
Séminaire Lotharingien de Combinatoire XX (2026) Proceedings of the 38th Conference on Formal Power
Article #83, 12 pp. Series and Algebraic Combinatorics (Seattle)

Generalized orthodontia, punched tableaux, and
Lascoux expansion of sheared characters

Avery St. Dizier*1, Linus Setiabrata†2, and Tianyi Yu‡3

1Michigan State University, East Lansing, MI 48824, USA
2Massachusetts Institute of Technology, Cambridge, MA 02139, USA
3Laboratoire d’Algèbre, de Combinatoire et d’Informatique Mathématique, Université du Québec
à Montréal, Montreal QC, Canada

Abstract. We introduce double inhomogeneous analogues GD(x, y) of characters of
flagged Schur modules based on Magyar’s orthodontia formula for diagrams, giving a
new formula for double Grothendieck polynomials. The polynomials GD refine sheared
characters. Using Lascoux’s theory of punched tableaux, we establish an inhomogeneous
extension of Reiner–Shimozono’s result that multiplication by x1 · · · xk preserves key
positivity, and prove that the reverse-complement R

(m,n)
D (x) of a sheared character

expands positively in the basis of Lascoux polynomials.
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1 Introduction

Introduced by Lascoux and Schützenberger in [20], Schubert polynomials serve as dis-
tinguished representatives of Schubert varieties in the cohomology of the flag variety of
Cn. These polynomials have rich combinatorial structure [3, 4, 8, 13, 15, 17] and play a
central role in algebraic combinatorics.

Schubert polynomials Sw(x) are indexed by permutations w ∈ Sn, which can be
understood graphically through their Rothe diagram

D(w) = {(i, j) | 1 ≤ i, j ≤ n with w(i) > j and w−1(j) > i}.

A related family of polynomials is that of key polynomials κα, characters of the type A
Demazure modules indexed by weak compositions. Compositions can be viewed graph-
ically through the skyline diagram D(α) = {(i, j) | 1 ≤ j ≤ αi}. More generally, any
diagram D ⊆ [n] × [n] indexes the corresponding flagged Schur module MD, a rep-
resentation of the Borel subgroup of GLn consisting of the upper triangular matrices.
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When D = D(w) is a Rothe diagram, the character χD of the representationMD equals
the Schubert polynomial Sw(x) [16]. Similarly any skyline diagram D = D(α) has
χD = κα(x) [25]. The study of characters χD of general diagrams has shed light on the
combinatorics of Schubert and related polynomials [1, 6, 7, 10, 11].

Generalized orthodontia. When D is %-avoiding, Magyar showed that the dual repre-
sentation of MD can be realized geometrically as the space of sections of a certain line
bundle on a variety [22]. Through this interpretation, Magyar proved that χD is given
by a Demazure-like character formula:

χD = ωk1
1 · · ·ω

kn
n πi1(ω

m1
i1

πi2(ω
m2
i2
(· · ·πi`(ω

m`
i`
) · · · ))). (1.1)

Here, ωi = x1 · · · xi is a fundamental weight, πi = ∂ixi is a Demazure operator, and

k(D) = (k1, . . . , kn), i(D) = (i1, . . . , i`), m(D) = (m1, . . . , m`)

are combinatorial data comprising the orthodontic sequence of D, which builds a %-
avoiding diagram from “smaller” %-avoiding diagrams. This formula is a powerful
tool, inviting inductive arguments and admitting an explicit tableaux realization ([22,
Proposition 16]).

We extend the orthodontia formula to generalizations of Schubert and key poly-
nomials. Among the myriad such generalizations, we focus in two orthogonal direc-
tions. Studying K-theory instead of cohomology leads to inhomogeneous analogues
called Grothendieck polynomials Gw(x) and Lascoux polynomials Lα(x). These have
the Schubert and key polynomials respectively as their lowest-degree components. In-
corporating the torus action on the flag variety leads to double Grothendieck polyno-
mials Gw(x, y); the literature expects but currently lacks a theory of “double Lascoux
polynomials”. There is considerable interest in extending the current understanding of
Schubert polynomials to these generalizations [5, 9, 11, 14, 18, 24, 28].

While there is no known K-theoretic or equivariant analogue of the representation
MD, the combinatorics of orthodontia are a promising avenue for generalization. The
inductive structure allows one to proceed without the guiding geometry. Given a %-
avoiding diagram D, we describe an algorithm to compute its double orthodontic sequence

K(D) = (K1, . . . , Kn), i(D) = (i1, . . . , i`), j(D) = (j1, . . . , j`), M(D) = (M1, . . . , M`).

