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Abstract. For a connected graph G with sink vertex q, a G-parking function is a vector
of nonnegative integers whose entries are determined by cut-sets in G. Such objects
also arise as the superstable configurations in the context of chip-firing. The set of all
G-parking functions has various algebraic and combinatorial properties; for instance
they relate to evaluations of the Tutte polynomial and in particular are counted by
spanning trees of G. We extend these constructions to the setting of hypergraphs,
where edges can have multiple vertices. For a hypergraph H with sink q, we define
H-parking functions in terms of cuts in H and prove that the maximal such sequences
are characterized by certain acyclic orientations of H. We introduce a notion of a q-
rooted spanning tree for H, and prove that the set of all such objects are counted by
H-parking functions. We also show how H-parking functions can be recovered as the
superstable configurations in a version of chip-firing on H, where chips have a choice
of where to go when fired. We prove that one can recover such configurations via
chip-firing on a family of digraphs associated to H.
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1 Introduction

Suppose G = (V, E) is a connected graph with specified sink vertex q ∈ V and nonsink
vertices {1, 2, . . . , n}. A G-parking function is a sequence ~c ∈ Zn

≥0 of nonnegative integers
whose entries are bounded above by parameters associated to vertex cuts in G. Such
objects were studied by Postnikov and Shapiro in [9], and when G = Kn+1, the complete
graph, they recover the classical parking functions that originated in queueing theory
and have been the subject of extensive study [12]. In this case, such objects have an
easy description: a sequence ~c ∈ Zn

≥0 is a parking function if and only if its nondecreas-
ing rearrangement is coordinatewise bounded by the vector ~v = (0, 1, . . . , n− 1). This
naturally leads to a more general notion of a vector parking function.

G-parking functions can also be understood in terms of chip-firing on the graph G,
where the distribution rule is determined by the reduced Laplacian LG = Lq

G. Here we
consider configurations ~c ∈ Zn

≥0 of chips on the nonsink vertices of G. If a nonsink



2 T.Blanton, A.Dochtermann, I.Hong, S.Oh, Z.Zhan

vertex has at least as many chips as its degree, it can fire, passing one chip to each of
its neighbors. If no non-sink vertices can be fired, we say that the configuration is stable.
A configuration ~c is said to be superstable if no nonempty set of non-sink vertices can
fire, so that subtracting from~c any nonempty collection of the columns of LG results in a
vector with a least one negative coordinate. For undirected graphs, the set of superstable
configurations can be seen to coincide with the collection of G-parking functions.

According to the definitions, to determine whether a given ~c ∈ Zn
≥0 is a G-parking

function one must consider all nonempty subsets T ⊂ V \ q. However, Dhar’s burn-
ing algorithm [5] provides a polynomial-time way to check this condition. G-parking
functions also have many pleasing combinatorial properties, for instance the collection
of all such sequences is in bijection with the set of spanning trees of G. In [4], Chebikin
and Pylyavskyy describe a family of such bijections between G-parking functions and
spanning trees. They work in the more general setting of digraphs, where the relevant
combinatorial objects are q-rooted spanning trees. For the case of undirected graphs, a
particular specialization of their construction can be seen to recover Dhar’s algorithm.

Varying the choice of sink vertex q will in general lead to a different set of G-parking
functions for a given graph G. However, some parameters are invariant. As mentioned
above, if G is connected then the set of G-parking functions is in bijection with the set
of spanning trees of G. Furthermore, for a graph G with a specified sink q, the maximal
G-parking functions are in bijection with acyclic orientations of G with a unique source
q [2]. From this it follows that all maximal G-parking functions have the same degree.
In [7], Merino showed that the degree sequence of G-parking functions can be recovered
as an evaluation of the Tutte polynomial of G (and hence is independent of the choice of
q). This then can be used [8] to establish a conjecture of Stanley regarding the h-vector
of matroids for the special case of cographic matroids.

