On the finiteness of the group associated with
weighted walks in multidimensional orthants

Andrew Elvey Price
Joint work with Emmanuel Humbert and Kilian Raschel

CNRS, Université de Tours

On the finiteness of the group associated with weighted walks in multidimensional orthants Andrew Elvey Price




QUADRANT WALKS

Model: Fix p;; > 0 fori,j € {—1,0,1}.

Quadrant walks: Consider walks starting at (0, 0), staying in the
positive quadrant with steps in {(i,/) : i,j € {—1,0,1}}.

Step weights: each step in direction (i,) gets weight p;

Walk weight: Product of step weights

P-1,-1 po,—1 P1,-1
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QUADRANT WALKS

Model: Fix p;; > 0 fori,j € {—1,0,1}.

Quadrant walks: Consider walks starting at (0, 0), staying in the
positive quadrant with steps in {(i,/) : i,j € {—1,0,1}}.

Step weights: each step in direction (i,) gets weight p;

Walk weight: Product of step weights

Weighted number of walks: Let g, ,, be the sum of the weights of
all walks of length n from (0, 0) to (a, b).

Generating function: Q(z, x, y) Z Gna ht”x“yb
n,a,b=0
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QUADRANT WALKS

Model: Fix p;; > 0 fori,j € {—1,0,1}.

Quadrant walks: Consider walks starting at (0, 0), staying in the
positive quadrant with steps in {(i,/) : i,j € {—1,0,1}}.

Step weights: each step in direction (i,) gets weight p;

Walk weight: Product of step weights

Weighted number of walks: Let g, ,, be the sum of the weights of
all walks of length n from (0, 0) to (a, b).

Generating function: Q(z, x, y) Z Gna ht”x“yb

n,a,b=0
Classification: Q(z, x, y) has been fully classified into the heirarchy

Rational/Algebraic/etc.
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CLASSIFYING GENERATING SERIES

For a series (or a function) F(z), the following properties satisfy
Rational = Algebraic = D-finite = D-Algebraic :

e Rational: F(r) = % for polynomials P(¢) and Q(z).

@ Algebraic: P(F(t),t) = 0 for some non-zero polynomial P(x).
o D-finite: F(r) satisfies some non-trivial linear differential
equation. E.g.

PF'(t) +PF (t) 4+ (t4+ 1)F(1) =1 =0

e D-algebraic: F(r) satisfies some non-trivial algebraic
differential equation. E.g.

PF (t) + F"(1)F(t) + tF(t) = 0

For multivariate functions/series: Classification considered
separately with respect to each variable
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COMPLETE CLASSIFICATION Q(z, x, y)

Finite Group

Infinite Group

Q(z,y,t Algebralc (z,y,t) D- alg
Decoupling 1 : $ E $ : i E
Q(z,y,t) D- ﬁnlte Q(z,y,t) non—D alg.
Non-
Decoupling

i

N ¥

[Bousquet-Mélou, Mishna, Denisov, Wachtel, Rechnitzer, Bostan, Chyzak,
Van Hoeij, Kauers, Pech, Dreyfus, Hardouin, Roques, Singer, Fayolle,
Raschel, Kurkova, Bernardi, Elvey Price]
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COMPLETE? CLASSIFICATION Q(z, x, y)

Finite Group

Infinite Group

Q(z,y,t Algebralc (z,y,t) D- alg
Decoupling 1 : $ E $ : i E
Q(z,y,t) D- ﬁnlte Q(z,y,t) non—D alg.
Non-
Decoupling

i

N ¥

[Bousquet-Mélou, Mishna, Denisov, Wachtel, Rechnitzer, Bostan, Chyzak,
Van Hoeij, Kauers, Pech, Dreyfus, Hardouin, Roques, Singer, Fayolle,
Raschel, Kurkova, Bernardi, Elvey Price]

Remaining question: When is the group finite?
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THE GROUP

Model: Fix reals p;; > 0 fori,j € {—1,0,1}.
Inventory: The Inventory of the model is

x(x,y) = Z Pi,/xiyi

izje{_17071}
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THE GROUP

Model: Fix reals p;; > 0 fori,j € {—1,0,1}.
Inventory: The Inventory of the model is

x(x,y) = Z Pi,/xiyi
ije{-1,0,1}
=A_1(y)x" "+ Ao(y) + Ar1(y)x
= B_i(x)y~" 4+ Bo(x) + By (x)y.
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THE GROUP

Model: Fix reals p;; > 0 fori,j € {—1,0,1}.
Inventory: The Inventory of the model is

x(x,y) = Z Pi,/xiyi
ije{-1,0,1}
=A_1(y)x" "+ Ao(y) + Ar1(y)x
= B_i(x)y~" 4+ Bo(x) + By (x)y.

