
Sean Griffin

University of North Texas

A Macdonald expansion of q-chromatic
symmetric functions

and the Stanley–Stembridge Conjecture

17 July 2026

UW FPSAC

Joint work with Anton Mellit, Marino Romero, Kevin Weigl,
and Joshua Jeishing Wen (Vienna gang)



Sean Griffin

University of North Texas

A Macdonald expansion of q-chromatic
symmetric functions

and the Stanley–Stembridge Conjecture

17 July 2026

UW FPSAC

Joint work with Anton Mellit, Marino Romero, Kevin Weigl,
and Joshua Jeishing Wen (Vienna gang)

Theorem (Hikita)



Work completed at the University of Vienna.

Anton Mellit Marino Romero Joshua Jeishing Wen Kevin Weigl



Powered by A.I.

Work completed at the University of Vienna.

Anton Mellit Marino Romero Joshua Jeishing Wen Kevin Weigl



Powered by A.I.

Work completed at the University of Vienna.

=Almdudler and Imperial torte

Anton Mellit Marino Romero Joshua Jeishing Wen Kevin Weigl



Powered by A.I.

Work completed at the University of Vienna.

=Almdudler and Imperial torte

Anton Mellit Marino Romero Joshua Jeishing Wen Kevin Weigl



Chromatic symmetric functions



Chromatic symmetric functions

Stanley (’95) introduced the chromatic symmetric function as a
generalization of the chromatic polynomial:

• For each proper coloring κ : V Ñ N,

G “



Chromatic symmetric functions

Stanley (’95) introduced the chromatic symmetric function as a
generalization of the chromatic polynomial:

• For each proper coloring κ : V Ñ N,

G “

• xκ :“
ź

vPV

xκpvq.



Chromatic symmetric functions

Stanley (’95) introduced the chromatic symmetric function as a
generalization of the chromatic polynomial:

• For each proper coloring κ : V Ñ N,

G “

• xκ :“
ź

vPV

xκpvq.

• χGpxq :“
ÿ

κ proper

xκ.



Chromatic symmetric functions

Stanley (’95) introduced the chromatic symmetric function as a
generalization of the chromatic polynomial:

• For each proper coloring κ : V Ñ N,

G “

• xκ :“
ź

vPV

xκpvq.

3

1

1

63
xκ “ x2

1x
2
3x6

• χGpxq :“
ÿ

κ proper

xκ.



Chromatic symmetric functions

Stanley (’95) introduced the chromatic symmetric function as a
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• For each proper coloring κ : V Ñ N,
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• xκ :“
ź

vPV

xκpvq.
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63
xκ “ x2

1x
2
3x6

• χGpxq :“
ÿ

κ proper

xκ.

Ex: G “

χGpxq “ 4sp1,1,1q ` sp2,1q

“ ep2,1q ` 3ep3q
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Stanley–Stembridge Conjecture, 1995

If G is a unit interval graph, χGpxq is e-positive, meaning

χGpxq “
ÿ

λ

aλeλ

such that aλ P Zě0 for all λ.

• Originally stated for incomparability graphs of p3 ` 1q-free posets.
Conjecture reduced to unit interval graphs by Guay-Paquet.
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Shareshian–Wachs Conjecture

Shareshian and Wachs’ chromatic quasisymmetric functions:

Let G “ pV,Eq where V “ t1, 2, . . . , nu.

ascpκq :“ #ti ă j | ij P E, κpiq ă κpjqu

χGpx; qq :“
ÿ

κ proper

qascpκqxκ.

G “ χGpx; qq “ qr2s2qep3,1q ` p1 ` q2qr2s2qep4q
Ex:

1 2 3 4



q-chromatic symmetric functions

Theorem (Shareshian–Wachs, 2016)

If G is a unit interval graph, then χGpx; qq is symmetric and
s-positive.

Conjecture (Shareshian–Wachs, 2016)

If G a unit interval graph, then χGpx; qq is e-positive.

χGpx; qq are not symmetric in general for other graphs (see
Gillespie–Pappe–Salois)

• Related to geometric rep theory of rss Hessenberg varieties
(Shareshian–Wachs, Brosnan–Chow) and affine Grassmannians
(Kato).
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• i ă j is usual order on rns

• i ! j if i ă j and above D.