Definition 1.1. For a %-avoiding diagram D with double orthodontic sequence K, i, j, M, write

GD(x, y) := ωK1
1 ωK2

2 · · ·ω
Kn
n πi1,j1(ω

M1
i1

πi2,j2(ω
M2
i2
· · ·πi`,j`(ω

M`
i`

) · · · )),

and write

SD(x, y) := ωK1
1 ωK2

2 · · ·ω
Kn
n πi1,j1(ω

M1
i1

πi2,j2(ω
M2
i2
· · ·πi`,j`(ω

M`
i`

) · · · )) (1.2)

for the lowest-degree component of GD(x, y).
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The notation πi,j, ωS, πi,j, and ωS are defined in Definition 2.3. See Figure 2 for
an example. The following result gives the analogue of Schubert and key polynomials
appearing as characters of flagged Schur modules.

Theorem 1.2 ([27, Theorem 1.1]). When D = D(w) is the Rothe diagram of a permutation,
GD(x, y) = Gw(x, y), the double Grothendieck polynomial. Consequently, the lowest degree
component is SD(x, y) = Sw(x,−y), the (positive) double Schubert polynomial.

Lascoux positivity. A central problem in algebraic combinatorics is the study of basis
expansions: given a natural family of polynomials, one seeks to express them in terms
of a distinguished basis. In the ideal case, the coefficients are nonnegative integers. Such
positivity phenomena can signal hidden combinatorial or geometric structure, with the
coefficients encoding enumeration of tableaux, lattice points of polytopes, dimensions of
spaces, etc. A classical source of examples is the Schur positivity of symmetric functions,
with the celebrated Littlewood–Richardson rule as the bedrock example.

The combinatorics of Schubert positivity and key positivity remains an area of active
research [2, 12, 21, 25, 26, 29, 30]. Magyar’s orthodontia formula (1.1) can be used to
prove key positivity of Schubert polynomials: evaluating (1.1) from right to left,

• Each step πi(·) preserves key positivity of its input since πi(κα) ∈ {κα, κsi·α}.

• Each step ωi × · preserves key positivity of its input ([26, Theorem 20]).

For m, n ∈N, recall the reverse complementation involution rm,n defined on polynomials
f (x) ∈ Z[x1, · · · , xn] where each variable has degree at most m by

rm,n( f ) := (x1 · · · xn)
m f (x−1

n , · · · , x−1
1 ).

This involution was introduced by the third author in [30] to describe the top homoge-
neous component of any Lascoux polynomial. This involution intertwines many opera-
tors related to the Schubert, key, and Grothendieck polynomials ([30, Lemma 3.4]).

Using the generalized orthodontia formula (Theorem 1.2), we noticed that

R
(m,n)
D := rm,n(SD(x;−1))

= xm
1 · · · xm

n SD(x−1
n , . . . , x−1

1 ;−1, . . . ,−1)

is a well-behaved inhomogeneous analogue of the character χD which had not appeared
in the literature. For example, the polynomials R

(m,n)
D enjoy a formula similar to Mag-

yar’s orthodontia (1.1), obtained by intertwining rm,n past the operators in (1.2). Fur-
thermore, the polynomials R

(m,n)
D appeared to be ([27, Conjecture 1.4]) graded Lascoux

positive, i.e. an alternating sum of Lascoux polynomials. We now have two proofs of
this Lascoux positivity conjecture.
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Theorem 1.3. For any %-avoiding diagram D ⊆ [n] × [m], the polynomial R
(m,n)
D is graded

Lascoux positive.

Our first proof of Theorem 1.3 is via reduction to the known special case where
D = D(α) is a skyline diagram ([27, Theorem 1.2]).

By taking the lowest-degree part of a Lascoux expansion

R
(m,n)
D = ∑

α

cD,αLα,

we recover Reiner–Shimozono’s theorem [26, Theorem 20] that χD is key positive.
Our second proof of Theorem 1.3 uses the orthodontia-like formula for R

(m,n)
D and

parallels the proof of key positivity of χD. Resolving [27, Conjecture 1.5], we prove the
following inhomogeneous extension of the fact that ωi × · preserves key positivity.

Theorem 1.4. For any α ∈Nn and k ∈ [n], the product

x1 · · · xk(1− xk+1) · · · (1− xn)Lα(x)

is graded Lascoux positive.