Group definition: There are involutions ¢, ¢, : (RT)? — (RT)?
defined by
A_1(y) ] [ B—l(x)]
x,y]) = , and X, ¥)) = X 7|
el = 50 erlms) = |5 i)

which both fix x(x,y). The group of the model is the group G
generated by ¢ and ;.
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THE GROUP

Model: Fix reals p;; > 0 fori,j € {—1,0,1}.
Inventory: The Inventory of the model is

x(x,y) = Z Pi,/xiyi
ije{-1,0,1}
=A_1(y)x" "+ Ao(y) + Ar1(y)x
= B_i(x)y~" 4+ Bo(x) + By (x)y.

Group definition: There are involutions ¢, ¢, : (RT)? — (RT)?
defined by
A_1(y) ] [ B—l(x)]
x,y]) = , and X, ¥)) = X 7|
el = 50 erlms) = |5 i)

which both fix x(x,y). The group of the model is the group G
generated by ¢ and ;.
Question: In which cases is G finite?
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GROUP EXAMPLES

Example 1: in the case x(x,y) =x+y+ % + %, the transformations
are

1 1
el = 1] and el = x5 ]
These generate a group of size 4:

)+ (1)

P2 XSOQ

(s

Ty
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GROUP EXAMPLES

Example 2: in the case

1 x 1
X(x,y) = <+y+2y+xy+ZX++),
x  x y oy

the involutions ¢ and ¢, generate a group of size 10:

(s ) et () = (olrrnen)

3 3

(# r > T 1
et+y+ay y(l+az) (y(1+x)’x+y+:ry>

©2

©1

(ot atin) > (viti) o 5 (1)
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GROUP EXAMPLES

Example 2: in the case

1 x 1
X(x,y) = <+y+2y+xy+2x++),
X X y y

the involutions ¢ and ¢, generate a group of size 10:

(57> e () 2 (o rrarm)

iz b

< 1 x > . 1
et+y+ay y(l+az) (y(1+x)’x+y+:ry>

©2

P1
) <+ (') % 0 < (%)

Note: In most cases the group is infinite.
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CLASSIFICATION OF FINITE GROUP MODELS

Previous classification results:
@ The group is infinite or has order at most 12 [Jiang, Tanakoli,
Zhao, 2021][Hardouin, Singer, 2021]
@ All models with groups of order < 8 explicitly classified and one
group of order 10 found. [Kauers, Yatchak, 2015]
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CLASSIFICATION OF FINITE GROUP MODELS

Previous classification results:
@ The group is infinite or has order at most 12 [Jiang, Tanakoli,
Zhao, 2021][Hardouin, Singer, 2021]
@ All models with groups of order < 8 explicitly classified and one
group of order 10 found. [Kauers, Yatchak, 2015]
This work (part 1): complete classification of finite group models:

Along with reflections, rotations and transformations
X(x,y) = ax(Bx,~y) of the above.
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CLASSIFICATION OF FINITE GROUP MODELS

Previous classification results:
@ The group is infinite or has order at most 12 [Jiang, Tanakoli,
Zhao, 2021][Hardouin, Singer, 2021]
@ All models with groups of order < 8 explicitly classified and one
group of order 10 found. [Kauers, Yatchak, 2015]
This work (part 1): complete classification of finite group models:

Along with reflections, rotations and transformations
X(x,y) = ax(Bx,~y) of the above.
Part 2: Higher dimension
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Part 1: Dimension 2: Full
classification of finite group cases

a d a a b a
ok ¥
¢ e ¢ a b

2
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Part 1a: Possible orders of group via
elliptic parametrisation

Origin of elliptic parametrisation: [Fayolle, lasnogorodski, 1979],
[Fayolle, Ianogorodski, Malyshev, 1999], [Raschel, 2010], [Bernardi,
Bousquet-Mélou, Raschel, 2021]

&
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GROUP ON REIMANN SURFACE

Recall: Each g € G fixes x(x,y) = E pijx'y.
ije{-1,,1}
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GROUP ON REIMANN SURFACE

Recall: Each g € G fixes x(x,y) = Z pixXy.

ije{—1,0,1}
Consequence: Each g € G fixes the surface

Ki:={(x,y) € (CUx0)*: 1 —1tx(x,y) = 0}.