2 Our setting: hypergraphs and H-parking functions

In this work we extend the constructions and results described above to the setting
of hypergraphs, where edges can now have more than one ‘endpoint’. More formally, a
hypergraph H = (V, E) consists of a vertex set V = V(H) and a set E = E(H) of subsets of
V called hyperedges (or just edges if the context is clear). We can represent a hypergraph
H in terms of its bipartite incidence graph B(H) = (V , E), with vertex set V = EtV and
with edges (e, v) ∈ E whenever v ∈ e. We refer to Figure 1 for a running example that
we will use throughout this paper. If all elements of E have the same cardinality d, we
say that H is d-regular. The complete hypergraph Kd

n is the d-regular hypergraph on vertex
set [n] = {1, 2, . . . , n} whose edge set consists of all d-subsets of [n].

The degree of a vertex v ∈ V(H) is given by

deg(v) = |{e ∈ E(H) : v ∈ e}|.
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Note that deg(v) agrees with the degree of v in the (usual) graph B(H).

4

1 2

3
3

2

1

4
134

124

123

Figure 1: A hypergraph H along with its bipartite representation B(H).

Remark 2.1. Throughout the paper, we will assume that our hypergraphs H are connected,
i.e., given any two vertices v1 and v2, there exists a sequence of edges (e1, e2, . . . , em) such that
v1 ∈ e1, v2 ∈ em and ei ∩ ei+1 6= ∅ for all i = 1, . . . m− 1. From this it follows that the graph
B(H) is also connected.

We will also need a notion of degree of a vertex relative to a subset that contains it.

Definition 2.2. Suppose H = (V, E) is a hypergraph, and let T ⊂ V be a nonempty set of
vertices with v ∈ T. The T-degree of v is

degH
T (v) = |{e ∈ E : v ∈ e and e 6⊂ T}|.

If the underlying hypergraph is clear, we will write degT(v). Also note that if T = {v}
then we have deg{v}(v) = deg(v). With this we can provide one of our main definitions.

Definition 2.3. Suppose H = (V, E) is a hypergraph with sink vertex q ∈ V and nonsink
vertices [n]. An H-parking function is a sequence ~c ∈ Zn

≥0 such that for all T ⊂ [n], there
exists an i ∈ T such that ci < degT(i).

With the connection to chip-firing in mind, we will often refer to a vector ~c ∈ Zn
≥0 as

a configuration of chips. If a nonempty subset T ⊂ [n] has the property that degT(i) ≤ ci
for all i ∈ T, we will say that T is bounded by ~c. Hence a configuration ~c is an H-parking
function if no nonempty subset of [n] is bounded by ~c.

It turns out that H-parking functions on a hypergraph H can be understood in terms
of its underlying bipartite representation B(H). Recall that the vertex set of B(H) is
given by V = EtV. If q ∈ V is the chosen sink vertex for H, then by convention we take
q to be the sink vertex for B(H). Also, if ~c is a configuration on the nonsink vertices of
H, we let ~cB denote the configuration on the nonsink vertices of B(H) given by placing
zeros on each vertex w ∈ E. With this we have the following observation.
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Proposition 2.4. Suppose ~c is a configuration on the nonsink vertices of a hypergraph H. Then
~c is an H-parking function for H if and only if~cB is a G-parking function for B(H).

Remark 2.5. If H is any hypergraph, note that from Proposition 2.4 we can use Dhar’s burning
algorithm on B(H) to check whether a given configuration on H is an H-parking function.

2.1 Orientations and maximal parking functions

For a usual graph G with sink q, there is a simple bijection between the set of maximal
G-parking functions and the set of acyclic orientations of G with a unique source q, as
described in [2]. Here we extend this to the setting of hypergraphs. We begin with a
definition.

Definition 2.6. Suppose H is a hypergraph with sink q, and with bipartite incidence graph
B(H). An orientation of an edge e ∈ E(H) is a choice of vertex ve ∈ e. An orientation of H
is a choice of orientation for each edge, which we denote O = {ve}e∈E(H).

