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A Loehr-Remmel bijection in the n× kn grid
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Abstract. We extend the pmaj statistic of Loehr and Remmel to labelled Dyck paths
in the n × kn grid, and extend their bijection sending the bistatistic (dinv, area) to
(area, pmaj), proving in this way a new combinatorial formula for ∇ken (k ≥ 1). At
k = 1 we recover the original statistic and the original bijection.

Résumé. Nous étendons la statistique pmaj de Loehr et Remmel aux chemins de
Dyck étiquetés dans la grille n× kn, et nous étendons leur bijection en transformant la
bistatistique (dinv, area) en (area, pmaj), démontrant ainsi une nouvelle formule com-
binatoire pour ∇ken (k ≥ 1). Pour k = 1, nous retrouvons la statistique et la bijection
originales.
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1 Introduction

In a recent breakthrough [6] Carlsson and Mellit gave a positive solution to the long-
standing shuffle conjecture [15], which states a combinatorial formula for the Frobenius
characteristic of the so-called diagonal harmonics. More precisely, this theorem provides
the monomial expansion of the symmetric function ∇en, where en is the elementary
symmetric function of degree n in the variables x1, x2, . . . , and ∇ is the famous nabla
operator introduced by Bergeron and Garsia in the 90’s. In this formula, to each labelled
Dyck path in the n× n grid corresponds a monomial, where the variables x1, x2, . . . keep
track of the labels, while the variables q and t keep track of the bistatistic (dinv, area).

The bistatistic (dinv, area) has been successfully extended to other combinatorial ob-
jects related to Dyck paths, providing an impressive proliferation of theorems and con-
jectures (see e.g. [7, 5, 4, 19, 3, 18, 20, 21, 10, 12, 9]).

In particular, in [25] Mellit proved a rational extension of the shuffle theorem, which
encompasses a formula for ∇ken (k ≥ 1) in terms of labelled Dyck paths in the n× kn
grid.
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The statistic dinv, discovered by Haiman, was originally defined only on “unlabelled”
Dyck paths, and together with area provided a combinatorial interpretation of the fa-
mous (q, t)-Catalan 〈∇en, en〉 (here 〈−,−〉 denotes the Hall scalar product on symmetric
functions). At the same time Haglund defined a statistic bounce on Dyck paths, that
together with area provided another interpretation of the (q, t)-Catalan. These two in-
terpretations can be proved to be the same by an explicit bijection, usually called ζ, due
to Haglund and Loehr [14, 16], sending a Dyck path in the n× n grid into another one
whose bistatistic (area, bounce) coincides with the bistatistic (dinv, area) of the original
one. Both the statistic bounce and the bijection have been extended first by Loehr [23]
to Dyck paths in the n× kn grid, and then to more general Dyck paths in a rectangular
grid, the maps going under the collective name of sweep maps, see e.g. [1, 26].

In [24] Loehr and Remmel introduced a new statistic pmaj for labelled Dyck paths
in the n× n grid, as an extension of the bounce to the labelled objects. In this way they
provided an alternative combinatorial interpretation of ∇en: their formula is in terms
of the same objects, but using the bistatistic (area, pmaj). In fact, they proved that the
two combinatorial formulas coincide, by defining a remarkable bijection sending the
bistatistic (dinv, area) to (area, pmaj). This bijection is an extension of the original ζ map.

Unlike for (dinv, area), there are not many extensions of the bistatistic (area, pmaj) to
“labelled” objects that are known, even conjecturally (but cf. [11, Sections 2.3 and 2.4]).

In the present article we extend both the statistic pmaj and the bijection of Loehr-
Remmel in [24] to labelled Dyck paths in the n× kn grid (k ≥ 1). As a corollary, using
the rational shuffle theorem of Mellit [25], we get a new formula for the symmetric
function ∇ken in terms of the bistatistic (area, pmaj). At k = 1 we recover the original
pmaj and the original bijection in [24].

We like to mention that our extension of the pmaj was actually inspired by the corre-
sponding delay in the sandpile model (see [22] for a nice introductory monograph). Indeed,
recently, in [8] the authors proved a new combinatorial interpretation of ∇en in terms
of the sandpile model. Their formula uncovered a surprising bridge between this heav-
ily studied combinatorial dynamical system, first introduced in [2] by Bak, Tang and
Wiesenfeld in the context of “self-organized criticality” in statistical mechanics, and the
q,t-combinatorics related to Macdonald polynomials, which has the shuffle theorem of
Carlsson and Mellit as one of its cornerstones. In [8] the labelled Dyck paths in the
n× n grid are mapped bijectively to sorted recurrent configurations of suitable graphs; in
this correspondence, the statistic pmaj is sent to a statistic delay on those configurations.
Indeed, in a forthcoming article [13] we extend to ∇ken also the main results of [8], and
the pmaj presented here will get sent to the corresponding delay statistic that originally
inspired it.

