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Abstract. We develop a framework to study plethysms of SL,-representations over
fields of arbitrary characteristic. Each representation of the type Sym Sym™F? is iden-
tified with a space of symmetric polynomials. A certain map on polynomials (defined
by substitution) gives morphisms between these representations. We study the map
combinatorially, and use it to categorify numerous g-binomial identities including the
g-analogues of the team-and-leader identity (n + 1)(”;_‘?{1) = (") (n+d+1) and its
generalisations. We conclude with a potential application to the generalised Foulkes

Conjecture for SL,(C), and some further conjectures and directions raised by this work.
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1 Introduction

A powerful ‘metatheorem’ in enumerative combinatorics says that every interesting iden-
tity has a g-analogue which refines it. Let g be an invertible variable. The g-analogue of
the integer n (the g-integer n) is

n_ ,—n
= qq — qq_l — qn—l + qi’l—3 + - + ql—l’l’

and the g-analogue of the binomial coefficient (the g-binomial) is

{n} _ (n)gln =1 [n—k+1],
K, = Fak—1], 1,

The g-binomials are omnipresent in the vast landscape of g-hypergeometric identities [17].
They can be interpreted combinatorially as the generating functions for k-subsets of IN
by the sum of their elements, partitions in an (n — k) X k rectangle, and inversions in per-
mutations of n objects [25, Ch. 1]. Each g-binomial can be written uniquely as a linear
combination of g-integers,

(]

m

r+ﬂ = Y [k, (1.1)
q k
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The coefficients in this expansion are the SL,(C)-plethysm coefficients: a plethysm is a
representation of SL,(C) of the form Sym”"Sym™C? and there is an SL,(C)-isomorphism

Sym"Sym™C? = D) (Sym*~1C2)% | (1.2)

One recovers (1.1) by taking characters. We say that (1.2) lifts or categorifies (1.1) over C.
Thus the fundamental bridge between combinatorics and algebra is that [”jnm]q is the
character of Sym”Sym™C? on the complex diagonal matrix diag(g, 4 }).

Despite the number of existing g-binomial identities, understanding SLy (C)-plethysm
coefficients for general N is an elusive and hard problem. The problem dates to Little-
wood in the 1930s and was identified by Stanley as one of the major problems in algebraic
combinatorics [76, Problem 9]. It has deep connections with computational complexity
[©]. The recent FPSAC abstracts [2, 12, 19] show that it is a highly active research topic.

Our research is motivated by the following overarching question:

Which g-binomial identities reflect a deeper property of plethysms?

Let us proceed by example. The team-and-leader identity mentioned in the abstract draws
its name from the combinatorial proof, in which teams of size n + 1 with a single leader
are counted in two ways, firstly by choosing n + 1 of the n + d + 1 people and having
them elect a leader; and secondly by choosing a leader in n + d + 1 ways and allowing
the leader to pick the rest of the team. More generally, we count teams of size n + m
with m leaders and n followers. One g-analogue of the team-and-leader identity is then

{n+m} [n—i—m—l—d] :[n—l—d} [n—i—m%—d}. (13)
noJ,L n+m |, noJ, m ]

Automatically from (1.1) and (1.2), we obtain an SL,(C)-isomorphism
Sym™Sym” C? ® Sym™ " Sym?C? = Sym” Sym“ C? ® Sym™ Sym? " C?

lifting (1.3) over C. However, we will shortly see that there is a much more general result.
Let IF be a field. There are two different ways of constructing a symmetric power in the
category of SL (IF)-representations, by taking invariants or coinvariants:

Sym V = (V¥ and Sym"V=V®/(  R@xQy® - — - QYRx®- ).

When F = C these are isomorphic SL,(C)-representations, but they are typically not
isomorphic as SL,(IF)-representations when the field has positive characteristic. This
makes the following theorem from [13] notable.