K
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GROUP ON REIMANN SURFACE

Recall: Each g € G fixes x(x,y) = Z pixXy.
ije{—1,0,1}
Consequence: Each g € G fixes the surface

K= {(x,y) € (CUo0)*: 1~ 1x(x,y) = 0}.
Claim: For ¢t > 0 small, /C, is conformally equivalent to a flat torus

A =C/(wi(H)Z + wa(1)Z).

af) .
1
: : -
1
1
0. _.qws(t)_ _ qwa(t)
A, Ky
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GROUP ON REIMANN SURFACE

Recall: Each g € G fixes x(x,y) = Z pixXy.
ije{—1,0,1}
Consequence: Each g € G fixes the surface

Ki:={(x,y) € (CUx0)*: 1 —1tx(x,y) = 0}.
Claim: For ¢t > 0 small, /C, is conformally equivalent to a flat torus
A =C/(wi(DZ + war()Z).
Group on surface: Action of ¢, ¢, on K; corresponds to
2 —2 and 2= w3(t) — z.

on A,;. Note: w; () € iR and wy (), ws(r) € R.

@ =@ =i ‘wz(t) ICt
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GROUP ON REIMANN SURFACE

Recall: Each g € G fixes x(x,y) = Z pixXy.

ije{—1,0,1}
Consequence: Each g € G fixes the surface

Ki:={(x,y) € (CUx0)*: 1 —1tx(x,y) = 0}.
Claim: For ¢t > 0 small, /C, is conformally equivalent to a flat torus
A =C/(wi(DZ + war()Z).
Group on surface: Action of ¢, ¢, on K; corresponds to
2 —2 and 2= w3(t) — z.

on A,;. Note: w; () € iR and wy (), ws(r) € R.
Finiteness: G is finite if and only if “’28 € Qis fixed.

w

Order of group: If Zi—gg = " then G has order 2n.
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ELLIPTIC FORMULAE

From elliptic parameterisation:
e 10] 0]
Elliptic nome g(f) = e " 1@ and g(1)"") = ¢~ " “10 related to ¢ by
ijt% —q—8¢" +44q> + -
j=4
ijt% :qr72q2r72q+ ,
j>2
RHS: Explicit series using Jacobi elliptic functions
LHS: Coefficients wj, k; depend on (p; ;)i je{—1,0,1}-
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ELLIPTIC FORMULAE

From elliptic parameterisation:
e 10] 0]
Elliptic nome g(f) = e " 1@ and g(1)"") = ¢~ " “10 related to ¢ by
ijt% —q—8¢" +44q> + -
j=4
ijt% :qr72q2r72q+ ,
j>2
RHS: Explicit series using Jacobi elliptic functions
LHS: Coefficients wj, k; depend on (p; ;)i je{—1,0,1}-

min(j : w; # 0)
Consequence: r(0) = ————————.
min(j : k; # 0)
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ELLIPTIC FORMULAE

From elliptic parameterisation:

e 10] 0]
Elliptic nome g(f) = e " 1@ and g(1)"") = ¢~ " “10 related to ¢ by

ijt% —q—8¢" +44q> + -
j=4
ijt% :qr72q2r72q+ ,
j=>2
RHS: Explicit series using Jacobi elliptic functions
LHS: Coefficients wj, k; depend on (p; ;)i je{—1,0,1}-
min(j : wj # 0)

ming P 0) . Possible cases:

Consequence: r(0) =
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ELLIPTIC FORMULAE

From elliptic parameterisation:

e 10] 0]
Elliptic nome g(f) = e " 1@ and g(1)"") = ¢~ " “10 related to ¢ by

ijt% —q—8¢" +44q> + -
j=4
ijt% :qr72q2r72q+ ,
j=>2
RHS: Explicit series using Jacobi elliptic functions
LHS: Coefficients wj, k; depend on (p; ;)i je{—1,0,1}-
min(j : wj # 0)

Consequence: r(0) = ————"——. Possible cases:
min(j : k; # 0)

Recall: r(r) = 2 fixed <= G is finite.

n

possible finite group orders: 2n = 4,6, 8,10, 14, 16
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FINITE GROUP POSSIBILITIES SUMMARY

Recall: (1) = ™ is a fixed rational number if and only if the group G
is finite. In this case |G| = 2n
Previous results:
e If G is finite then |G| < 12, thatis n < 6 [Jiang, Tanakoli, Zhao,
2021][Hardouin, Singer, 2021]
e Classification already complete for |G| < 8, thatisn < 4
[Kauers, Yatchak, 2015]
Our result (so far): if G is finite,
1112223333455
{2737473757774’5’7’ 8777778}’
thatis |G| = 2n € {4,6,8, 10, 14, 16}, so |G| = 12 impossible.
Remaining case: |G| = 10.
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Part 1b: groups of order 10

