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This defines Ylhe rowmotion bijection Row: T(Q)""T(Q).
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Theorem (Klasz —Marez2inzik - Thomas, ‘2015):

TL R27@) is 6 distribytive lattice and
Y is any linear ext+ension of R, then Echy= Row.

SO C ’WP’W Row‘
Dedinition (PIMSSTW, 2026+):

say a ?ose‘l' R is i
Echy is independent of V.
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Semidis'r ributive Lattices

A lattice R is

semidistributive

for all x,4,2¢ R,

XV\j

XA\j

xv(\j/\z)
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SEMIDISTRIBUTIVE ACYCLIC REORIENTATION LATTICE

D skeletal =

l THM. ARp semidistributive lattice <= D is skeletal

o D filled = any directed path joining the endpoints of an arc in D'

o D vertebrate = transitive reduction of any induced subgraph of D is a fi
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Le‘l' R be a Semidistributive lattice.
For bek, let =/T\€°‘QR‘ 0 < bj.

/\=mee+ = greatest lower bound

The set {2€R:bA2=Poplb)}

has o unique +op element, whick
we define +o be Row(b)

not obvious, but not hard

Q&W\nen R=T(@) is distributive, this

agrees with the earlier definition.

Row(b)
«
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Theorem (DTMSSTW, 2026+):

:f.*p' R IS o SemidiS‘l‘ribu'l'ive Jattice
and P is a linear extension of R,
then Echy= Row.

Theorem (DTMSSTW, 2026 +):

A lattice is echelon-independent
it and only if it is semidistributive.

Open Problem: (Characterize echelon-independent
posets.

R—not 3u.s+ lattices
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Trim Lattices

Cr s\*
Definition (Thomas, 2006 )"

A lattice is 4rim i it's like it's
dictributive but not necessaril‘j araded.

Thomas — Williams delined rowmotion “in Slow mokion” on +rim lattices.

Theorem (DTMSSTW, 2026 +):

Ever:’ rim lattice has a linear
extension ¥ Such that Echy=Row.

*
Actual Definition: A lattice is trim if it is extremal and ledt-modular.
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Theorem (DIMSSTW, 2026+):
Let R be an Eulerian poset.
For every linear extension Y, the
map Ech, is an involution




Eulerian Posets

Recqll that R is Eulerian

Theorem (DIMSSTW, R026+):| it i+ i graded it

rank function tk: R —>7Z

Let R be an Eulerian poset.
For every linear extension ¥, the
map Ech, is an involution

and
rk(Yy)—rk(y)

AM(x,9)=(-1)
for all X&\.

rk(-t)

Proof: Dedine the diagonal matrix D by D, .= (1)

Check that ¢'=D¢D. Facter C=UPV.
Then (7'= D'L{PVD

|| «—uniqueness in Bruhat

Also C'= yi'P'y”" S P'=P=>Ech, = Ech, B
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Modular Lattices
Theorem (Dilworth, 1954):

Let R be o modular lattice.
For every dz0,

HX&R’- X has down—-degree d”

- HXéR‘- X has up—-dearee c”l
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e the lattice of Submodules of
o module,

TheOr em (Dilwor +l|, ‘q Sq’ ): o the lattice of subspaces of a

vector Space over IEL,

Le"' R be. (7 N MOdular 'Q'l"l'iCe. ¢ distributive lattices.
For every dz0,
erR'- X has down—-dearee d”
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Conjecture (DTMSSTW, 2026 +):
For every Y, Jown-degree(x) up-degree (Ech,, (x)) for all xeR.
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I want you to find a counterexample to Conjecture 8.5 from this paper.

Thought for 83m 16s >

I don’t have a valid counterexample to Conjecture 8.5.

So | can't honestly give you a counterexample. The negative searches suggest that, if Conjecture 8.5 is false,
the first counterexample is likely not in the small standard modular-lattice families | tested, or it is very
sparse among linear extensions.
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In that case, can you prove the conjecture?

Thought for 22m 23s >

Yes. The conjecture follows from a simple intertwining relation between the Cartan matrix and two upper-
triangular “cover-counting” matrices. I'll write the proof in the notation of the paper: W — W17 is the
Cartan matrix, P — PL7 is the permutation matrix in its Bruhat decomposition, and Py(y) () = 1 means
Echa(:z:) = . [ 2507.18230v1 (1)

Theorem

Let L be a finite modular lattice and let o be any linear extension of L. Then, for every z € L,

COv}(Echa(z))’ -

Covy (z)‘ .

Proof
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Theorem
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CovL(Ech,(m))‘ = ‘Cov}_(:t)‘.

Proof
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