Proposition 1.1. There is a characteristic-independent SL; (IF)-isomorphism

Sym, Sym”"F*®Sym, , Sym?FF? = Sym Sym?F?> ® Sym, Sym‘ ™" IF?

m—+n

lifting (1.3) over IF.
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Isomorphisms that exist over C do not in general hold over [F: see for instance
[22, Th. 1.6] for many counterexamples. This makes characteristic-independent isomor-
phisms a rarity. Their study is fast becoming a vibrant field. In [27], McDowell and the
fourth author lifted Hermite reciprocity

Sym, Sym"F? 2 Sym"Sym_ F? (1.4)
and the Wronskian isomorphism
N Sym" " 1E? 22 Gym Sym™ IF. (1.5)

The second and fourth authors lifted a special case of Stanley’s g-Hook-Content Formula
[21]. We generalise this in Proposition 5.1. Recently, Ikenmeyer, Omar, and Tsintsilidas
lifted a correspondence of certain Kronecker and plethysm coefficients [16].

We construct a new framework for lifting g-binomial identities over F. In §2 we give
an isomorphism between each plethysm and a certain space of symmetric polynomials:

Sym, Sym"TF? & Acy[xy, ..., Xm)- (1.6)

This brings symmetric polynomials into representation theory without taking characters,
but instead by using symmetric polynomials as the elements of the representation. With
the exception of (1.4), all of the above isomorphisms (both old and new) become simple
maps between polynomial rings, defined by specialisations of certain variables to other
variables. The canonical example of such a map is the k-fold plethystic substitution (or
simply, the k-fold map) of symmetric functions

Alxeo] = Alyeo]
Flx1,x2,0) = Flxeo) > flkyool = Flyn, K102 52, ) (17)

defined in §3. In this abstract we give combinatorial interpretations for the structure
constants of the k-fold map on the Schur and the monomial bases. We sketch a proof of
Proposition 1.1 (lifting the g-team-and-leader identity) in §3 and Proposition 5.1 (lifting
the g-Hook-Content Formula) in §5.

We finish by giving two conjectures. First, that a certain g-binomial identity implied
by the g-Pfaff-Saalschiitz identity [15] lifts to a filtration of SL, (IF)-plethysms. This result
would complete a crucial step in the categorification of Lusztig’s integral form of the
Cartan subalgebra of the quantum group Uy (sl). See [20] for details on this programme,
which predicted Propositions 1.1 and 5.1, and is heuristic evidence for Conjecture 6.1.

The second is the generalised Foulkes Conjecture for SL(C): if a = min{a,b,c,d}

and ab = cd then
[C + d] {a + b]
>q 7
€ lg a lq

where f >, ¢ if f — ¢ is a non-negative combination of g-integers. This conjecture was
posed by Doran, Vessenes, Abdesselam and Chipalkatti, and Bergeron [0, 27, 1, 5]. We
conjecture, moreover, that the k-fold map lifts this inequality (over C) when a divides c.
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2 Plethysms as spaces of symmetric polynomials

Let [F;[X, Y] be the ring of homogeneous polynomials in X and Y of degree d. The group
SL,([F) acts on Fy[X, Y] by

(j’; /;) .P(X,Y) = P(aX + 7Y, BX + 5Y).
A classical result is that C;4[X, Y] is the irreducible SL,(C)-representation of dimension
d + 1. Moreover C4[X, Y] = Sym“?C?, and more generally FF4[X, Y] = Sym“[F2.

Consider now the plethysm SymnSymd IF2. By definition,

SyrnnSym"llF2 = {P € F[Xy,...,Xn, Y1,..., Yy | degreed multi-homogenous in pairs}G",

where 0 € &, acts by sending X; to X,(;) and Y; to Y,;) for all i. We remark that, using
tensor products of algebras, the right-hand side becomes (IF;[X, Y]*")®n.

Let X = (X1, Xy, ..., Xn). For ease of notation, we specialise Y; = 1 for all i, to obtain
polynomials in Xj,..., X, of degree at most d in each variable and invariant in the &,
action. This is a subspace of the space A[X]| of symmetric polynomials in X, which we
shall call A;[X]. We obtain an isomorphism

Sym, Sym?IF? = A4[X].
The action of an element U = (f; 5) € SLy(F) inherited by A4(X] is given by

i=1
Alternatively, as we show in [13], the SL,(IF) action is completely determined by the
action of the element f = (97) of sl>(C) as the operator Dx = 8671 +- %.

2.1)

To illustrate the strength of this identification, we sketch a brief proof of (1.5).