Our proof of Theorem 1.4 relies on punched tableaux [19]. For a subset S ⊆ [n] write

xS := ∏
s∈S

xs and xS :=

(
∏
s∈S

xs

)
·
(

∏
s 6∈S

(1− xs)

)
.

Punched tableaux were introduced in [19] to study the structure coefficients in the equal-
ity of operators

x[k]πw = ∑
T∈PT(w)

πw(T)xS(T). (1.3)

We show that (1.3) actually admits an inhomogeneous extension (Proposition 3.9)

x[k]πw = ∑
T∈PT(w)

πw(T)xS(T). (1.4)

Armed with (1.4), Theorem 1.4 reduces to a much easier problem about Lascoux
positivity of certain products of the form xS(T) · xλ.
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2 Induction on orthodontic sort order

The main ingredient in our proof of Theorem 1.2 is a nonstandard induction on the
set of permutations w ∈ Sn. We first reduce to the special case of sorted permutations,
whose definition is not important for this exposition. In the sorted case, we observe
(see Theorem 2.4) that an “almost-Rothe-diagram” appears after a predictable number
of orthodontic steps and show that the corresponding orthodontic polynomials GD(x; y)
evolve in the same way as do the double Grothendieck polynomials Gw(x; y).

Definition 2.1. A diagram D is %-avoiding if it does not have a pair of rows i1 < i2 and a pair
of columns j1 < j2 for which its restriction looks like the configuration in Figure 1.

i1

i2

j1 j2

Figure 1: A forbidden configuration in a %-avoiding diagram.

We now define the double orthodontic sequence K, i, j, M of a %-avoiding diagram
D with columns D1, . . . , Dn ⊆ [n]. In contrast to Magyar’s orthodontia, we track column
information as well throughout the process. Begin by setting Ki := {j : Dj = [i]}, and let
D− denote the diagram obtained by replacing any such columns with the empty column.
If D− is empty, then i = j = M is the empty vector and the algorithm terminates.

Definition 2.2. The diagram D− above is called the first orthodontic trimming of D.

An orthodontic step applied to D− outputs a diagram (D−)′′ which we now describe.
A missing tooth of a column C ⊆ [n] is an integer i ∈ [n] so that i 6∈ C and i + 1 ∈ C;
any nonempty column of D− has a missing tooth. Set i1 to be the smallest missing tooth
of the leftmost nonempty column (D−)j of D−. Set j1 to be j− #{a ≤ i1 : a 6∈ (D−)j}.
Now swap rows i1 and i1 + 1 to get a diagram (D−)′. Any column of (D−)′ which is
a standard interval is necessarily equal to [i1]; set M1 = {j : (D−)′j = [i1]}. Let (D−)′′

denote the diagram obtained from (D−)′ by removing all columns equal to [i1].
Repeatedly apply orthodontic steps to the resulting diagram (D−)′′, keeping track of

the data i, j, M at each step, until the diagram is empty. See Figure 2 for an example.
Fix n ∈N. The divided difference operator ∂i : Z[x1, . . . , xn]→ Z[x1, . . . , xn] is given by

∂i( f ) :=
f − si f

xi − xi+1
, i ∈ [n− 1].

The Demazure operators πi, isobaric divided difference operators ∂i, and Demazure–Lascoux
operators πi are defined respectively by

πi( f ) := ∂i(xi f ), and ∂i( f ) := ∂i((1− xi+1) f ), πi( f ) := ∂i(xi f ).
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K3 = ∅
K2 = ∅

K4 = ∅
K5 = ∅

K1 = {1}

i2 = 3

j2 = 1

M1 = ∅

M2 = {2} M3 = {4}

i1 = 2

i3 = 1

j1 = 1

j3 = 3

Figure 2: The double orthodontic sequence for w = 31542.

Definition 2.3. For a polynomial f ∈ Z[x1, . . . , xn, y1, . . . , yn], define the operators

πi,j( f ) := ∂i((xi + yj) f ), πi,j( f ) := ∂i((xi + yj − xiyj) f ).

For i ∈ [n] and M ⊆ [n] define the quantities

ωM
i := ∏

j∈[i]
m∈M

(xj + ym), ωM
i := ∏

j∈[i]
m∈M

(xj + ym − xjym).

In what follows, we need notation whose precise definition is not important for this
exposition: each permutation comes with certain numbers denoted i1 and α.

