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Computing parametric weighted Ehrhart
polynomials of smooth polytopes

Daniel Hwang*!, Juliet Whidden'?, Josephine Yu*!
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Abstract. We show that when integral polytopes are deformed while keeping the
same facet normal vectors, the coefficients of weighted Ehrhart and h*-polynomials
are piecewise polynomial functions in the “right hand sides” of the linear inequalities
defining the polytopes. We give an algorithm and an implementation in SageMath for
computing these polynomials for smooth polytopes, such as type A alcoved polytopes,
using a weighted Euler-Maclaurin type formula by Khovanskii and Pukhlikov. We
discuss some natural questions concerning signs of the coefficients of the weighted
h*-polynomials.
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1 Introduction

The central problem of Ehrhart theory is counting the integer points in integer dilates
of an integral polytope P. Ehrhart proved in 1967 that for any integral polytope P of
dimension d, the function ehrp(t) := #(tP N Z“) is a degree d polynomial in t [13],
which we call the Ehrhart polynomial. The Ehrhart series is a rational function of the

form .
hiz% 4 ...+ h
e t _d 0
Ehrp(z) := ;20 ehrp(t)z' = A=

where the numerator 11} (z) = hflzd + ...+ hy is called the Ehrhart /*-polynomial. Stan-
ley proved in 1980 that the coefficients of h}, are nonnegative integers [19].
Let A be a fixed n x d integer matrix, and we will consider polytopes of the form

Ps(b) := {x € R?: Ax < b}
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forb = (by...b,) € Z". The integer point count #(P4(b) N Z*) is a piecewise quasipoly-
nomial function in by, ..., b,, where the pieces correspond to combinatorial types of nor-
mal fans of polytopes of this form. Sturmfels gave a precise description of these in [20].
In the case when A is unimodular, the polytope P4 (b) is integral whenever b is inte-
gral, and the integer point counting function is a piecewise polynomial. De Loera and
Sturmfels showed how to compute this efficiently [11].

Let w be a homogeneous polynomial of degree m in d variables, which we use
to count integer points in Z¢ with weight w. Then the weighted Ehrhart function
ehrp(t) = Lperpnze w(p) of an integral polytope P is a polynomial of degree at most
d + m, and the weighted Ehrhart series is a rational function of the form

ni Zm

_ t _ d4m
Ehrp ,(z) = t;)ehrp,w(t)z = (1=

The numerator hp ,(z) = h +mzd+’” + ...+ hj is called the weighted h*-polynomial of P
with respect to weight w. The coefficients of 1}, , may be negative even when the weight
is homogeneous and nonnegative on the polytope, but some sufficient conditions for

positivity are known [1]. Our motivation comes from the following questions:

* How do the weighted Ehrhart and /*-polynomials depend on b?
* How can we efficiently compute the weighted Ehrhart and h*-polynomials?

* Which combinations of integral polytopes P and homogeneous polynomial weights
w give weighted h*-polynomials with nonnegative coefficients?

We will answer the first two questions based on results of Pukhlikov and Khovanskii
[16, 17] and present progress and open problems on the third. In Section 2 we show
that for integral polytopes P4(b), where A is fixed and b € Z" varies, the coefficients
of h;‘,A (b)w AT€ piecewise polynomials in terms of b, and the regions of polynomiality
are secondary cones or type cones corresponding to different normal fans of polytopes. In
Section 3, we give an effective algorithm for computing these polynomials for smooth
polytopes, and we analyze its computational complexity. Our code and a catalog of
Ehrhart and h* polynomials for type A alcoved polytopes of small dimension with re-
spect to small degree weights are available on our website at

A similar catalog for alcoved polytopes in the unweighted case was given by Branden-
burg, Elia, and Zhang [7]. In Section 4 we investigate the signs of coefficients of &} .
We observe that the space of polytopes having nonnegative weighted /* is not convex
and that all sign patterns of the coefficients of h} ,, are possible in small cases. We also
show that the roots of the weighted i* polynomial converge to the roots of the Eulerian
polynomial as integral polytopes are dilated.
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2 Piecewise Polynomiality