• i ă j if i ă j and below D.
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Theorem (Hikita, 2024)

Let G be the graph corresponding to Dyck path D, then

χGpx; qq “ qpn´1
2 q´1´|D|

ÿ

λ

¨

˚

˚

˝

qℓpλq
ź

i

rλisq

ÿ

TPSY T
D
λ

ź

iăj
cjpT q‰cipT q`1

qcjpT q ´ qcipT q

qcjpT q ´ qcipT q`1

˛

‹

‹

‚

eλ.

The following is an equivalent reformulation of Hikita’s formula:
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Let G be the graph corresponding to Dyck path D, then

χGpx; qq “ qpn´1
2 q´1´|D|
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λ

¨

˚

˚

˝

qℓpλq
ź

i

rλisq

ÿ

TPSY T
D
λ

ź

iăj
cjpT q‰cipT q`1

qcjpT q ´ qcipT q

qcjpT q ´ qcipT q`1

˛

‹

‹

‚

eλ.

The following is an equivalent reformulation of Hikita’s formula:

Corollary (Hikita, 2024)

At q “ 1, the chromatic symmetric function is

χGpxq “ χGpx; 1q “
ÿ

λ

¨

˚

˚

˝

ź

i

λi

ÿ

TPSY T
D
λ

ź

iăj
cjpT q‰cipT q`1

|cjpT q ´ cipT q|

|cjpT q ´ cipT q ´ 1|

˛

‹

‹

‚

eλ,

thus the Stanley–Stembridge Conjecture is true.

where cipT q “ (column of label i in T )´1.



Example of e expansion

Hikita’s formula gives the following coefficient formulas:

re331sχDpx; qq “ q2r4sqr2sq ` q3
r4sqr2sq

r3sq
` q3

r2s
4
q

r3sq

D “

re331sχDpx; 1q “ 4 ¨ 2 ` 4¨2
3 ` 24

3
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A new proof

We give a new proof of Hikita’s formula.

• Gives a direct way of obtaining the formula

• Expansion into Macdonald polynomials

• Also gives e expansion, s expansion, and Hall–Littlewood
expansion.

• Related to geometry of Hilbert schemes
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Macdonald polynomials

The (modified) Macdonald symmetric functions t rHµpx; q, tqu are a
basis of symmetric functions Λ over Qpq, tq.

Our main result is an expansion of χGpx; qq in terms of Macdonald
symmetric functions.

Has several nice specializations:

• At t “ 0, rHµpx; q, 0q “ (modified) Hall–Littlewood polynomial

• At t “ 1,
rHλrpq ´ 1qx; q, 1s

pq ´ 1qn
“ p´1qn

ś

irλisq!eλ.
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Aq algebra

Aq is a Qpqq-algebra with idempotents labeled by Zě0 with
elements

0 1 2 3

d` d` d`

. . .

d´d´d´

• d˘ : k Ñ k ˘ 1

• Ti : k Ñ k p1 ď i ă kq

• yi : k Ñ k p1 ď i ď kq

Has a representation V “
À

kě0 Vk

Vk “ Λ b Qpq, tqry1, . . . , yks

Aq,t is a “doubling” of Aq defined by Carlsson–Mellit

mod some relations

V0 “ Λ
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Chromatics via Aq,t

FDpx; qq :“ dbℓ´daℓ
` ¨ ¨ ¨ db1´ da1

` p1q.

Proposition (Carlsson–Mellit, 2015)

χGpx; qq “ pq ´ 1q´nFDrpq ´ 1qxs.

D “

d2´

d´

d`

d3`

d`

d`

d2´

d´

(See e.g. Precup–Sommers and Masuda–Sato for a geometric meaning of
the identity)



Aq,t action

There are elements rHλ,w of V , proven by Bechtloff-Weising–Orr to
correspond to partially symmetric Macdonald functions.



Aq,t action

• rHλ,wpx; y1, . . . , ykq P Vk where
w “ pw1, . . . , wkq a row-decreasing sequence of cells in λ that form a
horizontal strip.

There are elements rHλ,w of V , proven by Bechtloff-Weising–Orr to
correspond to partially symmetric Macdonald functions.

w1w3λ “
w4

w2



Aq,t action

• rHλ,wpx; y1, . . . , ykq P Vk where
w “ pw1, . . . , wkq a row-decreasing sequence of cells in λ that form a
horizontal strip.

