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Parking Spaces for Complex Reflection Groups
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Abstract. For W a Coxeter group, Q its root lattice, and h its Coxeter number,
we call Q/(h+1)Q the standard W-parking space, which carries an action of W.
The orbits of the W-action can be parametrized by the W-nonnesting partitions, de-
fined as antichains in the root poset (®*,<). In this setting, there is also the notion
of a W-noncrossing partition. Replacing the W-nonnesting partitions with the W-
noncrossing partitions, (Armstrong, Reiner, Rhoades 2015) define a new combinatorial
parking space: the W-noncrossing parking functions. They further define an algebraic
W-parking space, with both parking spaces carrying a (W x C)-action, and give an
explicit map between the two. Answering an open problem of theirs, we extend these
definitions and results to irreducible well-generated complex reflection groups W. We
define a combinatorial W-noncrossing parking space and an algebraic W-parking space
for such W, and exhibit a (W x C)-equivariant isomorphism between the two. As a
consequence of this isomorphism, we enumerate the W-noncrossing parking functions.
We prove the results for all such complex reflection groups except Gz4, E7, and Eg. A
Fuss generalization of the real case is given by (Rhoades 2014), which we also extend
to well-generated complex reflection groups.

Keywords: Coxeter-Catalan combinatorics, Fuss—Catalan numbers, noncrossing parti-
tions, noncrossing parking functions

1 Introduction

1.1 Noncrossing Partitions

We first discuss the W-noncrossing partitions for W a Coxeter group. In type A, the
symmetric group, these are partitions 7 = {By,...,B:} of [n] := {1,...,n} such that
there existsno 1 <a <b <c¢ <d <nwherea,c € B;and b,d € B; with i # j. The term
noncrossing comes from a visualization of these partitions by taking n nodes equidistant
in a circle labelled by [n]. Taking the convex hull of each block of 77, the noncrossing
condition corresponds to the intersection of any two distinct convex hulls being empty,
as shown in Figure 1.
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Figure 1: An A7-noncrossing partition and a non-example.

Let (W, S) be a finite Coxeter system with reflection representation V and fix a Cox-
eter element ¢ € W, any element that can be written as a product of all elements in S.
When we move to the complex setting, we will rely on the notion of regular elements
to define the Coxeter elements, but we postpone the details until later. The poset of all
W-noncrossing partitions, denoted NC(W, ¢), is defined as the interval [e, c]7 in the abso-
lute order (the Cayley graph of W generated by its reflections T). The W-noncrossing
partitions are counted by the Coxeter-Catalan number

n .
Cat(W) =T " ;dl,
1

i=1

where d;y < dy < --- < d, are the degrees of a set of algebraically independent ho-
mogeneous polynomials generating the algebra of invariants Sym(V*)" and h = d,, is
the Coxeter number of W [18, 5]. D. Armstrong defined a Fuss generalization of these
noncrossing partitions, the k-W-noncrossing partitions, given by multichains in NC(W, ¢)
of length k [1].

The noncrossing partitions and their Fuss generalizations are then used to define the
W-noncrossing parking functions and the k-W-noncrossing parking functions, respectively, for
real reflection groups W [2, 10, 20]. The object of this paper is to extend the definition
of the noncrossing parking functions and related results to irreducible well-generated
complex reflection groups.

1.2 Parking Functions
1.2.1 Parking Functions

Definition 1.1. A (classical) parking function is a sequence of positive integers, (a1, ...,ay),
such that their increasing rearrangement, (by,by,...,b,), satisfies b; < i for all i =
1,...,n. The set of all parking functions, which we denote Park;,, becomes the classi-
cal parking space when endowed with the action of &, via (w- f)(i) = f(w'(i)) for
f € Park, and w € &,. Note that Park, is of size (n 4+ 1)"~! and has Catalan many
S,,-orbits.
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The action of &, on Park, can be generalized to crystallographic real reflection
groups, or Weyl groups W. Let Q be the root lattice of W and consider the quotient
Q/(h+1)Q, which has cardinality (7 +1)" and carries a W-action induced by the action
of W on V. With @ the positive roots, the W-orbits on Q/(h 4 1)Q can be parametrized
by antichains in the root poset (®", <), known as the W-nonnesting partitions, which
share a connection with the noncrossing partitions, notably in their enumeration by
Cat(W) (see [3] [18] [9, Section 4], [23, Section 5] and [22]). Then, we define the space of
W-nonnesting parking functions as the set of cosets

Park™"N(W) := {wW, : w € W and 7w € NN(W)},

under left multiplication by elements of W with Wy := (t, € T : & € 71). Park™V(W) is
in W-equivariant bijection with Q/(h +1)Q [4, Lemma 4.1, Theorem 4.2].

