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Chromatic symmetric functions

Stanley ('95) introduced the chromatic symmetric function as a
generalization of the chromatic polynomial:

e For each proper coloring Kk : V — N,

= H ZU,{(U).

veV
* Xa( Z "
K proper
3 1
l/Z
G = T = ririze
3 6 143

Ex: G= e—o—o

XG(z) =4s@1,1) + @21

= €(2,1) T 3€(3)



Unit interval graphs

Every Dyck path determines a unit interval graph:




Unit interval graphs

Every Dyck path determines a unit interval graph:
1 2 3 4 5

>
]

)

— @
N @
O]
B
&)

N W s O




Unit interval graphs

Every Dyck path determines a unit interval graph:
1 2 3 4 5

>
]

— @
N @
O]
B
&)

§>
—
DO

c"Ql

I
|Cﬂ

N W s O




Unit interval graphs

Every Dyck path determines a unit interval graph:
1 2 3 4 5

I

X
X

— @
N @
O]
B
Ut
V)

N W s O

If G is a unit interval graph, xg(x) is e-positive, meaning

xa(x) = Zaw,\

A
such that ay) € Z- for all \.



Unit interval graphs

Every Dyck path determines a unit interval graph:

1 2 3.4 5
5!
D
DZS G:Q‘m 1__
5 1 2 3 45 3 >
1

If G is a unit interval graph, xa(x) is e-positive, meaning

xa(x) = ZaAe,\

A
such that ay) € Z- for all \.

e Originally stated for incomparability graphs of (3 + 1)-free posets.
Conjecture reduced to unit interval graphs by Guay-Paquet.
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Shareshian—Wachs Conjecture

Shareshian and Wachs' chromatic quasisymmetric functions:
Let G = (V, E) where V = {1,2,...,n}.

asc(k) =#{i<jlije E, k(i) < k(j)}

Xolza) = Y g

K proper

o xa(w;q) = q2]2es 1) + (1+¢°)[2]2ew)




g-chromatic symmetric functions

Xa(x; q) are not symmetric in general for other graphs (see
Gillespie-Pappe—Salois)

Theorem (Shareshian—Wachs, 2016)

If G is a unit interval graph, then xg(x;q) is symmetric and
s-positive.

Conjecture (Shareshian—-Wachs, 2016)

If G a unit interval graph, then xa(z; q) is e-positive.

e Related to geometric rep theory of rss Hessenberg varieties

(Shareshian—Wachs, Brosnan—Chow) and affine Grassmannians
(Kato).
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Let xa(x;q) = ZCA(Q)EZ)\.

)
Hikita (2024) found an explicit formula for the coefficient

cx(q) and proved cy(1) = 0.
e | < j is usual order on |n]

e | < jif1< 4 and above D.

e 1 < jif1 <7 and below D.

(unit interval graph)
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o Let SYT/{7 = standard tableaux 1" of shape A whose columns increase
with respect to «.
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e SYTY

o Let SYT? be standard tableaux T' € SYTP s.t.
(#) For every ¢ not in the first column of T, there is a j in the column
immediately left of ¢ such that j < 1.
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Hikita's formula

The following is an equivalent reformulation of Hikita's formula:
Theorem (Hikita, 2024)
Let G be the graph corresponding to Dyck path D, then

. ("31)-1-1D| o) QCj(T) — CIC"'(T)
Xa(#:9) = g ZA] ¢TI DY ] s Bl X
: TESYTA ](T);«Z;c@](T)Jrl

where ¢;(T') = (column of label 7 in T")—1.

Corollary (Hikita, 2024)

At q = 1, the chromatic symmetric function is

CjT—CiT
el x-S\ S T i am o [

() 1<3J
TESYT)\ (T) T)-l—l

thus the Stanley—Stembridge Conjecture is true.



Example of e expansion

Hikita's formula gives the following coefficient formulas:

4 q 2 q
[ess1]xp (w5 q) = ¢*[4]4[2] + qg[ ][3][q] 43

4
lessi|xp(z;1) =42+ 4_:-))2 i %
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A new proof

We give a new proof of Hikita's formula.

e Gives a direct way of obtaining the formula
e Expansion into Macdonald polynomials

e Also gives e expansion, s expansion, and Hall-Littlewood
expansion.

e Related to geometry of Hilbert schemes
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Our main result is an expansion of xa(x;q) in terms of Macdonald
symmetric functions.

The (modified) Macdonald symmetric functions {H (x;q, )} are a
basis of symmetric functions A over Q(q, t).

Has several nice specializations:

e At t =0, ﬁu(aj;q,()) = (modified) Hall-Littlewood polynomial

H\[(q — D)3 q,1]
(g —1)"

o Att =1,

= (—1)" ] [;[Ailglea.



A, algebra

A, is a Q(g)-algebra with idempotents labeled by Z~, with
elements



A, algebra

A, is a Q(g)-algebra with idempotents labeled by Z~, with
elements

® dik'—>k'—|__1
o Ii:k—-k(1<i<k) mod some relations

e y, - k—k(1<1<k)



A, algebra

A, is a Q(g)-algebra with idempotents labeled by Z~, with
elements

® dik'—>k'—|__1
o Ii:k—-k(1<i<k) mod some relations

e y, - k—k(1<1<k)

d, d, d,
o B e e
0 1 2 3

A, 1s a “doubling” of A, defined by Carlsson—Mellit

Has a representation V' = @k>0 Vi

Vo =A
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Chromatics via A,

Fp(x;q) = dd% ---d*d® (1).