Theorem 2.4 (cf. [27, Theorem 3.7, Lemma 3.9]). Let w be a nonidentity sorted permutation
and write w′ := wsi1 · · · sα+1. Then, the first orthodontic trimming D(w′)− of D(w′) appears
in the orthodontic sequence for D(w). Furthermore,

GD(w) = ∂i1 · · · ∂α+1(GD(w′)).

(See Figure 3 for an example.)

Figure 3: The first few orthodontic steps for D(w), w = 5723614, with the first or-
thodontic trimming D(w′)− for w′ = ws4s3s2 = 5762314.
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Theorem 1.2. When D = D(w) is the Rothe diagram of a permutation, GD(x, y) = Gw(x, y),
the double Grothendieck polynomial. Consequently, the lowest degree component is SD(x, y) =
Sw(x,−y), the (positive) double Schubert polynomial.

Proof sketch for Theorem 1.2. We build a partial order ≥os on Sn in [23, Proposition 5.6] so
that the permutation w′ appearing in Theorem 2.4 satisfies w ≥os w′. Inducting on this
partial order, we may assume that GD(w′) = Gw′ . Theorem 2.4 implies that

GD(w) = ∂i1 · · · ∂α+1

(
GD(w′)

)
= ∂i1 · · · ∂α+1 (Gw′)

= Gw.

3 Two proofs of Theorem 1.3

We present two proofs of the graded Lascoux positivity of R
(m,n)
D (Theorem 1.3).

Sheared characters. Our first proof relates R
(m,n)
D to sheared characters χD(x − 1) ob-

tained from ordinary characters χD by the variable shift xi 7→ xi − 1.

Lemma 3.1. For any %-avoiding diagram D, we have SD(x;−1) = χD(x− 1).

Proof sketch. The two polynomials SD(x;−1) and χD(x− 1) satisfy the same orthodontia-
like recurrence relations, obtained by specializing (1.2) and (1.1) respectively.

For i ∈N, let ϕi denote the polynomial ϕi := x1 · · · xi(1− xi+1) · · · (1− xn).

Corollary 3.2. The polynomial R
(m,n)
D can be obtained from the polynomial 1 ∈ Z[x] by repeated

application of the operators πi and ·ϕi.

Proof sketch. From the orthodontia formula (1.1):

χD(x) = ωk1
1 · · ·ω

kn
n πi1(ω

m1
i1
(πi2(ω

m2
i2
· · ·πi`(ω

m`
i`
) · · · )))

= ωk1
1 · · ·ω

kn
n ∂i1(xi1ωm1

i1
(∂i2(xi2ωm2

i2
· · · ∂i`(xi`ω

m`
i`
) · · · ))).

where ωi = x1x2 · · · xi. Let ωi;1 = (x1 − 1)(x2 − 1) · · · (xi − 1). Observe that

χD(x− 1) = ωk1
1;1 · · ·ω

kn
n;1∂i1((xi1 − 1)ωm1

i1;1(∂i2(xi2 − 1)ωm2
i2;1(· · · ∂i`((xi` − 1)ωm`

i`;1
) · · · ))),

Recall that R
(m,n)
D = rm,n(χD(x− 1)). The result follows from the identities

rm,n ∂i ((xi − 1) f ) = πn−i (rm,n( f )) and rm,n (ωi;1 f ) = ϕn−irm−1,n( f ).
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Proposition 3.3 ([27, Theorem 1.2]). The polynomial R
(m,n)
D(α)

is graded Lascoux positive.

Proof sketch. When D = D(α), we show that the multiplication operators in the or-
thodontia formula can be commuted past the π operators. Let λ be the partition ob-
tained by sorting the entries of α, and w the minimal length permutation with λi = αw(i)
for each i. Set ci = λi − λi+1. We show that

R
(m,n)
D(α)

= πw(ϕc1
1 · · · ϕ

cn
n ),

Products of ϕi are graded Lascoux positive ([27, Proposition 4.11]), and πw preserves
Lascoux positivity (since each individual πi does).

First proof of Theorem 1.3. Write cD,α for the structure coefficients in the character-to-key
expansion χD = ∑α cD,ακα. Then

R
(m,n)
D = rm,n(χD(x− 1)) = rm,n

(
∑
α

cD,ακα(x− 1)

)
= ∑

α

cD,αrm,n(κα(x− 1)) = ∑
α

cD,αR
(m,n)
D(α)

is graded Lascoux positive.

