
» The example generalizes to arbitrary d with ¢ = (1,...,1)
l | d-1

Ny = N | (d — 1)!

ol Q
Q.
+
—_

(4,0,1)



A simplicial counterexample for monotone paths

c=(1,0,0)




A simplicial counterexample for monotone paths

c=(1,0,0)

(]2 3 4 5 6

7 8
Ne|3 8 12 11 12 6 1

We do have a simplicial counterexample such that (NZ"’h)g is not log-concave but unimodal.
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For c = (1,2,...,n), the directed graph Gasso, c is the Hasse diagram of the Tamari lattice.

n==6 | ¢ |5 6 7 8 9 10 11 12 13 14 15

5
1 20 112 232 382 348 456 390 420 334 286
1

20 105 206 332 274 332 270 206 122 142

(Nelson; 2017), A282698 N,
Our computation Ngoh

» (Ng)g is unimodal for n € {5,7,8}. It is not unimodal for n = 9.
> (Ng°M), is not unimodal for n € {5,6,7}. It is unimodal for n = 8.
Problem: Find a characterization of NS°".

» We also have a counterexample in dimension 5 that is a 0/1-polytope.


https://oeis.org/A282698
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The probabilistic model

Let Xi,..., X, be uniformly independently distributed points on S~ C R9,

P, =conv(Xy,..., X,)

Question
For a random direction c, what can we say about (), and (N§°"),?

Known:

Formulae for EL,, where L, is the length of a random coherent path (Borgwardt; 1987)

In the following: Focus on coherent paths! ~~ Project to a 2-dimensional plane.



Examples of projections
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Examples of projections

» Need to understand the number of vertices/edges of the polygons.



[-distributions

X uniformly distributed point on S9~1 C R

E C RY 2-dimensional plane, 7¢ : RY — E orthogonal projection, Z = mg(X)
Theorem (Kabluchko, Temesvari, Thale; 2019)

Z is distributed with probability density

f,54(x) = Ca (1 — Hx\|2)ﬁd for x € B,

where [y = % — 2 and C4 is a constant.

fy=—1 Bs=1 P24 =10
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Set-up and goal
Let Xi,..., X, be uniformly independently distributed points on S~ C R9,

Pn = conv(Xi,...,Xp)

E C RY 2-dimensional plane, 7 : RY — E orthogonal projection, Z; = 7£(X;)

Qn =conv(Zy,...,Zp)
Instead of counting paths, we consider the length L,, of a random coherent path on P,,.
L, equals the number of upper edges in Q,. ~~ Enough to understand £ (Q,).
Goal

Show that ,(Q,) satisfies a central limit theorem.



A central limit theorem
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A central limit theorem

Theorem (J., Poullot; 2025)

Letd > 4. Zi,...,Z, independent 34-distributed points.
Let

Qn =conv(Zy,...,Zp)
and f1(Q,) be the number of edges of Q,. Then, for U ~ N(0,1),

d fl(Qn) _Efl(Qn)
K Varfi(Qn)

1
r__ 1

7_ 1)\ 2(d-1)
,U) < c¢(log(n))? 2@ () —0 as n— 0.

n

> di(X,Y) = supxer [P(X < x) = P(Y < x)|

> Ef(Q,) ~ na—1 (Kabluchko, Thale, Zaporozhets; 2020)



The variance

Theorem (J., Poullot; 2025)

1 1
conﬁ_a < Varfi(Q,) < c1(|og(n))3_ﬂ na-1 as n— oo

for constants cy and c¢; and any a > 0.



The variance

Theorem (J., Poullot; 2025)

1 1 1
cond1? < Varfi(Q,) < c1(|og(n))3_ﬁ na-1 as n— oo

for constants ¢y and ¢, and any a > 0.

Proof ingredients:

» lower bound: floating bodies, some kind of Sylvester's 4-point problem

» upper bound: Efron-Stein jackknife inequality



How to upper bound the variance

1

Goal: Varfi(Qp) < cl(log(n))3*ﬁnﬂ
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How to upper bound the variance

Goal: Varfi(Qp) < q(log(n)):“_ﬁnﬁ
Efron-Stein jackknife inequality (Efron, Stein; 1981; Reitzner; 2003)
Varfi(Qn) < (n+ 1) E(A(Qnt1) = A(Qn))’

-~

:Dfl(Qn+l)




The upper bound: floating bodies
Let p € B2.