In the rest of the present extended abstract we give all the needed definitions and the
precise statements of our results.



A Loehr-Remmel bijection in the n× kn grid 3

2 Labelled Dyck paths

Fix n, k ∈N such that n, k ≥ 1. We will use the common notation [n] := {1, 2, . . . , n}.

Definition 1. A Dyck path in the n × kn grid is a lattice path consisting of north steps
(going from a lattice point (a, b) to the point (a, b + 1)) and east steps (going from a lattice
point (a, b) to (a + 1, b)) going from (0, 0) to (kn, n) that never goes below the main
diagonal y = x/k. We denote by Dyckn,kn the set of all Dyck paths in the n× kn grid.

The diagram of a Dyck path is its picture in the n× kn square grid that bounds it.

The diagram of a Dyck path in Dyck7,21 is shown in Figure 1. The squares intersecting
the main diagonal are shaded in yellow.

Figure 1: A Dyck path in Dyck7,21.

Given a Dyck path D ∈ Dyckn,kn, we will refer to the horizontal and vertical sequences
of unit squares in its diagram as the rows and the columns of D, respectively. We count
columns increasingly from left to right, and rows from bottom to top.

Definition 2. A labelled Dyck path in the n× kn grid is a Dyck path D ∈ Dyckn,kn where
each north step is labelled by a positive integer, so that (1) the labels of north steps on
the same vertical line have increasing labels when read from bottom to top, and (2) the
set of n labels of D is precisely [n]. The diagram of a labelled Dyck path is the diagram of
the associated Dyck path with the label of each vertical step appearing in the unit square
to its right. For every i ∈ [n] we denote by `i(D) the label of the vertical step in row i,
and by1 fD(i) the column in which the label i appears in the diagram of D. Finally, we
denote by LDyckn,kn the set of all labelled Dyck paths in the n× kn grid.

The diagram of a labelled Dyck path D in LDyck7,21 is shown in Figure 2; its labels are
`1(D) = 2, `2(D) = 4, `3(D) = 6, `4(D) = 7, `5(D) = 1, `6(D) = 5, and `7(D) = 3, while
fD(1) = 12, fD(2) = 1, fD(3) = 17, fD(4) = 1, fD(5) = 16, fD(6) = 4, and fD(7) = 5.

1For k = 1 the functions i 7→ fD(i) are parking functions, and D 7→ fD is a bijection between labelled
Dyck paths in the n× n grid and parking functions of size n.
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w1(D) = 0
w2(D) = 3
w3(D) = 3
w4(D) = 5
w5(D) = 1
w6(D) = 0
w7(D) = 2
warea(D)

Figure 2: A labelled Dyck path D in LDyck7,21 and its area word. The unit squares
contributing to the area are shaded in blue.

2.1 The statistic area

The statistic area is classical.

Definition 3. Given D ∈ Dyckn,kn, we define its area word as the n-tuple

warea(D) := (w1(D), . . . , wn(D))

where for each i ∈ [n]

wi(D) := # of integer squares in the ith-row between the path and the main diagonal.

Then the area of D ∈ Dyckn,k is

area(D) := w1(D) + · · ·+ wn(D).

Given D ∈ LDyckn,kn, its area word and its area are defined as the ones of the correspond-
ing Dyck path (i.e. ignoring the labels).

Example 1. The area word of the labelled Dyck path D in Figure 2 is shown in the picture,
i.e. warea(D) = (0, 3, 3, 5, 1, 0, 2), hence its area is area(D) = 0+ 3+ 3+ 5+ 1+ 0+ 2 = 14.

2.2 The statistic dinv

For the statistic dinv we will use a reformulation of the geometric description given
in [17], which consists of two contributions, tdinv and dinvcorr.

Definition 4. Given a labelled Dyck path D ∈ LDyckn,kn, for every i ∈ [n] we set

a`i(D)(D) := wi(D).
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For example, for D in Figure 2 we have a1(D) = w5(D) = 1, a2(D) = w1(D) = 0,
a3(D) = w7(D) = 2, a4(D) = w2(D) = 3, a5(D) = w6(D) = 0, a6(D) = w3(D) = 3, and
a7(D) = w4(D) = 5.