An orientation O of H defines an orientation of the bipartite graph B(H) = E(H) t
V(H) by prescribing the directed edge (v, e) if v = ve is the orientation of e, and (e, v)
otherwise.

Definition 2.7. An orientation O of a hypergraph H is acyclic with unique source q if the
underlying orientation of B(H) has this property.

Our definition of a hypergraphic orientation is a special case of a more general notion
introduced in [1]. An orientation O of a hypergraph H gives rise to a configuration
~c = ~c(O) on the nonsink vertices [n] = {1, 2, . . . , n} via the induced orientation on B(H):
For each i ∈ [n] we let ~ci = indeg(i)− 1. See Figure 2 for an example.
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Figure 2: Acyclic orientations with corresponding maximal superstable configurations.

Theorem 2.8. Suppose H is a hypergraph with sink q. Then the assignment described above
defines a bijection between the set of acyclic orientations of H with unique source q and the set of
maximal H-parking functions on H.
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From the above result it follows that the degree of a maximal H-parking function
equals the number of edges oriented rightwards minus the number of non-sink vertices
of H, so it is independent of the acyclic orientation we choose.

Corollary 2.9. For a hypergraph H with chosen sink q, all maximal H-parking functions have
the same degree.

From Corollary 2.9 we have that the degree sequence of superstable configurations
for any hypergraph H is a pure O-sequence.

2.2 Complete hypergraphs and vector parking functions

We next consider H-parking functions for the case of H = Kd
n, the complete d-hypergraph

on n vertices consisting of all d-subsets of [n]. We show that the set of H-parking functions
for such hypergraphs can be described as vector parking functions as studied by Yan [12].

To recall this notion, for a sequence (x1, x2, . . . , xn) of real numbers, we let x(1) ≤
x(2) ≤ · · · ≤ x(n) denote its rearrangement into a nondecreasing order. Now we fix a
nondecreasing vector of nonnegative integers ~u = (u1, u2, . . . , un). A vector ~c ∈ Zn

≥0 is a
~u-parking function if its rearrangement satisfies 0 ≤ c(i) < ui.

Theorem 2.10. The H-parking functions of Kd
n+1 coincide with the set of ~u-parking functions,

where ~u = (u1, . . . , un) with:

• uk = ( n
d−1)− (n−k

d−1), for k = 1, 2, . . . , n + 1− d;

• uk = ( n
d−1), for k = n− d + 2, n− d + 3, . . . n.

A natural question to ask is if we have a way to determine the number of H-parking
functions of a complete hypergraph. From [12], the number of ~u-parking functions for
any ~u can be determined by computing the determinant of a certain Steck matrix. We
recall this result next.

Theorem 2.11. [10] The number PF(~u) of ~u-parking functions equals n! det D, where D is the
n× n matrix with ij entry

uj−i+1
i

(j− i + 1)!

if j− i + 1 ≥ 0 (and 0 otherwise).

The ideas behind this formula go back to work of Steck [11].

Example 2.12. For n = 4 and d = 3, we have from Theorem 2.10 that ~u = (3, 5, 6, 6), and
hence the H-parking functions for K3

5 are given by

{(2, 4, 5, 5), (2, 4, 5, 4), . . . , (2, 4, 5, 0), (2, 4, 4, 5), (2, 4, 4, 4), . . . , (0, 0, 0, 0)}.
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The corresponding Steck matrix is given by

D =


3 9

2
27
6

81
24

1 5 25
2

125
6

0 1 6 36
2

0 0 1 6

 .

From this we conclude that the number of H-parking functions of K3
5 is 4! det D = 1203.

This determinantal formula computes the number of H-parking functions for Kd
n+1,

but it is not always easy to implement in practice. In [12] Yan has obtained closed
formulas for PF(~u) for certain values of ~u, but unfortunately they do not apply here.
Hence we ask the following.