1.2.2 Noncrossing Parking Functions

By simply replacing the nonnesting partitions with noncrossing partitions, we obtain the
space of W-noncrossing parking functions [2] as the set of cosets

ParkNC (W) := {wW, : w € W and 7 € NC(W)},

again under left multiplication of a coset by elements of W. Here, Wy := (t € T : t < 7).
The W-noncrossing parking functions carry not just a W-action, but a (W x C)-action,
where C = (c). B. Rhoades defines a Fuss analogue of the noncrossing parking functions,
the k-W-noncrossing parking functions [20]. The k-W-noncrossing parking space carries an
action of W x Zj;,. We discuss this space in more detail in Subsection 2.2.

1.3 Algebraic Parking Space

Let W be a Coxeter group with reflection representation V. D. Armstrong, V. Reiner,
and B. Rhoades define the algebraic W-parking space (or the k-algebraic W-parking space in
the Fuss case) by a choice of a degree p homogeneous system of parameters, (®,), and the
quotient Sym V*/(®;, — x). We choose @}, of degree h + 1 (or ki 4 1) and have that
this quotient carries a (W x C)-action (or (W x Zy;,)-action). D. Armstrong, V. Reiner,
and B. Rhoades construct bijections in each type between the W-noncrossing parking
functions and the algebraic W-parking space that are invariant under these actions [2].
B. Rhoades does the same in the Fuss case [20].

We extend these results to well-generated complex reflection groups. Let W be an
irreducible well-generated complex reflection group not of type Gsz4, E7, or Eg. Let h be
the Coxeter number of W and # its rank.

Theorem 1.2. For all such W, there is a (W x C)-equivariant isomorphism between the W-
noncrossing parking functions and the algebraic W-parking space.
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Theorem 1.3. For W = G(d,1,n) or W = G(d,d,n), and k > 1, there is a (W X Zy,)-
equivariant isomorphism between the k-W-noncrossing parking functions and the k-algebraic
W-parking space.

Theorem 1.4. For all such W, there are (h + 1)" W-noncrossing parking functions.

Theorem 1.5. For all such W, there are (kh + 1)" k-W-noncrossing parking functions.

We extend the models and proofs constructed from the real case into the complex
setting. To do so, we restrict to well-generated complex reflection groups for which
we have a notion of Coxeter element. Notably, G(2,1,n) = W(B,) and G(2,2,n) =
W(D,,), which informs the models and bijection for the two infinite subfamilies. We
prove Theorems 1.4 and 1.5 by building the noncrossing elements as subspaces in [17,
12].

2 Background

2.1 Noncrossing Parking Functions in Real Reflection Groups

Let (W, S) be a finite Coxeter system, with simple generators S = {s1,...,s,} and fix a
Coxeter element, c, a product of the simple reflections, in some order. Let T be the set of
all reflections in W. For w € W, the reflection length, {7(w), is the smallest r € ZT such
that w = t; - - - t, with t; € T. The absolute order is then defined by

u<rv <= lr(v) = lr(u) + br(u" o).
Definition 2.1 ([5][8]). The poset of W-noncrossing partitions, NC(W,c), is the interval
e, c]T in the absolute order.

Note, there is an isomorphism between NC(W, ¢) and NC(W, ¢’) for any Coxeter ele-
ments ¢, ¢’ [19, Corollary 1.5], and as such we drop the dependence on c in the notation.
We build upon these noncrossing partitions to define the noncrossing parking functions.

Definition 2.2 ([2]). The set of W-noncrossing parking functions is defined as
ParkNC (W) := {wW,; : w € W and 7= € NC(W)]}.
We will use the notation [w, 7t] to denote the element wW, € ParkNW) | This set
carries a (W x C)-action given by
(v,cP)[w, ] = [vwe™F, cPric™F],
forany p € N and any v € W.

