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Q Quasisymmetric Polynomials (Q

1970-2005
o stmn - @[xla L2; - - 7xn]
f(x1, .., 2,) € QSym,, <= [zlz?- -zt f = [2Txy - x M f Vi <dg <L <y

2 2 2 3_,3_ .3
f(x1, 29, x3) = 2x7w9 + 20723 + 22523 + 3x 12003 — T] — TH — X3
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a Quasisymmetric Polynomials (@

1970-2005

e QSym,, C Q[x1, 29, ..., T,

ai .az . .0k
11 12 (23

f(z1,...,x,) € QSym, <= [x |f =[x x5 - xp®|f Vip <ig <...<iy

@Hivert S, action on Q[zq, xa, ..., x,]

o * w?llw?;- . mf: = w?llcc?; . m;t: {j1 <jo<---<gr}={oir),o(ia),...,o(ix)}

f(xy,...,x,) € QSym, <= ox*xf=f, Vo
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a Quasisymmetric Polynomials (@

1970-2005

e QSym,, C Q[x1, 29, ..., T,

f(x1, .., 2,) € QSym,, <= [zlz?- -zt f = [2Tay - xt ] f Vi <dg <L <y

(2

Hivert S,, action on Q[zq, xs, ..., x,]
@ flz1,...,x,) € QSym, <= ox*xf=f, Vo

/@ @[xlawz,---,wn]/(QSym;f) dm o i
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Q Quasisymmetric Polynomials C,j

1970-2005
e QSym,, C Q[z1,x2,..., %)
flze, . zn) € QSym, = [zilz?e - -xitf = [T x| f Vi <dg <L <y,

Hivert S,, action on Q[z1, xs, .. ., x,]
@ flxy,...,z,) € QSym,, <= oxf=f, Vo

/ 3 Q[xl,l'g, . ,xn]/<QSym;> dgn C, {?
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° Quasisymmetric Polynomials C,j

1970-2005
e QSym,, C Q[xz1,x2,...,2,)
f(x1, .., 2,) € QSym,, <= [zlz?- -zt f = [2Tay - xt ] f Vi <dg <L <y

Hivert S,, action on Q[zq, xs, ..., x,]
@ flz1,...,x,) € QSym, <= ox*xf=f, Vo

Qlor, 2, .. 2] /(QSymi) 2 €,
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6 Quasisymmetric Polynomials éj

1970-2005
L4 stmn C Q[xla L2y - 71.71]
flx1, .. 2) € QSym,, <= [zl -zt f = [2Txy® - x M f Vi <dg <L <y

Hivert S,, action on Q[z1, xs, ..., x,]
@ f(.’L'l,,.’,En)Gstmn — O-*f:fa Vo

& Qlor, 2, 2] /(QSym) 2 €,
& K Ao
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© Quasisymmetric Polynomials &)

1970-2005

e QSym,, C Q[x1, 29, ..., T,

f(x1, .., 2,) € QSym,, <= [zlz?- -zt f = [2Tay - xt ] f Vi <dg <L <y

(2

Hivert S,, action on Q[zq, xs, ..., x,]
@ flz1,...,x,) € QSym, <= ox*xf=f, Vo

® . QOP:

5 e Qlzy, z9, . .. ,xn]/@symm dim o @ W e

» i ‘a R AO
©0 QPad & Q& & Q

&
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A Hidden Gem

2005 - 2024
r— Qlxy, o, . .. ,xﬂ/(QSym;{) dim C, ﬁ
: . P
Invariants @ Geometry
(& 4
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A Hidden Gem

2005 - 2024

Q[xla Lo, ... an]/<QSym7—”l_> di:m Cn

—

?