Question 2.13. Is there a closed formula for the number of H-parking functions, where H = Kd
n

is the complete hypergraph?

3 Tree like objects and bijections

We next introduce our notion of spanning trees for hypergraphs, and describe a bijection
between these objects and the set of H-parking functions. For this, we adapt an algo-
rithm from [4] to the setting of hypergraphs, by applying similar ideas to the underlying
bipartite incidence graphs.

For our notion of hypergraph spanning trees, we will work with a certain equivalence
relation on (usual) spanning trees of bipartite graphs.

Definition 3.1. Suppose B is a connected bipartite graph with vertex set V(B) = L t R, and
with distinguished sink vertex q ∈ R. Spanning trees T and T′ of B are said to be burning
equivalent if, when orienting the edges of T and T′ towards the sink, the set of edges directed
from R to L is the same.

See Figure 3 for an example of burning equivalent trees. With this we can define our
notion of a spanning tree of a hypergraph (with choice of sink vertex q).

Definition 3.2. Suppose H is a hypergraph with sink vertex q, and let B(H) = (V , E) denote
its bipartite incidence graph. A (q-rooted) spanning tree of H is a burning equivalence class
[T] of spanning trees of B(H).

Remark 3.3. Note that the data of a spanning tree [T] of H is given by a subset T← ⊂ E ,
namely the set of edges oriented R to L when orienting edges toward the sink q. This set T← has
the property that every non-sink vertex V(H) \ q is incident to some element of T←. Also note
that for any T ∈ [T], the degrees of vertices on the left (from E(H)) will always be the same.
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Remark 3.4. One can check that Definition 3.2 generalizes the usual notion of a spanning tree
of a graph, in the sense that if G is a graph, then the q-spanning trees of B(G) recover the usual
spanning trees of G.

3.1 Bijections

Suppose B is a connected bipartite graph with vertex set V = L t R and specified sink
vertex q ∈ R. Given the data of a G-parking function on B, we will be interested in a
burning type algorithm that produces a spanning tree of B that can be thought of as a
canonical representative of the underlying burning equivalence class.

In [4, Theorem 2.1] the authors describe a bijection between G-parking functions
and rooted spanning trees of a digraph G, based on a breadth-first search order. Our
construction is a generalization of the inverse map described in [4, Theorem 2.1], which
we call the inverse BCP algorithm. In the case of a bipartite graph, the inverse BCP map
that produces a spanning tree from a G-parking function (b1, . . . , bn) can be understood
in fewer steps. Instead of constructing the tree one vertex at a time, we can proceed in
batches, moving from one side of the bipartite graph to the other.

In particular, at step m of the process, instead of choosing a single vertex pm and
edge epm to add to our set, we choose all vertices in v ∈ Vm that have the same distance
from q as pm. We then add all such vertices and edges ev to increment. We call this the
Bipartite Breadth-first Burning (BBB) algorithm. Details can be found in [3]. We then have
the following observation.

Lemma 3.5. Suppose~c 6= ~c′ are H-parking functions for H, and let T and T′ be the correspond-
ing spanning trees of B(H) obtained by running the BBB algorithm on ~cB and ~c′B. Then T and
T′ are not burning equivalent (i.e. T← 6= T′←).

This then leads us to our desired bijection.

Theorem 3.6. For a hypergraph H with root vertex q, there exists a bijection between the set of
H-parking functions and the set of q-rooted spanning trees of H.

In work of Kálmán and Postnikov [6], the notion of a hypertree associated to a hy-
pergraph is introduced. To recall this notion, suppose H is a hypergraph with bipartite
representation B(H). A hypertree in H is a function (vector) f : E→N = {0, 1, . . . } with
the property that there exists a spanning tree of B(H) that has degree f (e) + 1 at each
e ∈ E. In [6] the authors develop a notion of internal activity for these hypertrees that
gives rise to a notion of a Tutte polynomial for polymatroids.