Now we say that a pair (i, j) ∈ [n]× [n] of labels is a temporary diagonal inversion of D
if any of the following two conditions is satisfied:

(A) fD(i) < fD(j), i < j and aj(D)− k < ai(D) ≤ aj(D).

(B) fD(i) < fD(j), i > j and aj(D) < ai(D) ≤ aj(D) + k.

We denote by TDinv(D) the multiset2 of all temporary diagonal inversions of D, and
we define the tdinv of D as the cardinality of TDinv(D), i.e.

tdinv(D) := #TDinv(D).

This definition is better understood by the next geometric remark.

Definition 5. Given a north step of a Dyck path D ∈ Dyckn,kn with endpoints (a, b) and
(a, b + 1) we define its main shadow as the region of R2 whose points (x, y) satisfy the
inequalities {

x ≤ a
1
k (x− a) < y− b ≤ 1

k (x− a) + 1
, (2.1)

while its upper shadow is the region of R2 whose points (x, y) satisfy the inequalities{
x ≤ a
1
k (x− a) < y− b− 1 ≤ 1

k (x− a) + 1
. (2.2)

These shadows are shown in Figure 3; notice that they are parallel to the main diagonal
y = x/k, and they are half open, as indicated by the dotted borders.

Remark 1. Conditions (A) and (B) correspond to the intersection of the north endpoint
of the north step labelled i with the main shadow and the upper shadow of (the north
step labelled) j, respectively: see Figure 3.

Example 2. For the labelled Dyck path D in Figure 2 we have3 (cf. Figure 4)

TDinv(D) =

{{
(1, 3), (2, 3), (2, 5), (4, 1), (4, 3), (4, 6),
(4, 7), (6, 1), (6, 3), (6, 5), (6, 7), (7, 3)

}}
.

2Notice that TDinv(D) will always be a set, but we consider it a multiset since later we will add it to
the multiset Dinvcorr(D).

3We denote the multisets with double curly brackets.
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Figure 3: Graphical depiction of conditions (A) and (B) in the definition of TDinv(D).
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Figure 4: Illustration of the temporary diagonal inversions involving the north step
labelled 1.

Definition 6. Given a labelled Dyck path D ∈ LDyckn,kn, for every east step of its diagram
with endpoints (c, d) and (c + 1, d) we define its main shadow as the region of R2 whose
points (x, y) satisfy the inequalities:{

y ≤ d
1
k (x− c) < y− d < 1

k (x− c− 1).

Notice that the main shadow of every east step of D will intersect at least one north step
of D to its west.

The east step labelling of D consists of labelling every east step of D with the label of
the first north step encountered by its shadow, moving from the east step towards west.

Example 3. In Figure 5 we computed the east step labelling of the labelled Dyck path D
in Figure 2.

Definition 7. Given D ∈ LDyckn,kn, consider its east step labelling. We define the multiset
of diagonal inversion corrections, denoted Dinvcorr(D), as the multiset of all pairs (λ, µ)
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where λ is the label of an east step of D entirely4 contained in the main shadow of
a north step of D labelled µ. We define dinvcorr(D) as the cardinality of the multiset
Dinvcorr(D).

Example 4. Consider the labelled Dyck path D of Figure 2, whose east step labelling is
shown in Figure 5. We compute3

Dinvcorr(D) =

{{
(1, 5), (1, 5), (2, 5), (2, 5), (2, 1), (6, 1), (4, 1),
(1, 3), (6, 3), (6, 3), (4, 3), (4, 3), (4, 6), (4, 6)

}}
,

hence dinvcorr(D) = 14.
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Figure 5: Illustration of the east step labelling of D ∈ LDyck7,21 from Figure 2.

Definition 8. Given D ∈ LDyckn,kn, we define the multiset Dinv(D) of diagonal inversions
of D as the sum of the multisets TDinv(D) and Dinvcorr(D). We define the dinv of D as
the cardinality of Dinv(D), i.e.

dinv(D) := tdinv(D) + dinvcorr(D).