There are elements rHλ,w of V , proven by Bechtloff-Weising–Orr to
correspond to partially symmetric Macdonald functions.

w1w3λ “
w4

w2

rHλ,H “ rHλpxq{ rHλp´1q

where rHλp´1q “ p´1q|λ|
ś

pi,jqPλ q
itj .

• When w “ H, you recover Macdonald polynomials:
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d˘ action on the basis

(Carlsson–Gorsky–Mellit, 2017) The d˘ operators have explicit

expansions in the rHλ,w basis:

• d´
rHλ,wwk

“ rHλ,w w1w3

w4

w2

w1w3

w2

ÞÑ

• d`
rHλ,w “ ´qk

ÿ

c

c dλ`c,λ

ź

i

c ´ twi

c ´ qtwi

rHλ`c,cw.

where dλ`c,λ “
ź

xPRowpcq

qapxq ´ tℓpxq`1

qapxq`1 ´ tℓpxq`1

ź

xPColpcq

qapxq`1 ´ tℓpxq

qapxq`1 ´ tℓpxq`1
.

w1w3

w4

w2

ÞÑ w2w4

w5

w3

w1

c
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Macdonald expansion

• FDpx; qq :“ dbℓ´daℓ
` ¨ ¨ ¨ db1´ da1

` p1q.

Theorem (G–Mellit–Romero–Weigl–Wen, 2025)

FDpx; qq “ qpn2q´|D|
ÿ

λ

¨

˚

˝

ÿ

TPSYTD
λ

AT pq, tq

˛

‹

‚

rHλpx; q, tq.

where AT pq, tq are rational functions in q, t (with explicit formulas).

d`d`d´d`d`d3´
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w1 w2 w1 w1
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w2

w1

1 2 4

3
T “ P SYTD

p3,1q

rH rH rH rH rH rH
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Macdonald expansion

Theorem (G–Mellit–Romero–Weigl–Wen, 2025)

χGpx; qq “ qpn2q´|D|
pq ´ 1q

´n
ÿ

λ

¨

˚

˝

ÿ

TPSYTD
λ

AT pq, tq

˛

‹

‚

rHλrpq ´ 1qx; q, ts.

where AT pq, tq are rational functions in q, t (with explicit formulas).

Since χGpx; qq “ pq ´ 1q´nFDrpq ´ 1qx; qs, we have:

• We prove resulting formula at t “ 1 is same as Hikita’s.

t “ 1

χGpx; qq

t “ 1
ÿ

TPSYT
D
λ

AT pq, 1q

t “ 1

eλ

• Set t “ 0 to expand χGpx; qq into Qµpx; q´1q Hall–Littlewoods.

• Set t “ q´1 to expand χGpx; qq into Schurs.



Further directions

Reprove recent extensions of Stanley-Stembridge using the
Aq,t algebra:

• Huh, Hwang, Kim, Kim, and Oh (2025) proved the
e-positivity of Abreu–Nigro’s g-functions.

• Tom–Vailaya (2026) proved e-positivity of glued sequences
of unit interval graphs and cycles.

• Shareshian–Wachs Conjecture (positivity when you keep q)
is still open!



Thanks for your attention!
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Explicit Aq,t action

Let Vk :“ Λ b Cry1, . . . , yks, and let V :“ ‘kě0Vk.

For any F pyi, yi`1q, define

TiF :“
pq ´ 1qyiF pyi, yi`1q ` pyi`1 ´ qyiqF pyi`1, yiq

yi`1 ´ yi
.

We have the following two operators in Aq,t:

d` : Vk Ñ Vk`1 d`F rXs “ T1 ¨ ¨ ¨TkF rX ` pq ´ 1qyk`1s.

d´ : Vk Ñ Vk´1 d´F rxs “ ´F rX ´ pq ´ 1qyksExpr´y´1
k Xs

ˇ

ˇ

ˇ

ˇ

y´1
k



Explicit Aq,t action

Let Vk :“ Λ b Cry1, . . . , yks, and let V :“ ‘kě0Vk.

For any F pyi, yi`1q, define

TiF :“
pq ´ 1qyiF pyi, yi`1q ` pyi`1 ´ qyiqF pyi`1, yiq

yi`1 ´ yi
.