We first recall some key notions from [16]. Let P be the set of all integral polytopes
in RY. A finitely additive measure on P is a mapping ¢ : P — R such that for any
collection of polytopes P, ..., P € P such that |J{_; P, € P and ﬂle P € P for any
i1 < --- < iy, we have the following inclusion-exclusion property:

k k
¢ (U B) =Y 9(P) = L¢P B) + -+ (~1)Ng(P - ).
i=1 i=1

i<j

A mapping f : L — R of abelian groups is called a polynomial of degree < m if
either m = 0 and f is constant, or m > 1 and for each ¢ € L, the map f, : L — R given by
fo(y) = f(y+£) — f(y) is a polynomial of degree < m — 1. A finitely additive measure ¢
is polynomial of degree < m if for each P € P, the map Z¢ — R given by ¢ +— ¢(P + ()
is a polynomial of degree < m.

Lemma 2.1. For any polynomial weight w of degree m, the weighted integer point counting
function is a finitely additive measure on P, and it is polynomial of degree < m.

Proof. Being a finitely additive measure follows immediately from the definition. To
check polynomiality, fix P € P and define f : Z¢ — R by ¢ Lpe(P+0)nzd w(p). Then

for each £ € Z% and y = (y1,...,Y4), we have

fiy):=fly+0)—fly)= ), (wlp+y+{)—wlp+y))
pePnzd

which is a polynomial of degree < m — 1 in y variables since w is a polynomial of degree
m, and the leading terms of w(p +y + ¢) and w(p + y) with respect to y cancel out. [

A polytope P’ is obtained from a polytope P by a motion of the walls if the normal
fan of P’ is a coarsening of the normal fan of P. See Figure 1. For a polytope P = P4 (b°)
defined by Ax < b?, the set of all b € Z" such that P4(b) is obtained from P by a motion
of the walls is a polyhedral cone, often known as a type cone of P. It is a secondary cone
of the vector configuration consisting of the rows of A.

Theorem 2.2 (Theorem 1, §2, [16]). Let ¢ : P — R be any finitely additive measure which is
polynomial of degree < m. Fix a matrix A and a polytope P € P. On the set of integer vectors
b € Z" such that Po(b) € P is an integral polytope obtained as a motion of the walls from P,
the map b — ¢(Pa(b)) is a real-valued polynomial of degree < d 4+ m in by, ..., by,.

By applying this theorem to an arbitrary integer polytope and our weighted integer
point counting function, we immediately obtain the following.
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Figure 1: An example of P’ (top right) obtained by a motion of the walls of P (top left).
Observe that P’s normal fan (bottom right) is a coarsening of that of P (bottom left).

Proposition 2.3. Fix an n x d integer matrix A, a polytope P C R, and a polynomial weight
w of degree m. On the set of integer vectors b € Z" such that Po(b) € P is an integral
polytope obtained as a motion of the walls from P, the weighted integer point counting function
b= Ypep, (b)nzd W(P) is a polynomial of degree < d +m in by, ..., by.

In other words, the weighted integer point counting function is a piecewise polyno-
mial, where the pieces are type cones. Furthermore, when A is unimodular, i.e. when
it has rank d and all d x d minors have determinant 0 or +1, all polytopes P4(b) are
integral whenever b is an integer vector. Thus we obtain the following.

Corollary 2.4. Fix an n x d unimodular matrix A. For b € Z", the coefficients of the weighted
Ehrhart and h*-polynomials of the polytopes Py (b) are piecewise polynomials in b;.

3 Algorithms and computations for smooth polytopes

A d-dimensional integral polytope P C R? is called smooth if each vertex cone of P is
generated by a basis of Z?. For a unimodular matrix A, a polytope P4 (b) is smooth if
and only if it is integral and simple. We will now recall an Euler—Maclaurin type formula,
due to Khovanskii and Pukhlikov, that relates a weighted sum of lattice points in a
smooth polytope to certain differential operators applied to integrals. Generalizations
exist for non-smooth polytopes, but they are significantly more complicated [, ©].

Definition 3.1. The Todd operator is a differential operator defined as

By / d\F
TOddh = (—1)k— (_> ’
k;) k! \ dh

where By are the Bernoulli numbers satisfying = z 1= Z oz



Computing parametric weighted Ehrhart polynomials of smooth polytopes 5

With respect to multiple variables h = (hy, ..., h,), the multivariate Todd operator is
Toddy, = [T;L; Toddy,. It is linear and preserves polynomiality.