Example 5. For the labelled Dyck path D in Figure 2, we have3

Dinv(D) =





(2, 5), (2, 5), (2, 5),
(1, 5), (1, 5), (2, 1),
(1, 3), (2, 3), (1, 3),

(4, 1), (4, 3), (4, 1), (4, 3), (4, 3),
(6, 1), (6, 3), (4, 6), (6, 5), (6, 1), (6, 3), (6, 3), (4, 6), (4, 6),

(4, 7), (6, 7), (7, 3)




, (2.3)

so dinv(D) = tdinv(D) + dinvcorr(D) = 12 + 14 = 26.
4Recall that the main shadow of a north step is half open.
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Definition 9. Given D ∈ LDyckn,kn, we define its diagonal reading word σdiag(D) as the
word obtained by reading the labels of the north steps of D by sweeping its diagram
with diagonals parallel to y = x/k, from bottom to top, reading the labels along the
same diagonal from left to right. Notice that σdiag(D) is a permutation in Sn (in one-line
notation).

For example, for the labelled Dyck path D in Figure 2 we have σdiag(D) = 2513467.
Recall that given S ⊆ [n− 1], the (Gessel) fundamental quasisymmetric function Ln,S(x)

is defined as
Ln,S = Ln,S(x) := ∑

1≤i1≤i2≤···≤in
ij=ij+1 =⇒ j/∈S

xi1 xi2 · · · xin .

Finally, the descent set of a permutation σ ∈ Sn is

Des(σ) := {i | σ(i) > σ(i + 1)} ⊆ [n− 1].

We can now state a special case of the so called rational shuffle theorem of Mellit.

Theorem 1 ([25]). We have

∇ken = ∑
D∈LDyckn,kn

qdinv(D)tarea(D)Ln,Des(σdiag(D)−1).

2.3 The statistic pmaj

Our definition of the pmaj statistic for labelled Dyck paths in LDyckn,kn is new for k > 1,
while for k = 1 we recover the original one defined in [24].

Definition 10. Consider a labelled Dyck path D ∈ LDyckn,kn. We define a word in the
alphabet [n], denoted σpmaj(D) := σ1σ2 . . . σkn, such that every letter appears k times.
Let B′0 := ∅ be the empty multiset3 and σ0 := n + 1. Then iterate the following steps for
m = 1, 2, . . . , kn.

i) Set5 Bm := B′m−1 +
{{

λk | fD(λ) = m
}}

= B′m−1 +
{{

λ, λ, . . . , λ︸ ︷︷ ︸
k times

| fD(λ) = m
}}

.

ii) Consider Xm := {{a ∈ Bm | a < σm−1}}. There are two cases: if Xm 6= ∅ then set
σm := max(Xm), otherwise set σm := max(Bm).

iii) Remove an occurrence of σm from the multiset Bm to obtain B′m := Bm − {{σm}}.
5We will use the exponential notation for the elements of multisets, indicating the multiplicities with

the exponents: for example we will write {{23, 4, 52}} for {{2, 2, 2, 4, 5, 5}}.
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It is easy to check that this algorithm is well defined: from the condition on D of being
a labelled Dyck path we have that Bm 6= ∅ for every m ∈ [kn].
Now for each label λ ∈ [n] define its pmaj contribution as

pλ(D) := # of weak ascents before the leftmost occurrence of λ in σpmaj(D).

Finally, we can define the pmaj statistic for D by summing these contributions:

pmaj(D) := p1(D) + p2(D) + · · ·+ pn(D).

Example 6. In Table 1 we record in a table the steps of the algorithm that computes the
pmaj of the labelled Dyck path D in Figure 6: we have pmaj(D) = 14 (and area(D) = 26).

2

5

1

3

6

4

7

σpmaj(D) 5 2 5 2 1 5 3 2 1 6 4 3 1 6 4 3 7 6 4 7 7

pλ(D) 0 0 1 2 3 3 5

Figure 6: The diagram of φ
(3)
7 (D) for D in Figure 2, its σpmaj(D) word (the bars indicate

the weak ascents), and its pmaj contributions.

m Bm Xm σm B′m
1 {{23, 53}} {{23, 53}} 5 {{23, 52}}
2 {{23, 52}} {{23}} 2 {{22, 52}}
3 {{22, 52}} ∅ 5 {{22, 5}}
4 {{13, 22, 5}} {{13, 22}} 2 {{13, 2, 5}}
5 {{13, 2, 5}} {{13}} 1 {{12, 2, 5}}
6 {{12, 2, 5}} ∅ 5 {{12, 2}}
7 {{12, 2, 33, 63}} {{12, 2, 33}} 3 {{12, 2, 32, 63}}
8 {{12, 2, 32, 43, 63}} {{12, 2}} 2 {{12, 32, 43, 63}}
9 {{12, 32, 43, 63}} {{12}} 1 {{1, 32, 43, 63}}
10 {{1, 32, 43, 63}} ∅ 6 {{1, 32, 43, 62}}
11 {{1, 32, 43, 62}} {{1, 32, 43}} 4 {{1, 32, 42, 62}}