Proposition 2.1 (Wronskian isomorphism [?2, 11, 16]). Let n,d € No. Let V(x) be the
Vandermonde determinant. The map

Cnd * N<alX] = V(x)Aga[X]
P(x) — V(x)P(x)

realises an isomorphism of SL, (IF)-representations SymnSymd]F2 >~ N\ Sym‘””*l]FZ,

Sketch. Since polynomial rings are integral domains, the map ,, 4 is injective. Since V(x)
is a determinant, every element of SL,(IF) acts on it trivially, so {,, 4 is SL,(IF)-equivariant.

Conclude by noting each side has dimension (d;g”). O

Observe that {s)(X) | A € L(n,d)} and {m(X) | A € L(n,d)} are bases of A¢;[X],
where L(n,d) is the set {A € Par | A; < d, £(A) < n} of partitions in an n x d rectangle
and s, and m, are the Schur and monomial symmetric polynomials.
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3 The k-fold map

Definition 3.1. Suppose either |x| = k|y| or |x| = oo = |y|. The k-fold map is defined by
Al = Aly]
f(xl,JC2,. . ) = f(X) — f[ky] = f(yl, .I.(.,yl,yz, .]f.,yz, .. )

Equivalently, the k-fold map sends each x; to yy;/x). Letting x, denote an alphabet of
size 1, note that A<, [Xx,] gets mapped to Ay [yn)-

Proposition 3.2. The k-fold map A<y[Xkn] = A<km|Yn] is SLa(IF)-equivariant.

Proof. Let k denote the k-fold map defined above, and let U = (f; ?) € SL,(F). Follow-
ing (2.1), we compute explicitly that both x(U f(x,)) and Ux(f(xx,)) equal

. m +y ayp +y aYn +y aYn +y
+8)ymE. ("‘yl K, k—) m

3.1 The k-fold map on the Schur basis
Definition 3.3. For each A, u € Par, define d'y (k) by s, [kyoo] = Yy dy (k)su(Yoo)-

We study D (k) = (d’ (k) . Observe first that this matrix is block-diagonal.

AucPar
Lemma 3.4. If [A| # || then dfy (k) = 0.

Our first formula expresses dﬁ(k) in terms of k-multi-Littlewood-Richardson coeffi-
cients, defined by ¢} = (s ) - - -5 ), 51), where v = (v, ..., v¥)) € Parf. The k-multi-
Littlewood-Richardson coefficient ¢} counts the number of lattice k-multi-tableaux of
multi-shape v and content A [25, §3 and Lemma 6.1].

Proposition 3.5. For all A,y € Par, we have d', (k) = Yy cpark chel.

The symmetries of Littlewood-Richardson coefficients [4] endow D(k) with a rich
combinatorial structure.

Lemma 3.6.
(i) The matrix D(k) is symmetric: d’ (k) = d;‘(k). /
(ii) The blocks of D(k) are conjugation invariant: d’ (k) = db, (k).

(ili) We have dfy (k) = di’E (k), where the box-complement of A (resp. ) is taken inside L(b, a)
(resp. L(d,c)), for all choices of a, b, c,d such that c/a = b/d = k.



6 A. Gutiérrez, A. L. Martinez, M. Szwej, M. Wildon

Proposition 3.7 (Cauchy formula). For all A, u € Par, we have
A (k) = (sr(yoo)su(zeo), [T =520 7").
L]

Let f x ¢ denote the Kronecker product of symmetric polynomials. The Kronecker
coefficients are defined by gx,, = (s, s *s0)-

Proposition 3.8 (Kronecker formula). For all A, y € Par, we have d’ (k) = (sy *s,)(1,.%.,1).

Corollary 3.9. For all A,y € Par, we have d (k) = ¥, S #SSY Ty (v).

Proof. Expand the Kronecker product to obtain
syxsu(1,.5,1) =Y gau su(L,.K,1) =) gau #SSYT(v). O
v 14

We believe this new connection between Kronecker coefficients and the structure
constants of the k-fold map will repay further investigation.

Example 3.10. The following is the top-left corner of the infinite matrix D(2).
o 0 m gomp Joom@ F

2 1
o . 2 .

oo . . 42.

P 2 6 2

ﬁ. . 2 4 ..
= o 3 9 3 4
B - 1 3 6 3 1
F - 4 3 9 3
8 © 1 3 5

3.2 The k-fold map on the monomial basis

We now turn to the study of the coefficients of the k-fold map in the monomial basis.
Let K, , = [my]s) be the Kostka coefficient and let K = (K} ;) jcpar be the Kostka matrix.
We study the block-diagonal matrix B(k) = K=1- D(k) - K.