)

Invariants £

5
Hivert x-action @

Ker(x) = <Zaesg(_1)£(0)a> C Q5

v I

@

=

»

r~

TL, = QS,/Ker(x) TL, ™ C,

)

Geometry
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A Hidden Gem

2005 - 2024
ﬁ Q[xla L, ... an]/<QSym7—")_> di:m Cn
. e i
Invariants @,
Y
Hivert *x-action @
TL, = QS, /Ker(x) TL, ™ C,

s1=(12), n=2
— . 2 .2
S1 * L1 = To, §1 % X5 = I3

S1 % T1T5 = 1105 # 1319 = (31 * xl) (31 * 13)

)

Geometry
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A Hidden Gem

2005 - 2024
ﬁ Q[xla L, ... an]/<QSym7—")_> di:m Cn
. e i
Invariants @,
Y
Hivert *x-action @
TL, = QS, /Ker(x) TL, ™ C,

Worse: (QSym.") is not *-invariant

o

No action of T'L,, on Q[z1, zo, . .. ,xn]/<QSymZ> R

)

Geometry
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A Hidden Gem

2005 - 2024
ﬁ Q[xla L, ... an]/<QSym7—")_> di:m Cn
. . P
Invariants e
e
TL, = QS,/Ker(x) TL, = C,
(A ! 3
(_;{é}‘ [COVID idea] - é Try orbit harmonics!

Almost impossible to identify the right set of permutations @

)

Geometry
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A Hidden Gem

2005 - 2024
r_ Q[z1, 72,..., ]/(stm ) dim o ﬁ
Invariants 2 ? Geometry
= QS,/Ker(x) | TL, G,
v

Il;?y " [COVID idea] - e Try orbit harmonics!

@—1 e

"

r
L3
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A Hidden Gem

2005 - 2024
r_ Qlz1,72,..., 2 ]/<Q5ym ) 2O, ﬁ
Invariants £ ? Geometry

= QS,,/Ker(x) TL,~ C, Cohomology ?

|
[COVID ldea] e Try orbit harmonics!

0%
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@ Quasusymmetry

Revisiting quasisymmetry

2024 -

al\/[a

"L)

Inla
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S % %

@ Qua51symmetry Mania
2024 - %
@ Revisiting quasisymmetry
a Operator R; : f(x1,...,2n) — f(x1,. .., 21,0, 24, ..., Xy 1)

flzr, .. zn) € QSym, <= Rif =R f, Vi<n
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éﬁé‘% "L >

@ Qua81symmetry a Mania

2024 -

@ Revisiting quasisymmetry
a@ Operator R; : f(z1,...,2,) = f(x1,...,2i-1,0,2, ..., Tp_1)

f(xla SR 7$n) S stmn — le - R’H—lfu Vi<n

Now Geometry can start: Consider T; = (RZ+1 R;), which is adjoint to a natural

1“‘%” Q geometric operator on flags.
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@ Qua81symmetry a Mania

2024 -

@ Revisiting quasisymmetry

a @ Operator T; = (R,H R;) quasisymmetric divided difference

f(xy,...,z,) € QSym,, <= T;f=0,Vi<n

Id—s;
Ti—Tiy

Compare this to the divided difference operator 9; = - with property

f(xy,...,x,) € Sym, <= 8if=0, Vi<n
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*’L )

@ Quaymmetry 6 Mania

2024 -

@ Revisiting quasisymmetry

@ Operator T; = (Rl+1 — R;) quasisymmetric divided difference

f(xy,...,x,) € QSym, <= T;f=0,Vi<n

Build analogue of Schubert polynomials using the T; operator: Forest Polynomial B p(x,,):

0 otherwise.

. . P .
@@ Forest Polynomials are special ‘ —(;{@; flagged P-partitions.