G ={xeB : (x—p,p) >0}
is called e-cap if u(Gy) = e.

The e-floating body is the complement of the union of all e-caps.




The upper bound: floating bodies

1 1

Goal: EDfl(Qn+1)2 < cl(log(n))37ﬁn*1+ﬁ_



The upper bound: floating bodies

1

Goal: EDA(Qns1)? < ci(log(n))® #in e,

Step 1: Show that the e-floating body is contained in Q, with probability > 1 — n~* (for any
s>0and sz(ﬁ—i-s)@).
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The upper bound: Conditioning
Goal: EDA(Qpy1)? < C1(|Og(n))37ﬁn*1+ﬁ.
Step 2:

EDA(Qnt1)? =E(DA(Qn+1)? | Fe € Qni1)P(Fe € Qni1)
+E(DA(Qn+1)? | Fe € Qui1)P(Fe € Qni1)



The upper bound: Conditioning

2 3- 45 iy
Goal: EDf1(Qn+1)* < ci(log(n))” d1n™""d-1,
Step 2:

EDA(Qnt1)? =E(DA(Qn+1)? | Fe € Qni1)P(Fe € Qni1)
+E(DA(Qn+1)? | Fe € Qui1)P(Fe € Qni1)

» For F. Z Qp, use the trivial estimate |Dfi(Qpy1)| < n.



The upper bound: Conditioning
Goal: EDA(Qpy1)? < C1(|Og(n))37ﬁn*1+ﬁ.
Step 2:

EDA(Qnt1)? =E(DA(Qn+1)? | Fe € Qni1)P(Fe € Qni1)
+E(DA(Qn+1)? | Fe € Qui1)P(Fe € Qni1)

» For F. Z Qp, use the trivial estimate |Dfi(Qpy1)| < n.

» For F. C Q,, bound |Dfi(Qp41)| by the number of points in the visibility region of Z,;.




How to show a CLT: The main tool

Theorem (Shao, Zhang, Zhang; 2025; Lachiéze-Rey, Peccati; 2017)

i (fi(Qn)—E(ﬁ(Qn))7U> < ¢ gz (V@) + 0@ + nvava(@n),

Varfi(Qn)

where v1, Y2, v3 are higher moments of first and second order difference operators.

» Second order difference operators measure the effect of the removal of two points and
their interaction.



How to show a CLT: The main tool

Theorem (Shao, Zhang, Zhang; 2025; Lachiéze-Rey, Peccati; 2017)

i (fi(Qn)—E(ﬁ(Qn))7U> < ¢ gz (V@) + 0@ + nvava(@n),

Varfi(Qn)

where v1, Y2, v3 are higher moments of first and second order difference operators.

» Second order difference operators measure the effect of the removal of two points and
their interaction.

» The theorem is true in a far more general setting.



Open problems and ongoing work

P special classes of polytopes
» coherent paths on Loday's associahedron
» other probabilistic models (random edge polytopes, simple polytopes)

» existence of good directions



Open problems and ongoing work

P special classes of polytopes
» coherent paths on Loday's associahedron
» other probabilistic models (random edge polytopes, simple polytopes)

» existence of good directions

One last remark

| think we should use probabilistic methods more often in order to validate conjectures.

Thank you!



The v's

f1(Qn) — E((Qn))
dK< Varfl(cla,,) , U) <c Varf(Q,,) (\f’Yl Qn) + nv/72(Qn) + nvnv/3( Qn)

where

Dyjfi(X) = A(X) — A(X) — A(X) + A(XY)
n =E(|DAMX)I),

2= sup B(1(DA(Y) £ 0) Dif(2)°).
(Y,2)

3= sup_ E(1(Difi(Y) #0) 1(Dish(Y') #0) D2A(2)*),
(Y,Y',2)

where the suprema run over all recombinations (Y, Z) resp. (Y, Y', Z) of {X, X', X}.