C e [ h c e h c e h
b g b g b g b g
a fd
€ [ h (& h c h
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GROUP ORDER 10 CASE

Possible models: After symmetries only one case (r = %).

e
b g
d
On the finiteness of the group associated with weighted walks in multidimensional orthants Andrew Elvey Price

U




GROUP ORDER 10 CASE

Possible models: After symmetries only one case (r = %).

d
Recall:
L 2 3
D kitr =q—8q7 +44q> + -
j>4
> witt =q —2¢" —2q+--
j>2

LHS: Coefficients w;, k; depend on b, d, e, g.
RHS: Explicit series using Jacobi elliptic functions.
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GROUP ORDER 10 CASE

Possible models: After symmetries only one case (r = %).

e

b g
d
Recall:
ijt% =q— 8¢ +44q> + -
>3
J 2 4
ijﬁ =g5 —2q§ —2q—|— ,
Jj=2

LHS: Coefficients w;, k; depend on b, d, e, g.
RHS: Explicit series using Jacobi elliptic functions.
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GROUP ORDER 10 CASE

Possible models: After symmetries only one case (r = %).

d
Recall:
ijt% =q— 8¢ +44q> + -
>3
J 2 4
ijﬁ =g5 —2q§ —2q—|— ,
j>2

LHS: Coefficients w;, k; depend on b, d, e, g.
Comparing the series:

5 7 4
RHS1 = (RHS2)> + 5(RHS2)> + 5(RHS2)* + - - -
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GROUP ORDER 10 CASE

Possible models: After symmetries only one case (r = %).

d
Recall:
ijt% =q— 8¢ +44q> + -
>3
J 2 4
ijﬁ =g5 —2q§ —2q—|— ,
j>2

LHS: Coefficients w;, k; depend on b, d, e, g.
Comparing the series:

LHS1 = (LHS2)? + S(LHS2)? + S(LHS2)* + - --
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GROUP ORDER 10 CASE

Possible models: After symmetries only one case (r = %).

d
Recall:
ijt% =q— 8¢ +44q> + -
>3
J 2 4
ijﬁ =g5 —2q§ —2q—|— ,
j>2

LHS: Coefficients w;, k; depend on b, d, e, g.
Comparing the series:

5 7 4
LHS1 = (LHS2)? + 5(LHS2)? + 5(LHS2)* + - - -
Comparing initial terms only solution is (b,d, e, g) = (2,2,1,1).
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Part 2: Group in higher dimension

Gag
‘saél
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GROUP IN GENERAL DIMENSION

Model: fix w(iy, .. ., i) > Oforiy,...,ig € {—1,0,1}
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GROUP IN GENERAL DIMENSION

Model: fix w(iy,...,iy) > O0foriy,..., iz € {—1,0,1}
Inventory of the model:

X(x1, -y xg) = Z w(it, ...y ig)xi - x4
l’],..A,idE{fl,O,l}

=x1A1(x2,. .., xg) + Bi(x2,...,Xq) +x1_1C1(x2,---7xd)

= xgAa(x1, - .- Xa—1) + Ba(x1, . .. xa—1) + x5 ' Calxr, ... xa1),
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GROUP IN GENERAL DIMENSION

Model: fix w(iy,...,iz) > 0foriy,... iz € {—1,0,1}
Inventory of the model:

X(x1, -y xg) = Z w(it, ...y ig)xi - x4
ityeeig€{—1,0,1}
= xlAl(x2, e ,xd) +B1(X2, e ,xd) +x1_1C](x2, e 7)Cd)
= did(xl, - 7xd,1) + Bd(xl, . ,xd,l) +x;1Cd(x1, . ,xd,1)7

Group: G of transformations g : (R*)? — (RT)“ generated by

—~1Ci(,enss
o1([x1,...,xq]) = [x”%,xz,...,xd},
1 Ca(xt g
wa(lx1, .., xqg]) = [xl,...,xd,l,xd Aijg;ijf:ﬂ’
which fix x
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GROUP IN GENERAL DIMENSION

Model: fix w(iy,...,iz) > 0foriy,... iz € {—1,0,1}
Inventory of the model:

X(x1, -y xg) = Z w(it, ...y ig)xi - x4
l’],..A,ide{*l,O,l}

leAl(XQ,...,xd) +B1(x2,...,xd) —|—x1_1C](x2,.. .,xd)