Example 2.3. In the classical (real) types A, B, and D, we can model the noncrossing
parking functions pictorially by building upon models for our noncrossing partitions [2].
We will occasionally write i := —i for ease of notation. We provide examples for each
type in Figure 2.
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2 2 2
1 3 1 3 1 3
8‘ }4 —4\ ;&4 —4\ 5_5 - 4
7 5 -3 -1 -3 [ -1
6 -2 -2
(a) Type A noncrossing park- (b) Type B noncrossing () Type D noncrossing
ing function with 7w = parking  function  with parking  function  with
{{1,2,6,7,8},{3,4,5}} and = {+{3,4},{£1,£2}} m = {+{1,2,5},£{3,4}}
w = (125768)(34). and w = (123)(44). and w = (234)(15).

Figure 2: Parking functions in real reflection groups for types A, B, and D.

2.2 Fuss Analogues

Recall that a k-multichain in a poset (P, <) is a sequence of elements, (x; < --- < x¢), in
P.

Definition 2.4 ([20]). The set of k-W-noncrossing parking functions is defined as
Parkic (W) := {wWy, C wWy, C --- C wWy, :w € W and 7r; € NC(W)}.

We will use [w, (17 < --- < 7;)] to denote an element of Parkk-(W), where (71, <
.-+ < m) is a k-multichain in NC(W). The set Parkk (W) carries an action by W x Zj,
which generalizes the action in the non-Fuss setting. In [20], B. Rhoades describes a
combinatorial model in types B and D, which we extend to the two infinite families of
irreducible well-generated complex reflection groups.

2.3 Complex Reflection Groups

We now discuss the necessary background for complex reflection groups, referring
mostly to [16]. Let V be a finite dimensional complex vector space. We call a linear
transformation ¢ € GL(V) a reflection if g has finite order and Fix(g) is of codimension
1. In this case, we call Fix(g) the reflecting hyperplane of g.

Definition 2.5. A (finite) complex reflection group, W, is a finite subgroup of GL(V) that
is generated by reflections. We denote R by the set of all reflections in W and A the set
of corresponding reflecting hyperplanes. We say W is irreducible if V is an irreducible
W-module.

The missing piece to generalizing the W-noncrossing partitions to the complex case
is the notion of a Coxeter element. For this, we restrict to well-generated complex reflection



6 Stack

groups. The degrees, d; < --- < d;, of W are defined as the degrees of the homogeneous
polynomials generating Sym(V*)W 2 C[xy, ..., x4], the symmetric algebra of V*, where
X1,...,Xy is a basis for V*.

Definition 2.6. Let W be an irreducible complex reflection group with reflection repre-
sentation V of dimension n. Then, W is well-generated if W is generated by n reflections
and we define the Coxeter number of W by h := d,,, the highest degree.

The irreducible well-generated complex reflection groups are classified [21]. They are
the two infinite subfamilies—G(d, 1,n) and G(d,d, n)—as well as the exceptional groups
G; where i € {4,5,6,8,9,10,14,16,17,18,20,21,23,...,30,32,...,37}.

In contrast to the real case, we have no simple reflections for irreducible well-generated
complex reflection groups. Instead, we rely on certain regular elements to define the
Coxeter elements in this setting [24]. A vector v € V is regular if it is not contained in
any reflecting hyperplane H € A. For { a root of unity, an element c € W is (-reqular
if it has a regular eigenvector with eigenvalue . In this case, we say that the order r
of { is a regular number for W. Equivalently, r is a regular number for W if r divides
the same number of degrees and codegrees, which for well-generated W we define by
di < --- <dj such that df := d,, —d; [15, 14]. The Coxeter number h := d, is thus a
regular number for W as it divides only d,, and dj.

Definition 2.7. For W an irreducible well-generated complex reflection group, the Cox-
eter elements of W are the {-regular elements of W, for { an h* root of unity.

With the definition of a Coxeter element for W, we may extend the definitions of the
W-noncrossing partitions and then the W-noncrossing parking functions.

3 Results

In this section, we define the combinatorial and algebraic parking spaces for irreducible
well-generated complex reflection groups W. With R the set of reflections in W, we
analogously define the reflection length and absolute order as in the real case. Fix a Coxeter
element ¢ € W. The poset NC(W, c) of W-noncrossing partitions is defined as the interval
le,c]r in the absolute order. We will drop the c¢ in the notation of NC(W,c) due to
Corollary 1.5 of [19]. We build upon NC(W), to define the W-noncrossing parking
functions.

Definition 3.1. For W an irreducible well-generated complex reflection group, the set of
W-noncrossing parking functions is defined as

ParkNC(W) := {wW, : w € W and m € NC(W)},

with Wy = (t e R: t < ).
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Similarly to the real case, we use [w, 7r] to denote an element of ParkNC(W) and
ParkNC (W) carries a (W x C)-action. We next extend the k-W-noncrossing parking func-
tions to irreducible well-generated complex reflection groups.