Definition 3.11. For each A, u € Par, define bl (k) by m, [kye] = Y bl (k) (yoo)-
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Definition 3.12. Given a multiset A = {{aq,ay,...,a,}}, a multiset partition of A is a collec-
tion of multisets (parts) A1), A@), ... AW such that the union (with multiplicity) of the parts
is A. The weight of a multiset partition AL AQ) AW s the tuple w = (wy, wo, ..., wy),
where w; is the sum of elements of AY) (with multiplicity). When k | n, let Px(A,w) be the set of
multiset partitions of A of weight w, and in which each part has k elements (with multiplicity).

Proposition 3.13. Let |A| = |u| and Ay = {Ai|i=1,...,kl(u)}}. Then

. €(p) k!
bk = ). (i)

Py =1 mo(A}))! ml(Agf))g...'

where mj(A(Ai)) is the multiplicity of j in AAZ).

If b (k) # O then Py(A), ) # @, so p coarsens A. In particular, y >jex A, so B(k) is
lower-triangular. The diagonal is (k/(*))epar since B(k) is conjugate to the matrix of the
k-fold map in the power sum basis, and pj [kye] = k'™ p (yeo).

Example 3.14. The following is the top-left corner of the infinite matrix B(2).
@ o mpgmp faoogmr P j

g 1

o 2

[ .

B - 1 4 -

P - 2 4 -

g - 2 8

oo . ..2.
= o 2 4
B - 1 4
in 4 4 8
E 1 4 16

Again, we can obtain a formula in terms of Kronecker products.
Proposition 3.15. For all A, u € Par, we have bl (k) = (my = hy,)(1,.%.,1).
4 Lifting the g-team-and-leader identity

To establish Proposition 1.1, we translate both the left- and the right-hand side of the
desired isomorphism through (1.6) — Proposition 1.1 then becomes

A<nlzm] @ Aca[Xun, ym] = AcalXn] @ Acyalym]-
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This framework allows us to construct a simple map from the left- to the right-hand side
of this expression as follows. We state the result for a larger class of maps, which we use
in the next section.

Proposition 4.1. Suppose 6 < |x|, € € Ny, and |y| = |z|. Then the following map is injective:

75+ N<o[z] @ A<ex y] = Ace[X] @ Acets[y]
P(x,y,z) — P(x,y,y).

The proof of this proposition uses a novel application of Lagrange interpolation, which
almost miraculously recovers each variable in the alphabet z that disappeared in the
substitution. The details of the proof can be found in [, §4].

The map 75 above is an extension of the 1-fold map, so it is SL,(IF)-equivariant by
Proposition 3.2. When ¢ = |x| = n, |y| = |z| = m, and ¢ = d, dimension counting shows
that the map is an isomorphism. This concludes our new proof of Proposition 1.1.

5 Lifting Stanley’s g-Hook-Content Formula for hooks

A (non-obvious) application of Stanley’s g-Hook-Content Formula for partitions of hook
shape gives the following factorisation

Sy (@ g g0) = {m +n— 1] [m +d+ 1] |
I q

m m-+n

To lift this identity over FF, we construct an SL;(IF)-representation A(’”Jrlfln_l)SydeF2
whose character when F = C is the left-hand side. Sparing the details for this abstract,
we show in [13] that this representation is SL;(IF)-isomorphic to the intersection

V(ym)A<i—ni1lym) @ AcalXn, ym] N kerp, (5.1)

where V(yy,) is the Vandermonde determinant and y is a map on polynomials given by
the action of 1 — Y1 ;(x;, 1) € FS, 41 (where (x;, 1) swaps x; with y7).

Proposition 5.1. There is a characteristic-independent SL; (IF)-isomorphism

d—n+1 IFZ

AN NGymd 2 = Sym Sym” 1 IF2 @ Sym,,,,,Sym

m-+n

Sketch. Let 11,1 be the injection from Proposition 4.1 (with e =d —n+1). Let {;, 5,11
be defined as in Proposition 2.1. Calculation shows that the image of the right-hand
side under the map ({,; 4—n+1 ® 1) 0 71,1 is inside the intersection (5.1) and hence inside
A(m“'ln_l)Symlez. Conclude by counting dimensions. O

The case m = 0 of this proposition is the Wronskian isomorphism (1.5).
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6 Towards a categorification of U (sl,)

The SL;(F)-plethysms SymnSylrnd]F2 appear to be intimately linked to the Cartan subal-
gebra of the quantum group Uj(sly). Recall the triangular decomposition

Uy(sl) = U (sh) ® U,?(ﬁ[z) ® U, (sh).

