
TREE METRICS & LOG-CONCAVITY

FOR MATROIDS

Sergio Cristancho (Princeton University(
w√

A

Federico Ardila-Mantilla
Graham Denham ※Christopher Eor
June Huh

Botong Wang _



Motivation Mason's conjectures :

↑ matroid of rankr on [n]

It = # inenclentsize of ,
oftar



Motivation Mason's conjectures :

↑ matroid of rankr on [n]

cets of
, 0kirI

.
= I indenclentsize to

E.
g.
AEK

*

full want us M vankr on In)

IN ( M) =
sets of linearly independent
columns of A



Motivation Mason's conjectures :

↑ matroid of rankr on [n]

cets of
, 0kirI

.
= I indenclentsize to

(MI ) IE ?I+ IE + log-concaul
π
(M2) I 2 ( H* )IE,I +, ( ← . I ←) -
ㅔ
( M3) I 5

≥

( 1 + 高 )( +前)Iw.、 It+ 、
(
*(')

_



Motivation Mason's conjectures :

↑ matroid of rankr on [n]

I
.
= # indepyenclent sets of

O : * ≤ r
wi size k '

realizable : Lenz i1]
,
Huh-Katz in

(MI ) IE ?I+ IE + ) arbitrary : Adiprasito-Huh-Katz 18
π
(M2) [2] (1 + E) In-1 [mi) Huh-Schröter-Wany in
ㅔ
( M3) I 5

≥

( 1 + 亢 )( +前)It.、 It+ 、)
Lorentzian polynemials

↓ Anari-Liu-Oreis Garan-Vinzant 118
2Brändén-Huh' zo



Ist Generalization : Polynomial Mason's

↑ matroid of rankr on [n]

Ik)= & xS ER[X,...,Xn] , 0 .3 kPr
151 =h

indepen.



Ist Generalization : Polynomial Mason's

M matroid of rankr on [n]

=I
.
G) 愛 εIRIT,.…,An] , o ≤ tar

indepen.

(PM1) ICYIz-i[x+(
π
(PM2) It):( 1 + E ) IE . IA t+ 、

(x)

π
(PM3) I 5(t) ( 1 + 店 )( 1+前) I. I←+、(=)



Ist Generalization : Polynomial Mason's

M matroid of rankr on [n]

=I
.
G) 愛 εIRIT,.…,An] , o ≤ tar

indepen.

(PM1) ICYIz-i[x+(
π rn

(PM2) I (t)象
(

1 t 店 ) I5 .,In a+ 、
(x)

π
(PM3) I 5()1 t 六 )( 1 + 前)I 5.IA o+ 、

(=)

&9 #) f-g
has non-negative
cocfts.



Ist Generalization : Polynomial Mason's

↑ matroid of rankr on [n]

=I
.
G) 愛 εIRIT,.…,An] , o ≤ tar

indepen. Conjectured:

(PMI) ICJIz-i[x() (Dowling '80
π

m

(PM2) I (t)? 。 ( I + 応) Iw
.I
a+ 、
(a) ) thao

'

8s

π False : U
2
,
z

(PM3) Is(r)‰ 1 t 高) ( 1 +前) It .I (a)
데

&9 #) f-g
has non-negative
cocfts.



2nd Generalisation : Valuated Mason's

U : IN (M) ->> R valuated matroid



2nd Generalisation : Valuated Mason's

U : IN (M) ->> R valuated matroid

Eg : I field w
.

val: k -> RUF-0)

AEK
**

"fill rank m) M rank - matioial
on [n]

1) (S) = val(det(As)) for S basis



2nd Generalisation : Valuated Mason's

U : IN (M) ->> R valuated matroid

Eg : I field w
.

val: k -> RUF-0)

AEK
**

"fill rank m) M rank - matioial
on [n]

1) (5) = val (det (As)) for Seis

□

offee s(13) = val ( Set (:) = /[



2nd Generalisation : Valuated Mason's

U : IN (M) ->> H valuated matroid

parameter oxg > 1
ー) (S)

Iq:ビ=
,
品 q

,
oxk- v

indep,



2nd Generalisation : Valuated Mason's

U : IN (M) ->> R valuated matroid

parameter oxg > 1
ー) (S)

Iq:ビ=
,
品 q

'

O ≤ E ≤ r

indep,

(VM1) Ig ? Igiz , Igikti
에
(VM2) 品 2 ( 1 + 店) Iqi.Iwitt,
π

(VM3) 品≥ ( 1 + 六 )( +前)Ibi-、I0it++



2nd Generalisation : Valuated Mason's

U : IN (M) ->> H valuated matroid

parameter oxg > 1
ー) (S)

Iq:ビ=
,
品 q

,
oxk- v

indep,

(VM1) Ig ? Igiz , Igikti
에
(VM2) Ii‰2 ( It ) Ivi -.Isiat .)

gianciveasR 'rcon schhis
uerrsh -

24

π conjectured
(VM3) 品≥ ( 1 + 六 )( +前)Ibi-、I0it+、)



Lorentzian Polynomials
f(x) ER20tX ,,...,kn] homogeneous , degree of is

forentzian if



Lorentzian Polynomials
f(x) ER20tX ,,...,n] homogeneous , degree of is

Lorentzian if

d= 2 : its Hessian has at most one positive
ergenvalue.