Proposition 3.7. For any hypergraph H with sink q, two burning equivalent spanning trees
give rise to the same hypertree.
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Figure 3: Burning equivalent spanning trees T and T′ of B(H), along with the corre-
sponding G-parking functions of B(H) given by our bijection.

For example, the spanning trees depicted in Figure 3 each correspond to the hy-
pertree (1, 1, 1). An important application of the bijection between spanning trees and
superstable configurations is preservation of the external activity/degree. It would be
interesting if we can extend the definition of external activity for spanning trees on hy-
pergraphs and superstable configurations to our model so that it is preserved under the
bijection described above.

4 Chip-firing on hypergraphs

We next investigate how H-parking functions on a hypergraph H = (V, E) can be un-
derstood in terms of a notion of chip-firing. For this we fix a sink vertex q ∈ V, let [n]
denote the set of non-sink vertices, and consider a configuration~c ∈ Zn

≥0 of chips. Recall
that for a usual graph, when we fire a vertex v ∈ [n], one chip is sent to each incident
edge and then passed to the other vertex incident to that edge. For hypergraphs, we do
something similar: When we fire a vertex v, it sends a chip to each of its incident hyper-
edges. But now within each of these hyperedges, we must make a choice of which vertex
receives the chip that comes in. We make this precise with the following definition.

Definition 4.1. Suppose H is a hypergraph and v ∈ [n] is a vertex with incident edges e1, . . . , ek.
A firing choice at v consists of a choice of a vertex vi ∈ ei where vi 6= v, for each i = 1, . . . , k.
We use Cv = (e1 : v1, . . . , ek : vk) to denote a firing choice.

Given a configuration ~c, when we fire v, we think of sending a chip to each ei, and
then using the firing choice Cv to pass that chip to vi. Note that if H is a (usual) graph,
there is a canonical firing choice for each v (namely, the other endpoint of each edge
incident to v).

Example 4.2. Let ~c = (1, 2, 0) be the configuration on the hypergraph H depicted in Figure 4.
We consider two different firing choices for the vertex v2. If we fire v2 with the firing choice
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(e1 : v3, e2 : v4) we end up with the configuration (1, 0, 1), whereas the choice (e1 : v1, e2 : v1)
gives us (3, 0, 0).

v3

v2

v1

v4

1

0

1

e3

e2

e1

(e1:v3, e2:v4)←−−−−−−
v3

v2

v1

v4

0

2

1

e3

e2

e1

(e1:v1, e2:v1)−−−−−−→
v3

v2

v1

v4

0

0

3

e3

e2

e1

Figure 4: Example of different firing choices.

We use Cv,H to denote the set of all possible firing choices of the vertex v in H. We
write Cv if the underlying hypergraph H is clear. By considering all possible firing
choices, we can recover the notion of when a vertex is ready to fire.

As was the case for usual graphs, we will also want to fire a set T ⊂ V \ q of nonsink
vertices. For this, we specify a firing choice for each vertex v ∈ T, but now we need an
additional condition. Let T ⊂ V \ q and suppose that CT = {Cvi : vi ∈ T} is a collection
of firing choices for each element of T. Now suppose that there exists a hyperedge e
satisfying e ⊂ T. We say that CT is cancellative at e if the firing choice CT restricted to e
results in a fixed point free permutation of the elements of e. Equivalently,

e = {vj | Cvi = (· · · , e : vj, · · · )}vi∈e.

This generalizes set-firing in the classical graph case, where if two adjacent vertices are
fired, a chip gets passed back and forth along that edge. Hence, the default firing choice
for any chosen set to be fired is cancellative at every contained edge.

Definition 4.3. Suppose H is a hypergraph, and let T ⊂ V(H) \ q. A firing choice CT is
cancellative (for T) if it is cancellative for all e ⊂ T.

Definition 4.4. Suppose H is a hypergraph and let~c be a configuration on the non-sink vertices
V \ q. A nonempty subset T ⊂ V \ q is ready to fire if every cancellative firing choice for T
results in a nonnegative configuration.