T?BF:{
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é"%‘% "L >

@ Qua81symmetry @ Mania

2024 -

aﬂ Revisiting quasisymmetry

@ @ Operator T; = (R,H R;) quasisymmetric divided difference

f(xy,...,z,) € QSym,, <= T;f=0,Vi<n

Forest Polynomial P r(x,,):

e {Pr} Basis of Q[z1,x9,...,1,]

o {'P : I fully supported} Basis of Q[xy,xs, ... ,xﬁ/(QSymZ}

e {F fully supported} index some homology class of HHMP,, = [ X“*
o Qz1, 2, ..., 7] / (QSym?) < H*(HHMP,)
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é"%‘% "L >

@ Qua81symmetry @ Mania

2024 -

aﬂ Revisiting quasisymmetry

@ @ Operator T; = (R,H R;) quasisymmetric divided difference

f(xy,...,z,) € QSym,, <= T;f=0,Vi<n

Forest Polynomial P r(x,,):

e {Pr} Basis of Q[z1,x9,...,1,]

o {'P : I fully supported} Basis of Q[xy,xs, ... ,xﬁ/(QSymZ}

e {F fully supported} index some homology class of HHMP,, = [ X“*

o Qa1, T, . . ., 0] / (QSym?) < H*(HHMP,) Geometry!
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Revisiting quasisymmetry

Qua51symmetry

2024 -

&

‘Lp

@ Mania

f(xla"'axn

) € QSym,

— T;f=0 Vi<n

FIELDS INSTITUTE

}(171) (x1—=1)(x

~®

[ Ah! I bet we replace i by t;

2

4

P

3

[ The vanishing polynomials looks like this j

In which way exactly?

4775 6
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@ Qu351symmetry @ Mania

2024 -

Revisiting quasisymmetry

@ f(xy,...,z,) € QSym,, <= T;f=0,Vi<n

EUrRoPE \

\ FIELDS INSTITUTE

\‘ 1N g
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Operator R : f(z1,..
Operator R} : f(zy, ..

Equivariant Quasisymmetry

Double Forest Polynomials

.,xn;tl,...,tn) —>f(xl,...,xi_l,ti,:ci,...,xn_l;tl,...
.,Zlﬁ'n;tl,...,tn) _>f(x17"'7$i—1awi7ti7'"7xn—1;t17"'
RI—R;
Ez_ Ti—t;

f(LCl, ..

L T) € EQSym, < E;f=0,Vi<n
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_ Ri—R;

3

=
|

€T —ti

Equivariant Quasisymmetry

Double Forest Polynomials

We want to find polynomials B r(X;T) indexed by Forests that satisfy:

(‘BF(tlw")tn;T) :61:’:@ and EZY‘BF = {

Vri(Xitr, ...ty t,) if i € LTerF

0 otherwise.

FPSAC 2026, Seattle
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Equivariant Quasisymmetry

zi—t; Double Forest Polynomials

Bri(Xits, ..ty t,)  if i € LTer(F)

0 otherwise.

F= A />\ LTer(F) = {i : A € F)

mF(tla s 7tn7 T) - 5F:Q) and EZmF = {
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Equivariant Quasisymmetry

zi—t; Double Forest Polynomials

fpp(tl, Ce ,tn; T)

op—gp and EfPp =

Is it well defined? ...

Pr/1(x;t) = (@1 — t1)(x2 — t1)

@

1 E2
Pri(x; t) = (@1 — tz)(m — t2)
Q Pr2(xt) =21 — 1
1 2 3 4 *IA;
it) = (21—t —t g =t =1 R
PBr(x;t) = (z1 —t1)(v1 —t2) (22 + 23 — t1 —t2) Prs(xit) = (o1 — 1) (@1 — £2) - ng/l/(_,(x;fz) -
& E: Prsa(xty) =z —t2

Prys(x; t3) = (@1 — t1)(x1 —t2)

Vri(Xitr, ... tiy... t,) if i € LTer(F)

0 otherwise.
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Yes!