Lorentzian Polynomials
f(x) ER20tX ,,...,kn] homogeneous , degree of is

Lorentzian if

d= 2 : its Hessian has at most one positive
ergenvalue.

㉚ ·
⑳

㉚ · ⑩d> 2 : its support is M-convex ⑩

⑥ ·

and every guadratic 27 is Lorentian



Lorentzian Polynomials & Joy-concavity
() Bivariate Sorentzians :

7(x
,y) = dox" + a , x"y +... + any"Jorentzian

# (9 :/(n)" has no internel zerosa&

log-concave .



Lorentzian Polynomials & Joy-concavity
() Bivariate Sorentzians :

7(x
,y) = dox" + a , x"y +... + any"Jorentzian

F) (9 :/(n)" has no internal zeroa

log-concave .

(2) Specialization:

forentzian polynomials are preserved by non-negative
change of coordinates



Main Theorem : ACDEHW 26

A function 1 :2 RUE- *] satisfier

the gross substitutes proporty iff for all

02 q 의

P qu
( s)
.
-

'' 'xSEIRioTto ,… ,An]Zqi 、」 (a) = ム
SEIn]

is Lorentzian
.



Main Theorem : ACDEHW 26

A function 1 :2 RUE- *] satisfier

the gross substitutes proporty iff for all

02 q 의

P qu
( s)
.
-

'' 'xSEIRioTto ,… ,An]Zqi 、」 (a) = ム
SEIn]

is Lorentzian
.

· log-indicator of ID(M)

Exampler : · matroid wanks fonctions

· valoated matroids



Main Theorem : ACDEHW 26

A function 1 :2 RUE- *] satisfier

the gross substitutes proporty iff for all

02 q 의

P qu
( s)
.
-

'' 'xSEIRioTto ,… ,An]Zqi 、」 (a) = ム
SEIn]

is Lorentzian
.

Corollaries : (VM3) & (PM2) hold !



Tree metrics

T
a rooted ultrametric tree with n leaver



Tree metrics

T
a rooted ultrametric tree with n leaver

A

↑

⑪

l 2 3 4 5 6



Tree metrics

T
a rooted ultrametric tree with n leaver

A
_

뉴

의를 회
↑

회
*

"

능 云之云六
_

( て 3 4 s 6



Tree metrics

T
a rooted ultrametric tree with n leaver

A

八湾; Pi -ceij).;
ー

、 ≈ 3 4 s 6



Tree metrics

T
a rooted ultrametric tree with n leaver

1 2 s 4 5 6
A

2 シ
s 0 2 ② 2 2げ
1032222

D(dij) ij
=s z 2 0 z ?

"

슈 4 2 ② 2 0 | 1

회 회 S 2 2 ≥z 1 0 そ

ー

、 ≈ 3 4 s 6
6 2 2 3 1 2



Tree metrics
1 2 s 4 s 6

A

2 シ
, σ 2 2 2 2

灣
1032222

D( dij) j=3 2 2 0 2 z

4 2 2
3'
2 0

| 1

후 회 S 2 2 ≥2 1 0 i

_

1 결 3 4 5 6
6 2 2 3 1 2

+ _ …

Eigenvaves : 7.93
,
-0

. 5
,
-0

. 66
,
-1 . 14

,
-1

. 8
,
-3

.
82



Tree metrics
1 2 s 4 s 6

A

1032222

2 シ
, σ 2 2 2 2/

イ八湾
;Di - ceij ?.j -'o os s ;4 2 2

3'
2 0

| 1

후 회 S 2 2 ≥2 1 0 i

_

1 결 3 4 5 6
6 2 2 3 1 2

+ _ …

Eigenvalves : 7.93 , -0 . 5, -0 . 66, -1 . 14 , -1 .

8

, -3 .
82

Graham-Pollack71 : At most one positive eigenvalve



Tree metrics
1 2 s 4 s 6

A

1032222

2 シ
, σ 2 2 2 2/

イ八湾
;Di - ceij ?.j -'o os s ;4 2 2

3'
2 0

| 1

후 회 S 2 2 ≥2 1 0 i

_

1 결 3 4 5 6
6 2 2 3 1 2

+ _ …

Eigenvalves : 7.93 , -0 . 5, -0 . 66, -1 . 14 , -1 .

8

, -3 .
82

Graham-Pollack71 : At most one positive eigenvalve

Schoenberg'3S : B+/1t is neg . semidefinite
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