The following is a weighted version of an Euler-Maclaurin type formula due to Kho-
vanskil and Pukhlikov [17], stated as in [4, Theorem 12.6], which allows us to compute
the weighted integer point count by applying the multivariate Todd operator to the inte-
gral of the weight over the polytope after a perturbation. For variables x = (x1,...,%y),
we denote #1117 12d% a5 exp(x - z).

Theorem 3.2 (Weighted Khovanskii-Pukhlikov). For any smooth d-polytope of the form P =
P4 (b) and homogeneous polynomial weight w,

Y. w(p) = (Toddh /IDA(bJrh)w(x)dx)

pePnzd

h=0

Proof. It suffices to prove this when w is a monomial. We will use the formulation in [4,
Theorem 12.6] of the Khovanskii—-Pukhlikov formula:

Y exp(z-p) = (Toddh/

(3.1)
pGP PA(b+h)

exp(x - z)dx)

h=0

for any smooth polytope P. For w = x7! - - - x3, define 9, = aai 0---0 aaﬁ. Then
z

(awZexp(z-p ) —Zw

1 24
peP peP

The desired result is obtained by applying 9y, to the right-hand side of Equation (3.1)
and setting z = 0. The three operations 0, Todd;, and f dx commute, since they are
with respect to different variables. l

This allows us to explicitly compute the formulas whose existence was proven in
Corollary 2.4. To do so, we discuss how to compute the integral |, P4 (b-+h) w(x)dx as a
polynomial in b + h in a type cone.

Fix a polytope of the form P = P4(b%) and a triangulation T of P. As P deforms to
P4 (b + h) by a motion of the walls, its vertices move as polynomials in b + h, and T gets
deformed accordingly as well. The integral pr (b+h) @ w(x)dx = L AcT(b+h) Jyw(x)dx is
then computable as a polynomial in b, using the following.

Theorem 3.3 (Corollary 20, []). Let f be a homogeneous polynomial of degree m in d variables,
and let sy, . ..,s,.1 be the vertices of a d-dimensional simplex A. Then

/f _vol(a) Z Z elez...emf(éeksik)°

Ay
me'( ) 1<i <ir <. <im<d+1 ec{E1}m
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Putting them together, we obtain Algorithm 1 for computing the parametric weighted
integer point count for a family of smooth polytopes in a type cone. The weighted
Ehrhart polynomial of P4(b) is obtained by evaluating the weighted count at b; = tb;.
The algorithm has been implemented in a SageMath notebook, available on our

Algorithm 1 Parametric Weighted Integer Point Count

Input: A homogeneous polynomial weight w in d variables, a n x d integer matrix A,
and a vector b? € Z" such that P4 (b?) is a smooth polytope.

Output: The polynomial in b giving the weighted integer point count } ,cp, 1)z« w(p)
for all integral polytopes P4 (b) obtained from P4 (b’) by a motion of the walls.
Step 1: Find a triangulation of P4 (b"), which gives a triangulation of P4(b + h) by a
motion of the walls from P, (b"). Write its vertices as polynomials in b and h.
Step 2: For each maximal simplex A in the triangulation of P4 (b + h), compute the
integral [, w(x)dx using Theorem 3.3. Sum up integrals over all maximal simplices to
obtain [, 1) w(x)dx as a polynomial in b and h.
Step 3: Apply the Todd operator to this integral and evaluate at h = 0, which gives
the parametric weighted count as a polynomial in b, by Theorem 3.2.