The Cartan subalgebra Ug (sl2) has an integral form spanned over Z|q,q '] by Lusztig’s
elements [X/'] € Z[q,q71](K), which are a g-deformation of the elements (*;"') in Kostant’s
Z-form of the enveloping algebra U(sly).

While categorification of U (sl2) (or U (sl2)) is well understood [1¢], describing a
monoidal categorification of the Cartan subalgebra Ug (slp) remains an open problem.

In Up(sly), we have the multiplication rule

min(s,t) L
=5 LR 6
t]|s i Lgltly s+t
K

where we write [§] := [X/°]. Evaluated at K = ¢, this identity is a special case of the
q-Pfaff-Saalschiitz identity, which is one of the many names given to g-binomial identities
expressing the product of two g-binomials as a sum of triple products of g-binomials.
We refer to our article [15] for the full statement and a literature review; see also [17].

We have used (6.1) to predict several new infinite families of characteristic-free iso-
morphisms, including Propositions 1.1 and 5.1. As an example, take A>1)Sym?1F2. Let-
ting t = 2 and s = 1, the multiplication rule reads

)] = 5] +e5)

By the “translation” described below, this lifts to a short exact sequence

—

0 = F? @ A’ Sym" > — 2 Sym"F? @ Al Sym?IF* — A’ Sym“F* — 0,
which, since A(Zfl)Symd]F2 is the kernel of Symd F2 @ Al Symd]F2 — N Symle2, pre-
dicts the isomorphism AZVSym“F? 2 F2 @ A* Sym“T1F2. This prediction is confirmed
by Proposition 5.1. More generally, (6.1) predicts the isomorphisms
A(l'l’l)SydeF2 = Syrr13Symd_21F2
APYSym?F? = F? @ Sym,Sym* ' IF?
A(3)Symd F? = Sym3Symd IF

which are all instances of Proposition 5.1. Observe that the tensor factors on each right-
hand side are plethysms of the form Sym, Sym” F2.
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The “translation” procedure to obtain these conjectures is made more precise in the
second author’s doctoral thesis [7(], where a programme to categorify the Cartan subal-
gebra UJ (sl,) by means of SL,(IF)-plethysms is outlined.

Two major steps towards the programme are Propositions 1.1 and 5.1. A complete
lifting of the general multiplication formula for Lusztig’s elements remains open, involv-
ing two-row partition plethysms. The g-binomial identity to be lifted is

. ol {a+b+d+k

'q):k;:) 2a+Db

S(a+b, a) © Sd(qi :| S(k+b, k) © Sa—k(qilz 5])/
q
which may be proved using g-Pfaff-Saalschiitz and a Jacobi-Trudi identity [14]. The lift

of this identity is conjectured below.
Conjecture 6.1. Let a,b € IN. The SLy(IF)-plethysm A+t O)SymIF? has the filtration:
A®)SymIF? SymZHbSymd_“le
A+ D Gyma—1R2 @ Sym2a+bSymd_”+1 2

A(a+b—2, a—2) Symz ]FZ ® Sym2a+bsymd_2 IFZ
Alatb=1,a-1) Sym!IF? ® SymZHbSymd’l]Fz.

Besides the outstanding question of why this connection between SL; (IF)-plethysms
and Ug (sly) exists, another challenge is computing homomorphism spaces between
SL,(IF)-plethysms. The characteristic-free setup appears to be quite rigid, in the sense
that isomorphisms are rare, and the ones that we find seem to be unique up to scalar
multiplication, as expected for “irreducible objects” by Schur’s Lemma. This motivates
the problem of determining the (integral) endomorphism algebras of SymnSydeFz.

7 Towards the generalised Foulkes Conjecture for SL,(C)

In this section we return to working in C. The problem of understanding SLy(C)-
plethysm coefficients is difficult even in its simplest cases. The Foulkes Conjecture [7] has
been widely open for decades [, 7, 5].