With this we can define our notion of superstability.

Definition 4.5. For a hypergraph H, a configuration~c on the nonsink vertices is superstable if
no nonempty subset T ⊂ V \ q is ready to fire.

Although varying the cancellative firing choice of a set T could lead to different
distributions of chips, detecting whether T is ready to fire can be done using degree.
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Lemma 4.6. Suppose ~c is a configuration on H and T ⊂ V \ q. Then T is ready to fire if and
only if degT(i) ≤ ci for all i ∈ T.

Corollary 4.7. Suppose H is a hypergraph with sink vertex q. Then a configuration ~c is super-
stable if and only if~c is an H-parking function.

Proof. Recall that ~c is superstable if and only if no nonempty subset of the nonsink
vertices is ready to fire. The result then follows from Lemma 4.6 and the definition of an
H-parking function.

4.1 Using digraphs to fire hypergraphs

As we have seen, firing a vertex v in a hypergraph H requires specifying a firing choice
for each edge incident to v. One way to make this choice (for all vertices at once) is to
cyclically order the elements of each hyperedge, giving rise to an underlying digraph
on the vertices of H. In this section, we will show how chip-firing on this (collection of)
digraphs can be used to recover superstable configurations on H itself.

Definition 4.8. Let H be a hypergraph. A cycling C of H consists of a choice of cyclic orderings
on the elements in each edge e ∈ E(H).

A cycling C of H defines a digraph DC(H) in the following way. The vertex set of
DC(H) is taken to be V(H), and we include the directed edge (vi, vj) if vi ≺·C vj in some
hyperedge e of H. Here x ≺·C y indicates that x immediately precedes y in the prescribed
cyclic order on e. See Figure 5 for an example.

v4

v3

v2

v1

e3

e2

e1

v1

v2

v3

v4

Figure 5: A hypergraph H and the digraph DC(H) associated to the cycling C =

{(v1v3v2), (v1v2v4), (v1v3v4)}.

The digraphs we obtain from cyclings on H lead to good notions of chip-firing, ac-
cording to the following observation.

Lemma 4.9. For any choice of cycling C on a hypergraph H, the digraph DC(H) is Eulerian.



Parking functions and chip-firing on hypergraphs 11

The collection of digraphs obtained from varying the choice of cyclings of H provide
a collection of superstable configurations. An important observation for us will be the
following.

Lemma 4.10. Suppose H is a hypergraph with nonsink vertices [n] and suppose ~c ∈ Zn
≥0 is a

configuration of chips. If a nonempty subset A ⊂ [n] is ready to fire in H, then for any cycling
C of H, A is ready to fire in DC(H).

In what follows, we will consider cyclings C on H that are induced by an ordering
of the vertex set V(H). Note an ordering v1 < v2 < · · · < vn of V(H) induces a linear
order on the elements of each edge ei = vi1 < vi2 < · · · < vip , which can be completed
to the cycle (vi1vi2 . . . vip). In this case, we say that C is a vertex induced cycling.

It turns out that one can obtain all superstable configurations for H by considering
vertex induced cyclings. More precisely we have the following result.

Theorem 4.11. Let H be a hypergraph with fixed sink vertex q. A configuration~c is superstable
for H if and only if it is superstable for DC(H) for some choice of vertex induced cycling C.

Example 4.12. Consider the hypergraph H and digraph D = DC(H) depicted in Figure 5, where
the cycling is induced by the vertex ordering v1 < v3 < v2 < v4. The corresponding directed
Laplacian is given by

LD =

 3 −1 −2
−1 2 0
0 −1 2


One can check that the superstable configurations (which coincide with the set of G-parking
functions) for D are given by

{000, 100, 010, 001, 200, 110, 101, 201}.

This set provides a (proper) subset of the set of superstable configurations for the hypergraph
H, which we have seen in Section 3 to consist of

{000, 100, 010, 001, 110, 101, 011, 200, 210, 201, 111}.
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