3.1 Example: alcoved polytopes

In this section, we specialize our algorithm to (type A) alcoved polytopes which are also
known as polytropes [15, 14]. A d-dimensional alcoved polytope is an integral polytope
in R? defined by inequalities of the form

X; — x]' < bl] (3-2)

where b;; € Z for all pairs of distinct i,j € [d + 1]. We set x4 = 0 by convention.
Every alcoved polytope is associated with a unique set of parameters b = (b;;) such that
bij + bjx > by for all distinct i, j, k € [d + 1]. Equivalently, these conditions mean that all
the inequalities (3.2) are tight. The set of all tuples satisfying these inequalities forms
a cone (called the metric cone or the alcoved cone) in R*@+1) and has a fan structure F;
given by the combinatorial types of alcoved polytopes [71, 17]. Alcoved polytopes in the
interior of a maximal cone of F; are called maximal. They are smooth with (de ) vertices.
We provide a function in our code that takes in a non-maximal alcoved polytope P4 (b)
and returns a maximal alcoved polytope P4 (b’) whose normal fan refines that of P4 (b).
In the unweighted case, the parametric Ehrhart polynomials for all maximal alcoved
polytopes up to dimension 4 were computed by [/].

In dimension 2, there is only one maximal type of alcoved polytope P4(b), and we
now demonstrate our algorithm by computing its parametric Ehrhart polynomial with

weight w(p) = p1p2. We compute the integral || P, (b+h) w(x)dx by fixing a triangulation
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Figure 2: A fixed triangulation of a 2-dimensional alcoved polytope

of the polytope (Figure 2), integrating over each simplex using Theorem 3.3 with d =
m = 2, and summing over each simplex, to obtain the integral as a polynomial formula
in b and h. Then we iteratively apply the Todd operator 6 times, once for each h;;, and

set each f;; = 0, to obtain

Y w(p) = gy (b — 603 + 8biab — 3ty + by + 6033, — 603,635 + 8y, — 36, — 63,03,
pEPA(b)
+ 8by1 b3) — 3b5; — 6b3,b3, + 6b3,b%, + 8b12b3, — 3b3, + 2b3, — 6b3,b13 + 6b1pbi, — 2b3, + 263,
+ 6b23bo3 — 6b31 b3 + 6b13b3; + 6by1b35 — 2b35 — 6b3, b3y + 6y b3; — 263, — 6b3,b3y + 6b3, b3y
+ 6b12b§2 + 6b31b%2 — Zbgz — b%2 — 2bipbyz + 3b%3 — b%l + 6b13bo3 — 2by1bo3 + 3b§3 — 2by1b3y
+ 317%1 — 2b1pb3p + 6b31b3p + 3b§2 — 2b1p + 2b13 — 2by1 + 2by3 + 2031 + Zbgz)

By replacing each b;; with tb;;, we get the parametric weighted Ehrhart polynomial
ehrp, p)»(t) and the parametric weighted h*-polynomial h;;A (b),w(z). More details of this
example, as well as a catalog of all parametric weighted Ehrhart and /*-polynomials for
2-dimensional and 3-dimensional alcoved polytopes with all monomial weights up to
degree 5 and degree 3, respectively, are available on our

3.2 Computational Complexity

Any algorithm for computing parametric weighted Ehrhart polynomials is not expected
to be polynomial with respect to its dimension and the degree of the weight, since
the number of possible terms in its output grows exponentially. However, for a fixed
dimension d and degree m, our algorithm has polynomial running time in the number
of facets n of P4 (b).

Theorem 3.4. Fix a dimension d. For a smooth polytope P = P, (b°) € R* with n facets
and a monomial weight w of degree m, our algorithm to compute Y w(p) runs in
pEPA(b)ﬁZd

o) (nd2/4 2 (T L (d 4 m)) time.
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Proof. First, our algorithm triangulates P. If |V (P)| is the number of vertices in P, then P
can be triangulated in O(|V(P)|l%/2]) time [10], while |V(P)| = O(nl4/2]) by McMullen’s
>/ 4)

Upper Bound Theorem [1&], so triangulation takes O(n time. The number of sim-

plices in this triangulation is also bounded by O(ndz/ 4). For each simplex A we compute

the integral [, w(x)dx. By Theorem 3.3, each integral takes O <2m(d;m)) time. Finally,

we add all these integral polynomials together, substitute b — b 4 h, apply the Todd
operator, and simplify the expression. By Theorem 3.3, the number of terms we store
before simplifying the added terms is O(ndz/ 4.om. (d;m)). Substitution and simplifica-
tion are linear in the number of terms, while the Todd operator takes O(d + m) time per
term, since it is linear in the degree of the input. O