Conjecture 7.1 (Foulkes). Let a,b € N with a < b. Then Sym*Sym’CY is an SLy (C)-sub-
representation of Sym’Sym“CN.

The conjecture does not hold over arbitrary characteristic [?4, Ch. 3]. For N = 2
the conjecture holds trivially, since both plethysms are isomorphic by Hermite reci-
procity (1.4). In contrast, several generalisations of the Foulkes Conjecture remain open
for SL,(C). The following is a special case of conjectures found in [6, 27, 1, 3] and [10],
where the motivation is the particle entanglement spectrum of certain quantum states.



Plethystic lifts of q-binomial identities 11

Conjecture 7.2. Let a,b,c,d € N, with a = min{a, b,c,d} and ab = cd. Then Sym“Symb(E2
is an SLy(C)-subrepresentation of Sym°Sym“C2. Equivalently,

[c—i—d] >, {a—l—b] .
¢ Iy 4 1y

If a divides ¢, then the (c/a)-fold map is an SL,(C)-homomorphism Sym’Sym“C2 —
Sym?Sym“C? by Proposition 3.2. Applying Hermite reciprocity to both sides, and using
our new model for plethysms, we obtain a conjecture which implies Conjecture 7.2.

Conjecture 7.3. Let a,b,c,d € N, with a = min{a,b,c,d} and ¢/a = b/d € IN. Then the
(c/a)-fold map A<q[xp) — A<clya] is injective.

Using the MAaGMA code kFoldMatrices.m available from the fourth author’s website
, the conjecture has been verified for all a,b, c,d < 10.
Setting ¢ = b and d = a in the conjecture predicts a new explicit isomorphism for
Hermite reciprocity (1.4) when a divides b.

Acknowledgements

The authors thank Abdelmalek Abdesselam, Francois Bergeron, Darij Grinberg, Nate
Harman, Mikhail Khovanov, and Christian Krattenthaler for insightful conversations.

References

[1] A. Abdesselam and J. Chipalkatti. “Brill-Gordan loci, transvectants and an analogue of the
Foulkes conjecture”. Adv. Math. 208.2 (2007).

[2] S. Albion. “Character factorisations, z-asymmetric partitions, and plethysm”. Sém. Lothar.
Combin. 91B (2024), Art. 22.

[3] E Bergeron. “A g-analog of Foulkes” conjecture”. Electron. ]. Combin. 24.1 (2017).

[4] E. Briand, M. Rosas, and S. Trandafir. “All linear symmetries of the SU(3) tensor multi-
plicities”. J. Phys. A 57.1 (2024).

[5] M.-W. Cheung, C. Ikenmeyer, and S. Mkrtchyan. “Symmetrizing tableaux and the 5th case
of the Foulkes conjecture”. J. Symbolic Comput. 80 (2017).

[6] W.FE DoranIV. “On Foulkes’ conjecture”. J. Pure Appl. Algebra 130.1 (1998).

[7] A. Evseev, R. Paget, and M. Wildon. “Character deflations and a generalization of the
Murnaghan-Nakayama rule”. J. Group Theory 17.6 (2014).

[8] N. Fischer and C. Ikenmeyer. “The computational complexity of plethysm coefficients”.
Computational Complexity 29.2 (2020), p. 8.

[9] H. O. Foulkes. “Concomitants of the quintic and sextic up to degree four in the coefficients
of the ground form”. J. London Math. Soc. 25 (1950).


www.ma.rhul.ac.uk/~uvah099/
https://dx.doi.org/10.1016/j.aim.2006.03.003
https://www.mat.univie.ac.at/~slc/wpapers/FPSAC2024/22.html
https://dx.doi.org/10.37236/6004
https://dx.doi.org/10.1088/1751-8121/ad0dc7
https://dx.doi.org/10.1016/j.jsc.2016.09.002
https://dx.doi.org/10.1016/S0022-4049(97)00087-X
https://dx.doi.org/10.1515/jgth-2014-0023
https://dx.doi.org/10.1112/jlms/s1-25.3.205

12

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

[22]

[23]
[24]

[25]
[26]

[27]

[28]

A. Gutiérrez, A. L. Martinez, M. Szwej, M. Wildon

B. M. Garjani, B. Estienne, and E. Ardonne. “On the particle entanglement spectrum of the
Laughlin states”. . Phys. A: Math. Theor. 48.28 (2015), p. 285205.