We have the following two operators in Aq,t:

d` : Vk Ñ Vk`1 d`F rXs “ T1 ¨ ¨ ¨TkF rX ` pq ´ 1qyk`1s.

d´ : Vk Ñ Vk´1 d´F rxs “ ´F rX ´ pq ´ 1qyksExpr´y´1
k Xs

ˇ

ˇ

ˇ

ˇ

y´1
k

D “ FDrX; qs :“ dbℓ´daℓ
` ¨ ¨ ¨ db1´ da1

` p1q.



Explicit Aq,t action
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D “ FDrX; qs :“ dbℓ´daℓ
` ¨ ¨ ¨ db1´ da1

` p1q.

d2´

d´

d`

d3`

d`

d`

d2´

d´



Aside: Connection to Hilbert schemes

Carlsson–Gorsky–Mellit proved that Aq,t acts on equivariant
K-theory of the parabolic flag Hilbert scheme of points in C2.



Aside: Connection to Hilbert schemes

Carlsson–Gorsky–Mellit proved that Aq,t acts on equivariant
K-theory of the parabolic flag Hilbert scheme of points in C2.

PFHilbn,n´k is the moduli space of

pIn Ă In´1 Ă ¨ ¨ ¨ Ă In´k Ă Crx, ysq

such that dimCpCrx, ys{In´iq “ n ´ i and yIn´k Ă In.



Aside: Connection to Hilbert schemes

Carlsson–Gorsky–Mellit proved that Aq,t acts on equivariant
K-theory of the parabolic flag Hilbert scheme of points in C2.

Aq,t ü
à

kě0

KC˚ˆC˚ pPFHilbn,n´kq – V

PFHilbn,n´k is the moduli space of

pIn Ă In´1 Ă ¨ ¨ ¨ Ă In´k Ă Crx, ysq

such that dimCpCrx, ys{In´iq “ n ´ i and yIn´k Ă In.



Aside: Connection to Hilbert schemes

Carlsson–Gorsky–Mellit proved that Aq,t acts on equivariant
K-theory of the parabolic flag Hilbert scheme of points in C2.

Aq,t ü
à

kě0

KC˚ˆC˚ pPFHilbn,n´kq – V

By the localization theorem, each (localized,equivariant)
K-theory ring has a basis (over K-theory of a point) given by
the classes of torus-fixed points, Iλ,w.

PFHilbn,n´k is the moduli space of

pIn Ă In´1 Ă ¨ ¨ ¨ Ă In´k Ă Crx, ysq

such that dimCpCrx, ys{In´iq “ n ´ i and yIn´k Ă In.
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Aside: Geometric d˘ operators

The torus fixed points Iλ,w are flags of monomial ideals.

w1w3λ “
w4

w2

rHλ,w P V correspond to rIλ,ws under the isomorphism above.

Indexed by λ partition, and w “ pw1, . . . , wkq a sequence of
cells in λ that form a horizontal strip.

d´ Ø pushforward along

pIn Ă ¨ ¨ ¨ Ă In´kq ÞÑ pIn´1 Ă ¨ ¨ ¨ Ă In´kq

qkpq ´ 1qd` Ø pullback along

pIn Ă ¨ ¨ ¨ Ă In´kq ÞÑ pIn Ă ¨ ¨ ¨ Ă In´k`1q



Hall-Littlewood expansion

At t “ 0, we get a formula for χGpx; qq in terms of Hall–Littlewood
symmetric functions.

rHλrpq ´ 1qx; q, 0s “ q|λ1
|`npλ1

qQλ1 px; q´1q.

Corollary (G–Mellit–Romero–Weigl–Wen, 2025)

qpn`1
2 q´|r|

ÿ

λ

Qλ1px; q´1q

pq ´ 1qλ1

ˆ

˜

ÿ

TPSYTD
λ

ź

iRT1

q´LpT,iq´dpT,iq
ź

iRT1,
pTăiqs“H

rdpT, iqsq

ź

i:pTăiqs‰H

rLpT, iq ´ shpTăiqs`1sq

¸

χGpx; qq has the following expansion in terms of Q:



https://www.austria.info/en-gb/profiles/wolfgang-amadeus-
mozart/

https://www.gosupps.com/media/catalog/product/cache/25/image/1500x/
040ec09b1e35df139433887a97daa66f/5/1/51FELj6GO0L.jpg