Our algorithm significantly outperforms the method of polynomial interpolation un-
der mild assumptions. To interpolate a degree d + m polynomial in n variables, we build
an N x N matrix M, where N = (”+i+m) and M;; is the evaluation of the M monomial of
degree d + m in n variables at the right hand side b(") for a randomly generated polytope

P; = P4 (b)) of the desired type. Then we solve Mx = ¢, wherec; = Y. w(p) and x
cpnz4
gives the coefficients of our parametric formula. ’

Each ¢; can be computed in poly(n,m) time by a weighted version of Barvinok’s
algorithm [?], giving interpolation a running time of T, = Q(N? + N - poly(n, m)). Since
d is fixed, the running time of Algorithm 1 is T; = O(2" - poly(n,m)). If m = o(n)
(which is often the case in practice), then N = (”;rji;m) ~ (2)" > 2™ s0 T, > Ty and
Algorithm 1 is exponentially faster than interpolation. It is not clear how to efficiently

adapt Barvinok’s algorithm to the parametric and weighted setting.

4 Signs of coefficients of weighted /i*-polynomials

4.1 Weighted h* positivity regions

Which combinations of integral polytopes P = P4(b) and homogeneous polynomial
weights w give weighted h*-polynomials with nonnegative coefficients? Alternatively,
when does hp ,(z) > 0 when z > 0? These are difficult problems for which we do
not expect a simple answer. In [I] some sufficient conditions for positivity are given
for a fixed polytope. Since the coefficients of weighted h*-polynomials are piecewise
polynomials, the h* positivity regions are described by polynomial inequalities in b and
the coefficients of the weight polynomials.

Lemma 4.1. For a fixed integral polytope P, the set of all weights giving rise to a weighted
h*-polynomial with nonnegative coefficients forms a convex polyhedral cone.
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Proof. For a fixed P, the map sending a weight polynomial w to its corresponding
weighted h*-polynomial iy , is a linear transformation. The set of weights giving rise to
nonnegative h*-polynomials forms the preimage of the nonnegative orthant under this
linear map, so it is a convex polyhedral cone. O

On the other hand, we can fix the weight polynomial and vary the polytopes in some
parameter space. Is the set of integral polytopes with positive weighted h*-polynomial
convex? There are at least two natural ways to take convex combination of polytopes:
For lattice polytopes P and P’, we can take the scaled Minkowski sums AP + (1 — A)P’
for 0 < A < 1. Alternatively, for two polytopes P4(b) and P4(b’), we can consider
polytopes of the form P(Ab + (1 —A)b’) for 0 < A < 1. These two notions coincide
when the two polytopes are in the same type cone, but they differ in general. For
alcoved polytopes, the latter notion is called the alcoved hull of the former. They coincide
for 2-dimensional alcoved polytopes, since there is only one maximal type cone. See [17]
for more discussion.

Example 4.2. This example shows that for a fixed polynomial weight, the set of lattice polytopes
with nonnegative weighted h*-polynomials is not convex, even with a linear weight.

1 1 -10 -1
Let w = —3x +2y. Let A = (_1 01 1 0
dimensional alcoved polytopes. Let v .= (3,5,4,8,3,0), h = (—1,2,0,1,0,0), and for i =
0,1,2,3, let P; = Pa(v +ih). See Figure 3. The integral polygons Py and P, are Minkowski
convex combinations of Py and Ps, and equivalently correspond to convex combinations of the
right hand side b vectors. We computed that:

T
_01) arising from the facets of two-

h%, p, = 102° + 652% 4 25z op, = —102° = 3722 — 7z
5p, = —9z° — 3927 — 10z wp, = 152° 4+ 672" + 182
The polytopes Py and Ps have positive weighted h* coefficients, while Py and P, do not. O

4.2 Sign patterns and linear spaces of /*- coefficients

For a fixed full-dimensional lattice polytope P C R? and a fixed integer m > 0, the
map that sends a degree m polynomial w to the polynomials i}, , is a linear map from
the vector space of degree-m polynomials in d variables to the vector space of degree
d + m polynomials in one variable. Let us denote the image by Lp,,. If m > 0, the h*-
polynomials have constant term 0. When Lp ,, is all of the (d + m)-dimensional space of
univariate polynomials with constant term 0, then trivially all sign patterns are possible
for the weighted h* polynomial. The degree-m polynomials in d variables form a vector

space of dimension (%)) = (“*™~1), so for a generic polytope P, we expect

dim Lp ,, = min <<d+rn;_1>,d+m)
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-2 2 4 6 8 10

Figure 3: From left to right, the four blue polygons show Py, P;, P», P3 from Example 4.2.
The zero locus of the linear weight w = 2y — 3x is the green line.