D. Grinberg. “Comments on arXiv:2105.00538v3”. 2023.
A. Gutiérrez. “Towards plethystic slp crystals”. Sém. Lothar. Combin. 93B (2025), Art. 4.

A. Gutiérrez, A. Martinez, M. Szwej, and M. Wildon. “Modular isomorphisms of SL(IF)-
plethysms for Weyl modules labelled by hook partitions”. 2025.

A. Gutiérrez and C. Krattenthaler. “Schur log-concavity and the quantum Pascal triangle”.
2025.

A. Gutiérrez, A. Martinez, M. Szwej, and M. Wildon. “A new bijective proof of the g-Pfaff—
Saalschiitz identity with applications to quantum groups”. 2025.

C. Ikenmeyer, H. Omar, and D. Tsintsilidas. “Field-independent Kronecker-plethysm iso-
morphisms”. 2025.

W. Koepf. Hypergeometric summation. Advanced Lectures in Mathematics. Friedr. Vieweg
& Sohn, Braunschweig, 1998.

A.D. Lauda. “A categorification of quantum sl(2)”. Adv. Math. 225.6 (2010).

M. Y. Lim. “The number of irreducibles in the plethysm s,[s;,|”. Sém. Lothar. Combin. 93B
(2025), Art. 93.

A. Martinez. “SL,-plethysms and Cartan categorification”. PhD thesis. Columbia Univer-
sity, 2025.

A. Martinez and M. Wildon. “A new modular plethystic SL, (IF)-isomorphism Sym™ 'E
ANHIGym¥HE 2 AR NSymE”. |, Algebra 682 (2025).

E. McDowell and M. Wildon. “Modular plethystic isomorphisms for two-dimensional
linear groups”. J. Algebra 602 (2022).

T. McKay. “On plethysm conjectures of Stanley and Foulkes”. ]. Algebra 319.5 (2008).

B. O’'Donovan. “Representations of symmetric groups”. PhD thesis. Royal Holloway, Uni-
versity of London, 2018.

R. P. Stanley. Enumerative combinatorics Vol. 2. Cambridge Studies in Adv. Math., 1999.

R. P. Stanley. “Positivity problems and conjectures in algebraic combinatorics”. Mathemat-
ics: frontiers and perspectives. Amer. Math. Soc., 2000.

R. Vessenes. “Generalized Foulkes’ conjecture and tableaux construction”. J. Algebra 277.2
(2004).

M. Wildon. “A generalized SXP rule proved by bijections and involutions”. Ann. Comb.
22.4 (2018).


https://dx.doi.org/10.1088/1751-8113/48/28/285205
https://www.cip.ifi.lmu.de/~grinberg/algebra/sln-equiv.pdf
https://www.mat.univie.ac.at/~slc/wpapers/FPSAC2025/4.html
https://arxiv.org/abs/2509.01490
https://arxiv.org/abs/2509.22648
https://arxiv.org/abs/2505.08422
https://arxiv.org/abs/2509.10069
https://dx.doi.org/10.1007/978-3-322-92918-1
https://dx.doi.org/10.1016/j.aim.2010.06.003
https://www.mat.univie.ac.at/~slc/wpapers/FPSAC2025/93.html
https://dx.doi.org/10.7916/wfhx-dr37
https://dx.doi.org/10.1016/j.jalgebra.2025.06.003
https://dx.doi.org/10.1016/j.jalgebra.2022.02.025
https://dx.doi.org/10.1016/j.jalgebra.2007.12.003
https://pure.royalholloway.ac.uk/en/publications/representations-of-symmetric-groups-2/
https://dx.doi.org/10.1017/CBO9780511609589
https://dx.doi.org/10.1016/j.jalgebra.2004.01.017
https://dx.doi.org/10.1007/s00026-018-0409-x

	Introduction
	Plethysms as spaces of symmetric polynomials
	The k-fold map
	The k-fold map on the Schur basis
	The k-fold map on the monomial basis

	Lifting the q-team-and-leader identity
	Lifting Stanley's q-Hook-Content Formula for hooks
	Towards a categorification of Uq0(sl2)
	Towards the generalised Foulkes Conjecture for SL2(C)