= xgAa(x1, - .- Xa—1) + Ba(x1, . .. xa—1) + x5 ' Calxr, ... xa1),

Group: G of transformations g : (R*)? — (RT)“ generated by

—~1Ci(,enss
o1([x1,...,xq]) = [x”%,xz,...,xd},
1 Ca(xt g
wa(lx1, .., xqg]) = [xl,...,xd,l,xd Aijg;ijf:ﬂ’
which fix x

Useful for counting walks in (Z+)d.
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REFLECTION GROUP

From [Gohier, Humbert, Raschel 25]:
Fixed point: There is a unique vector A € (R+)d fixed by each
g€G.
Group homomorphism:
. G — GLd(R)
| g — Jacpg

Theorem: Im(J) is a reflection group
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REFLECTION GROUP

From [Gohier, Humbert, Raschel 25]:
Fixed point: There is a unique vector A € (R+)d fixed by each
g€G.
Group homomorphism:
J- G — GLd(R)
| g — Jacpg

Theorem: Im(J) is a reflection group

New results:
Theorem: ker(/J) is trivial or infinite (in fact it is torsion free)
Corollary: If G is finite then it is isomorphic to Im(J).
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FINITE GROUP CLASSIFICATION FOR d > 3

Method: G finite = every pair of generators generates a finite
group. Possible models classified in part 1.
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FINITE GROUP CLASSIFICATION FOR d > 3

Method: G finite = every pair of generators generates a finite
group. Possible models classified in part 1.

Also useful: G finite = G is a reflection group... so it is a Coxeter
group — we can use classification of finite Coxeter groups.
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FINITE GROUP CLASSIFICATION FOR d > 3

Method: G finite = every pair of generators generates a finite
group. Possible models classified in part 1.

Also useful: G finite = G is a reflection group... so it is a Coxeter
group — we can use classification of finite Coxeter groups.
Problem: Lots of cases!
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FINITE GROUP CLASSIFICATION FOR d > 3

Method: G finite = every pair of generators generates a finite
group. Possible models classified in part 1.

Also useful: G finite = G is a reflection group... so it is a Coxeter
group — we can use classification of finite Coxeter groups.
Problem: Lots of cases!

First steps: Let r;; be the order of ¢;¢;. We have classified groups
where (I’lz, ri3, I”23) = (3, 2, 3) or (3, 2, 4).
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FINITE GROUPS

Groups with (ri2, r13,m3) = (3,2,3):

1,2 2z, x y v, ¢
Xsxy,2) = —+ =+ +=+x+ =+ +-,
ye2?@ 'y Yy z Xz x z

and
Yz X

| | 1
xs(x,y,z):a<x+X+5+—>+b(—+§+X+z>+c(y+—+g+
Xy z Xy z y ¥y xz x z)
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FINITE GROUPS

Groups with (ri2, r13,m3) = (3,2,3):
1 2 Z X sl
Xty )= —+ -+ 4 pxp 2424
@y y z Xz x z
and

1 1 1
XS(x,y,Z):a<X+X+5+7>+b(—+§+X+z>+c(y+f+g+
r Yy oz Xy oz y oy

Groups with (r12,r13,m3) = (3,2,4):

zZ X 1
XS(xvyaZ):X+*+*+X+*+x,
z y y x X
and
X zZ Yy Z y Xz 1
XsEy,2) ==+ 4+ 2+ >+ =+ +z+ -
z x z Yy xx Yy z
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OPEN QUESTIONS IN DIMENSION > 3

@ Full classification of finite group models?
@ Which (finite group) models can be solved?
@ Is G always a Coxeter group (even if it isn’t finite)?
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OPEN QUESTIONS IN DIMENSION > 3

e Full classification of finite group models?
@ Which (finite group) models can be solved?
o Is G always a Coxeter group (even if it isn’t finite)?

IS

= ®)
= 1®)
e @)

7

(

)..
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OPEN QUESTIONS IN DIMENSION > 3

e Full classification of finite group models?
@ Which (finite group) models can be solved?
o Is G always a Coxeter group (even if it isn’t finite)?

:

D
-,

'

@

O =G
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OPEN QUESTIONS IN DIMENSION > 3

e Full classification of finite group models?
@ Which (finite group) models can be solved?
o Is G always a Coxeter group (even if it isn’t finite)?

| ©

% K
) ig

e

d
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OPEN QUESTIONS IN DIMENSION > 3
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