Definition 3.2. The set of k-W-noncrossing parking functions is defined as

Parkf (W) := {wWy, € wWn, € --- C wWy, :w € W and 71; € NC(W)}.

We will use [w, (17 < --- < 7;)] to denote an element of Parkk,-(W), where (71, <
.-+ < 7y) is a k-multichain in NC(W). Similarly to the real case, ParkKc (W) carries an
action by W x Zj;, extended from the non-Fuss case.

3.1 Algebraic Parking Space

In the real case, D. Armstrong, V. Reiner, and B. Rhoades rely on a choice of a de-
gree p homogeneous system of parameters (hsop), (®), to define the algebraic parking
space. Due to a result of P. Etingof [2, Appendix], for k > 1, there exists a degree
kh + 1 hsop (Oky11) = (01,...,60,) carrying V*(—kh — 1) such that the map V* — S
given by x; — 0; is W-equivariant. In types B and D, the hsop can be computed
easily as (xll‘hH, . .,x’ff’“). The algebraic W-parking space is then defined as the quo-
tient S/ (©,.1 — x) and the algebraic k-W-parking space by the quotient S/ (O, — x) for
x:= (x1,...,%,) a basis of V* and S := Sym(V*).

We extend the algebraic parking space to irreducible well-generated complex reflec-
tion groups. Let W be an irreducible well-generated complex reflection group with
Coxeter number 1 and reflection representation V. Let S := Sym(V*) be the algebra of

polynomial functions on V.

Definition 3.3 ([7], Definition 4.1). Let U be an n-dimensional complex representation
of W. We say that a collection @, = (01,...,0n), with each 6; € S all homogeneous of
degree p, forms a homogeneous system of parameters (hsop) carrying U(—p) if (64,...,6n)
are algebraically independent, the quotient S/(®y) is finite dimensional over C, and the
span C6; + - - - + CO, is a W-stable subspace of the p' homogeneous component of S
and carries a W-representation equivalent to U.

Let (V*)% be the Galois twist of V* corresponding to p—that is, an automorphism of

21 2mpy/=1

C mappinge & toe &
Theorem 3.4 ([13],[11]). If gcd(p, h) = 1, then S contains a degree p hsop ©, carrying (V*)%.

The proof follows from the work of I. Gordon and S. Griffeth (see [13], Theorem 2.11
and Subsection 2.18) combined with the freeness theorem for finite Hecke algebras [11]%.

IThe author would like to thank Stephen Griffeth for pointing out this result and Vic Reiner for sug-
gesting to reach out to Stephen.
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Let x1,...,x, be a basis for V* and let ©;,1 be an hsop of degree h 4 1 carrying
V*(—h — 1) such that the map x; — 6; is W-equivariant.

Definition 3.5. Let W be an irreducible well-generated complex reflection group. Let
Opy1 = (61,...,60,) and x = (x1,...,x,) be as above. The algebraic W-parking space is

Park”8(W,©),1) := S/ (@)1 — X).

Similarly for the Fuss case, let O, 1 = (61,...,6,) be an hsop of degree kh + 1
carrying V*(—kh — 1) such that x; — 6; is W-equivariant.

Definition 3.6. Let k > 1. Let Oy, = (61,...,60,) and x = (x1,...,%x,) be as above.
Define the k-algebraic W-parking space by

Parkfy, (W, Oi1) := S/ (@1 — X).

The ideals (®;1 — x) and (O, 1 — x) are (W x C)-stable and (W x Zj;)-stable,
respectively, with the actions of linear substitutions and root of unity scaling. We are
able to drop the dependence on ©,, from the definition by [2, Proposition 2.11]. Similarly

to real types B and D, (xﬁ’“,...,xﬁ“) (or x¥"*1 in the Fuss case) for G(d,1,n) and
G(d,d, n) gives an hsop carrying V*(—h — 1) (or V*(—kh — 1)) [18].

Now that we have defined combinatorial and algebraic parking spaces for any irre-
ducible well-generated complex reflection groups, we enumerate by providing an ex-
plicit (W x C)-equivariant map (or (W x Zy;,) in the Fuss case) between the two parking
spaces for the infinite families G(d,1,n) and G(d,d, n). For the exceptional groups, we
compute the W-noncrossing parking space (W x C)-character and compare it to the for-
mula for the algebraic W-parking space (W x C)-character extended from [2, Proposition
2.15]. We perform the character computation and enumeration via computer using [17,
12]. This character computation is infinite in the Fuss case and thus only conjectural.