The only cases when the expected dimension is less than d + m are when d = 2 or

= 1. We verified computationally that every sign pattern is possible for weighted
h*-polynomials of alcoved polytopes for dimension 2, degrees 1 to 5, and dimension 3,
degree 1; see our . Some sign patterns are more ubiquitous than others. The
alternating sign pattern is particularly rare.

Question 4.3. For a fixed dimension d and degree m, is every sign pattern possible for weighted
h*-vectors as we vary the (alcoved) polytopes and the weights?

4.3 Weighted *-polynomials of large dilates of polytopes

Let f(t) be a degree k polynomial over C. Then we have Y ;- f(t)z' = (15‘7}2{ — for some

polynomial h(z) of degree < k. For a positive integer r, let us define a polynomial
h<1’> (Z) by

h<1’> (Z)
L S0 = a

t>0

If f(t) is the Ehrhart polynomial of a polytope P, then h<"~(z) is the h*-polynomial of
the dilation rP. Brenti and Welker described the linear map h(z) — h<"~(z) and showed
that the roots of <"~ (z) converge to the roots of the Eulerian polynomial [¢]. Let us give
a derivation. Let f(t) = Y'¥_ c;t' be a degree k polynomial. Then

) f(rt) L chrt ch Ztl t:ig)ci”l_(lfl(z)zﬂ

t>0 t>0i= t>0

where A; are Eulerian polynomials. Thus

<> (z) = ¥ Ap(z) 4 1™ 1 (1 — 2) A1 (2) + - - + co(1 — 2)%.
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Let h/<7;(z) be the monic polynomial which is a constant multiple of <"~ (z), that
is, h<r>(z) = h<">(z)/(cyr* — cx_17* 1 + .- £ ¢y). Clearly it has the same roots as
h<">(z). If ¢x # 0, then as r — oo, the polynomial 1<">(z) converges to Ax(z), so the

roots of h<"~(z) converge to the roots of Ax(z). Let us now apply this to weighted
h*-polynomials.

Theorem 4.4. Let P be an integral d-polytope and w be a homogeneous degree m polynomial
such that by, p(1) # 0. As integers r — oo the roots of hyp ,(z) limit to the roots of the Eulerian
polynomial Ay, (z). It follows that for sufficiently large r, the coefficients of hyp ,(z) all have
the same sign, with unimodal and log-concave absolute values.

Proof. Since I ,(1) # 0, the weighted Ehrhart polynomial has degree d + m. As ex-
plained in the paragraph above the theorem, the roots of h;p ,(z) converge to the roots
of Ajym(z). Since the complex roots of &} ,(t) come in conjugate pairs, and the Eu-
lerian polynomial is real rooted with negative simple roots, we cannot have pairs of
non-real roots converging to the same real root at the limit. Thus for sufficiently large r
the polynomial 1, ,p is also real rooted with simple negative real roots. In particular, its
coefficients are either all-positive or all-negative, depending on the sign of the leading
coefficient of the weighted Ehrhart polynomial. Consequently, the absolute values of the
coefficients are unimodal and log-concave for all sufficiently large integers r. O

Question 4.5. Fix a homogeneous weight polynomial w and dimension d. Is there a universal
bound Ny, 4 such that for every lattice polytope P in R?, the polynomial h* p o has simple negative
real roots for all r > Ny, 47 or has same-sign coefficients? or are unimodal? or log-concave?

For unweighted Ehrhart h*-polynomials, affirmative answers have been given in [7],
where it is conjectured that d dilates suffice for the h* polynomial to have simple negative
roots. In the weighted case, there exist examples where a large dilate is required. See the

for an example of a 2-dimensional alcoved polytope and a degree 1 weight for
which at least 63 dilates are needed for the weighted h* to have coefficients of the same
sign and to have simple negative roots.
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