Proposition (Carlsson—Mellit, 2015)

xa(z;q) = (g —1)""Fp[(q — 1)x].

(See e.g. Precup—Sommers and Masuda—Sato for a geometric meaning of
the identity)
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A, action

There are elements ﬁ]A,w of V', proven by Bechtloff-Weising—Orr to
correspond to partially symmetric Macdonald functions.

o ) .,(x;y1,-..,Yx) € Vi where
w = (w1, ..., ws) a row-decreasing sequence of cells in A that form a
horizontal strip.

\ —

W4y

e When w = ¢, you recover Macdonald polynomials:

Hy g = Hx(x)/Hx(=1)
where Hy(—1) = (=1)M [T, yex ¢t
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d+ action on the basis

(Carlsson—Gorsky—Mellit, 2017) The d+ operators have explicit
expansions in the H) ,, basis:

o d_Hy wu, = Hx w3 |wi —> w3|wi

~ c — tw; 77
¢ d—|—H)\,w = —q ZCdA+c)\H Z )\—i—c,cw-

C
w3 |w1 — Wy |W2 +

W4y Ws| W1

qa(:c) _ tﬁ(:{;)—|—1 qa(:c)—|—1 _ tﬁ(az)

where d>‘+c’>‘ - H qa(:c)—l—l — tl(z)+1 H qa(:c)—l—l _ tl(z)+1°
rxeRow(c) xeCol(c)
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Macdonald expansion

o Fp(x;q) :=d*ds---dd*(1).

d3d.d
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Macdonald expansion

o Fp(x;q) :=d*ds---dd*(1).

d3d.d.d_d.d,
—rhhb
f
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Macdonald expansion
o Fp(z;q) == dds ---dd%(1).

d3d.d.d_d.d,
— T

w1 wa|wy w1 w1 wWa

w2 w3 w1

3
T: 11214 ESYT(Sl)

Theorem (G-Mellit-Romero—Weigl-Wen, 2025)

Fp(x;q) = q(g)_‘D'Z Z Ar(q,t) | Ha(z;q,t).
A
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A

TeSYTD
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Since xa(x;q9) = (¢ — 1) " Fpl(q — 1)z; q], we have:

Theorem (G-Mellit-Romero—Weigl-Wen, 2025)

xe(z;q) = D Plg-1) S | N Ag(q,t) | Hillg — Vs g, t).

A TeSYTD

where Ar(q,t) are rational functions in ¢,t (with explicit fofmulas).

— 1 =1 =1
Vt Vt Vt

XG(z;q) Y Ar(g1) e

e \We prove resulting formula at £ = 1 is same as Hikita's.

e Set t = 0 to expand x¢(z;q) into Q,(x; ¢~ ) Hall-Littlewoods.

o Sett = g~ ! to expand x¢(x;q) into Schurs.



Further directions

Reprove recent extensions of Stanley-Stembridge using the
A, + algebra:

e Huh, Hwang, Kim, Kim, and Oh (2025) proved the
e-positivity of Abreu—Nigro's g-functions.

e Tom—Vailaya (2026) proved e-positivity of glued sequences
of unit interval graphs and cycles.

e Shareshian—Wachs Conjecture (positivity when you keep ¢)
s still open!



Thanks for your attention!

B did>dydtd d?d5d_d%d_d*d_d2 (1)
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Explicit A, ; action
Let Vi = A®Cly1,...,yx], and let V := ®r=oVi.
For any F'(y;,y;1+1), define

Yi+1 — Yi
We have the following two operators in A ;:

dy Vi > Vier  dyF[X] =T TuF[X + (g — Dygi1].

—F[X — (¢ — Dyx|Exp[—y, ' X]

—1
Y

d_: V. - Vi._1 d_F|x|

Fp[X;q] == d"d% ---d>d™ (1).
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Aside: Connection to Hilbert schemes

Carlsson—Gorsky—Mellit proved that A, ; acts on equivariant
K-theory of the parabolic flag Hilbert scheme of points in C2.

PIFHilb,, ,,—k 1s the moduli space of
I,cIl, 1c--cl, cClx,y]
such that dim¢(Clx, y|/I,—;) =n —i and yl,,_ < I,,.

At G @ Kes xox (PFHilby, ) =V
k=0

By the localization theorem, each (localized,equivariant)
K-theory ring has a basis (over K-theory of a point) given by
the classes of torus-fixed points, I ,,.
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Aside: Geometric d4 operators

The torus fixed points I ,, are flags of monomial ideals.

Indexed by A partition, and w = (wq,...,ws) a sequence of
cells in A that form a horizontal strip.

w2

WwalWw
)\: 3W1

W4y

ﬁb\’w e V correspond to |1 .| under the isomorphism above.
d_ <> pushforward along
Iyc-clyp)— U1 Ih_k)

q"(q — 1)d, <> pullback along

I,c-cly_)— T, Iy pi1)



Hall-Littlewood expansion

At t = 0, we get a formula for x¢(x;q) in terms of Hall-Littlewood
symmetric functions.

~

Hy[(q — 1)a; q,0] = ¢NHAQy (25¢71).

Corollary (G-Mellit-Romero—Weigl-Wen, 2025)

Xa(x; q) has the following expansion in terms of Q:

n+1 |I“ Q}\/ €. q
X < Z HCI—L(T’i)_d(T’i) H [d(T,7)], H [L(T,7) _Sh(T<z')s+1]q>
TeSYTY i#T1 i1, i:(T<;)s#
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