Pr(x;t) =

. ,tn; T) = 5F:®

Equivariant Quasisymmetry

Double Forest Polynomials

Bri(Xits, ..oty t,)  if i € LTer(F)

and Ez =
Pr 0 otherwise.

poN

1 2 3
Pry1(x; t1)—($1 ta)(z2—t2)

Ea 1y
1 2

B2 tr1,31) = Pryayn (6 tp,y) = 21 — b2

SRES!
1 2 3

Prsa(xits) = (21— ha) (@1 — ta)

A

1 2 3 4
(z1 —t1)(z1 — t2) (w2 + x3 — t1 — t2)

V
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Equivariant Quasisymmetry

= Tt Double Forest Polynomials

Bri(Xitr, ... tiy... t,) if i € LTer(F)

Br(ti,...,t;T) =0p—y and EPr= .
0 otherwise.

RECALL:

/‘@’@ Pipe Dream gives a way to compute double Schubert polynomials
S e

1 2 3 4 5 6

6w = Z H ($Z — tj) (1) Jr_j JF )F

DePD(w) (i,j)eD %—j ~
: r

-

FPSAC 2026, Seattle 4/5




Equivariant Quasisymmetry

= Tt Double Forest Polynomials

Br/i(Xitr, ... tiy... ty) if i € LTer(F)

0 otherwise.

gBF(th s JtTL; T) — 5F:(Z) and EZ§BF = {

1 2 3 4 5 6 7

6
1 3 1
1 2 3 4 5 6 7

Tiles: —+- — ae 7 R
Rules: Obtain F' with the following procedure: ’ o
: : : .\
e exactly one «- in column 4 for node 4 C
Choose a linear extension of nodes of F' 5
C
place «- respecting the chosen order (Here 14635) 6

FPSAC 2026, Seattle 4/5




Equivariant Quasisymmetry

= Tt Double Forest Polynomials

Br/i(Xitr, ... tiy... ty) if i € LTer(F)

0 otherwise.

2N 1

1 2 3 4 5 6 7

gBF(th s 7tn7 T) — 5F:([) and EZ§BF = {

Tiles: - ] ~- -

Rules: Obtain F' with the following procedure:
e exactly one —«- in column 4 for node 4
o fill with — the column above each —
e fill the remaining spots with [Vine Model]

JF in odd rows jL in even rows and

FPSAC 2026, Seattle 4/5




. Equivariant Quasisymmetry

— A )

CT et Double Forest Polynomials

Pri(Xits, ..ty t,)  if i € LTer(F)

0 otherwise.

g’BF(t177tn7T) :5F=(Z) and EZ;’BF: {

T in row 2¢ — 1 and col j
Br/i = E H .

VEVD(F Tev T in row 2¢ and col j

=
° i %@ @ type formula for
@ e @—theory on @' lattice Graph with @ orientation

THEOREM: Q[z1, 7, . .., Ty / (QSym,) = H*(QF¢,)

FPSAC 2026, Seattle
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Open Problems

e (Graham)-combinatorial/geometric interpretation of

Pr(X; TPe(X;T) = af o(T)Pu(X;T),

H

e Is there a graded (filtered?) action of TL, on Q[z1, s, ..., x,] which gives a well defined action
on Q[wb L, ... 7xn]/<QSym7—JL—>?

e Various quasisymmetries:
r-quasisymmetry;
Diagonal quasisymmetry;
Super quasysymmetry;
Graph quasisymmetry

FPSAC 2026, Seattle 5/5




Open Problems

’_ ‘ For ¢ : CFfC — G/B, find a combinatorial interpretation of

UG, = Y al, € H*(CFL).
ueNC(W,c)

Geometry [X!] = ) ay[X"] implies a; positive. Also, are the ¢, positive in

Vo Bo= > P, € H(CFL)?

weNC(W,e)
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Open Problems

Venturing in the non-crossing world of quasisymmetry

e Invariants e Geometry e Hopf structures e Representation theory e Catalan e Positivity e

FPSAC 2026, Seattle
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e Invariants e Geometry e Hopf structures e Representation theory e Catalan e Positivity e
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