4 G(d, 1,n)

The group G(d,1,n) is the group of n X n monomial matrices with nonzero entries being
d'* roots of unity. Note G(2,1,n) = W(B,) and we think of G(d,1,n) as permuting
the set [n]? := {1,...,n%,...,14,...,n%}. As such, the central symmetry in type B
translates into a rotational symmetry in G(d,1,n). D. Bessis and R. Corran show that
the G(d, 1, n)-noncrossing partitions are those of type A that are additionally invariant
under 277T—1'0tation [6]. From this, we build our noncrossing parking function model by
labelling the blocks of the noncrossing partition of their image under w.

Example 4.1. Take 7t := {{11,4!,5'}/,{2!,3!},{6/}}, where the exponent j outside the
set indicates d — 1 copies of the partition with element’s exponent increased by j modulo
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dforj=1,...,d — 1. The exponent j on a number within a block indicates that number
in every exponent is an element of said block. We show [w, 7] in Figure 3 with

11 21 31 41 51 6l
w= (22 B 1 2 6 42)' (41)

62
52 1
4 5!
32X"‘)" 61
31,12
22 13
12 23

63

Figure 3: A G(3,1,6)-parking function example.

We conclude this section by constructing an explicit bijection between the combina-
torial parking space and the algebraic via our combinatorial models. By our choice of
hsop, the bijection shown gives an enumeration for the G(d, 1, n)-noncrossing parking
functions. In the next section, we discuss the k-G(d, 1, n)-noncrossing parking functions.
We begin with an initial model for (7r; < --- < 71¢), simply k noncrossing partition mod-
els in the manner previously discussed. There is a map, V, due to D. Armstrong [1] that
translates these k models into one. We then extend the procedure of B. Rhoades in type B,
which relies on V, to get a singular model of our k-W-noncrossing parking function [20].

Example 4.2. Consider the following multichain. We show V ([w, (71 < m3)]) in Fig-

ure 4.
. . 11 21 3l
{{11/ 21 }]} < {{11/ 21/ 31 }]} and w = (21 12 32> :
We conclude this section by giving an explicit bijection relying on the k-W-noncrossing

parking function model. By our choice of hsop, the bijection shown gives an enumera-
tion for the k-G(d, 1, n)-noncrossing parking functions.

5 G(d,d,n)

The group G(d,d,n) is the subgroup of G(d,1,n) with the added condition that the
nonzero entries in the matrix representation of any w € G(d,d,n) multiply to 1. Note
G(2,2,n) = W(D,,) and parallel to type B in the last section, we extend type D.
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62 33
52 43
¥ 4 /5331

3 2 q2 67
Figure 4: A single model of a 2-G(3, 1, 6)-noncrossing parking function.

D. Bessis and R. Corran demonstrate the G(d, d, n)-noncrossing partitions are those of
G(d,1,n) with the added condition that if there exists a zero block, By, then n/ € By [6].
As such, the models here are those of G(d,1,n) with a central node added, similar to
type D, representing the elements 1/, which we exclude in the presence of a zero block.

11 2t 31 41 5l
w:<22 3l 51 13 41>'

We give three W-noncrossing parking functions models all labelled by w in Figure 5.

Example 5.1. Consider

1 1 3 p
s 14 13 11 i 13
@ 23 42\ 5,4 PE
O 32 j 33
P 2 pp 4

Figure 5: Three noncrossing parking functions in G(3,3,5)

We conclude this section by going through the explicit bijection. The proof splits
itself into three cases given by the differing examples in Figure 5. By our choice of hsop,
the bijection gives an enumeration for the G(d, d, n)-noncrossing parking functions.

In the next section, we discuss the Fuss case for G(d, d, n). Similarly to our treatment
of G(d,1,n), we extend a map in type D due to B. Rhoades [20]. We obtain a singular
model on an annulus. We conclude this section again by providing an explicit map
which splits itself into the three cases shown in Figure 6. By our choice of hsop, the
bijection shown gives an enumeration for the k-G(d, d, n)-noncrossing parking functions.
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Figure 6: Three example models of three 3-G(3, 3,3)-noncrossing partitions.
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