m Bm Xm σm B′m
12 {{1, 32, 42, 62}} {{1, 32}} 3 {{1, 3, 42, 62}}
13 {{1, 3, 42, 62}} {{1}} 1 {{3, 42, 62}}
14 {{3, 42, 62}} ∅ 6 {{3, 42, 6}}
15 {{3, 42, 6}} {{3, 42}} 4 {{3, 4, 6}}
16 {{3, 4, 6, 73}} {{3}} 3 {{4, 6, 73}}
17 {{4, 6, 73}} ∅ 7 {{4, 6, 72}}
18 {{4, 6, 72}} {{4, 6}} 6 {{4, 72}}
19 {{4, 72}} {{4}} 4 {{72}}
20 {{72}} ∅ 7 {{7}}
21 {{7}} ∅ 7 ∅

Table 1: Computation of the pmaj statistic for the labelled Dyck path in Figure 6.
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3 The map φ
(k)
n

To define our bijection, we need one more definition.

Definition 11. Consider D ∈ LDyckn,kn and let σdiag(D) = σ1σ2 · · · σn be its diagonal
reading word. We define the dinv contribution of a label λ ∈ [n] by

dλ(D) := #{{(σi, σj) ∈ Dinv(D) | σmax(i,j) = λ}}.

Clearly we have ∑λ∈[n] dλ(D) = dinv(D).

For example, for the labelled Dyck path D in Figure 2, σdiag(D) = 2513467, and
we compute d2(D) = 0, d5(D) = 3, d1(D) = 3, d3(D) = 3, d4(D) = 5, d6(D) = 9,
and d7(D) = 3: cf. Equation (2.3), where each row shows the pairs contributing to a
λ ∈ [7] \ {2} (2 is the first letter of σdiag(D) hence necessarily d2(D) = 0).

Definition 12. Given D ∈ LDyckn,kn, define φ
(k)
n (D) as the unique labelled Dyck path in

LDyckn,kn such that
f
φ
(k)
n (D)

(σi) = k(i− 1)− dσi(D) + 1 ,

where σdiag(D) = σ1σ2 · · · σn.

This definition is better understood by an example.

Example 7. Consider the labelled Dyck path D in Figure 2 (here n = 7 and k = 3). We
already computed σdiag(D) = 2513467, and its dinv contributions d2(D) = 0, d5(D) = 3,
d1(D) = 3, d3(D) = 3, d4(D) = 5, d6(D) = 9, and d7(D) = 3. The definition is simply
saying that label 2 has to occur in φ

(3)
7 (D) in column 3(1− 1)− d2(D) + 1 = 1, label 5 in

column 3(2− 1)− d5(D) + 1 = 1, label 1 in column 3(3− 1)− d1(D) + 1 = 4, label 3 in
column 3(4− 1)− d3(D) + 1 = 7, label 4 in column 3(5− 1)− d4(D) + 1 = 8, label 6 in
column 3(6− 1)− d6(D) + 1 = 7, and label 7 in column 3(7− 1)− d7(D) + 1 = 16. The
diagram of φ

(3)
7 (D) is shown in Figure 6.

The main result of this article is the following theorem.

Theorem 2. The correspondence D 7→ φ
(k)
n (D) is a well-defined bijection of LDyckn,kn into itself

such that
area(φ

(k)
n (D)) = dinv(D) and pmaj(φ

(k)
n (D)) = area(D). (3.1)

For example, Equation (3.1) can be checked for D in Figure 2 (cf. Examples 1, 5 and 6).
To state our main corollary, we need our last definition.

Definition 13. Given D ∈ LDyckn,kn, we define its row word as the word σrow(D) obtained
by reading the labels in the diagram of D by rows, from bottom to top.
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For example, the labelled Dyck path D in Figure 6 has σrow(D) = 2513647.
The following version of the shuffle theorem for ∇ken can be deduced from Theo-

rem 2 and Theorem 1 with little more work.

Corollary 1. We have

∇ken = ∑
D∈LDyckn,kn

qarea(D)tpmaj(D)Ln,Des(σrow(D)−1).

We leave as an open problem to find an extension of the pmaj statistic to labelled
Dyck paths in the n×m grid that recovers the formulas in [25].
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