Punched tableaux. Our second proof relies on the graded Lascoux positivity of ϕiLα

(Theorem 1.4). We now recall Lascoux’s notion of punched tableaux and the combinatorics
of the expansions (1.3) and (1.4).

A permutation σ ∈ Sn is called k-Grassmannian if σ(i) < σ(i + 1) whenever i 6= k.
Each k-Grassmannian σ ∈ Sn corresponds to a partition λ = (λ1 ≥ · · · ≥ λk) with
λ1 ≤ n− k via

σ 7→ (σ(k)− k, σ(k− 1)− (k− 1), . . . , σ(1)− 1).

Let σ ∈ Sn be a k-Grassmannian permutation with associated partition λ. Fill the
Young diagram D(λ) by putting the number k− i + j in (i, j) ∈ D(λ). Label the south-
east boundary of D(λ) by the numbers 1 through n from bottom left to top right. The
resulting diagram together with the filling and labeling is denoted T(σ). See Exam-
ple 3.5.

Definition 3.4. A punched tableau for σ is obtained from T(σ) by replacing some entries with
• such that each column or row contains at most one • and no proper rectangle of at least 2× 2
cells contained in T has both the bottom-left and top-right corners equal to •.

Example 3.5. Consider the 5-Grassmannian permutation σ = 146792358 ∈ S9, associated to
the partition (4, 3, 3, 2, 0). The filling T(σ) is shown below on the left. Reading T(σ) in the
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reading order gives 5432 6543 765 8, which is a reduced word of σ−1. A punched tableau for σ is
on the right.

1

4

6

7

9

2 3

5

8

5 6 7 8

4 5 6

3 4 5

2 3

1

4

6

7

9

2 3

5

8

5 6 • 8

4 5 6

3 4 5

• 3

Definition 3.6. Let PT(σ) denote the set of punched tableaux of T(σ). For T ∈ PT(σ), the
reading word word(T) is obtained by reading its filling in the reading order while ignoring •. The
word word(T) is a reduced word of a permutation which we denote as w(T). Define S(T) ⊆ [n]
as the set of all i such that i labels a row with no •, or a column containing a •.

In Example 3.5, let T ∈ PT(σ) be the element on the right. We have

word(T) = 543 6543 65 8 and S(T) = {1, 2, 5, 6, 7}.

Notice that word(T) is a reduced word of the permutation w(T) where w(T)−1 =
126754398. In general, the permutation w(T)−1 can be read as follows.

Lemma 3.7. Let T ∈ PT(σ). For i ∈ [k], w(T)−1(i) is the label of row k + 1− i if this row has
no •. Otherwise, it is the label of the column containing the bullet in this row. For j ∈ [n− k],
w(T)−1(k + j) is the label of column j if this column has no •. Otherwise, it is the label of the
row containing the bullet in this column.

Proof sketch. Follows from induction on the number of cells in σ(T).

Punched tableaux were introduced by Lascoux to describe commutation of certain
polynomial operators. Recall that for a subset S ⊆ [n] we write

xS := ∏
s∈S

xs and xS :=

(
∏
s∈S

xs

)
·
(

∏
s 6∈S

(1− xs)

)
.

In terms of the earlier notation, x[k] = ωk and x[k] = ϕk.

Theorem 3.8 ([19, Lemma 1.4.2]). Let σ be k-Grassmannian. Then

x[k]πσ−1 = ∑
T∈PT(σ)

πw(T)xS(T). (1.3)

Proposition 3.9. Let σ be k-Grassmannian. Then

x[k]πσ−1 = ∑
T∈PT(σ)

πw(T)xS(T). (1.4)
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Proof sketch. By direct computation, we have

xSπi =


πixsiS + xS if i ∈ S, i + 1 6∈ S,
πixsiS − xsiS if i 6∈ S, i + 1 ∈ S,
πixS otherwise,

xSπi =


πixsiS + xS if i ∈ S, i + 1 6∈ S,
πixsiS − xsiS if i 6∈ S, i + 1 ∈ S,
πixS otherwise.

The equality on the left uniquely determines the expansion of the operator x[k]πσ−1 into
operators of the form πwxS. The equality on the right uniquely determines the expansion
of x[k]πσ−1 into operators of the form πwxS; it is the same as the expansion of x[k]πσ−1

into πwxS. Hence (1.4) follows from (1.3).

We say a monomial xα is dominant if α1 ≥ α2 ≥ · · · .

Theorem 1.4. For any α ∈Nn and k ∈ [n], the product x[k]Lα(x) is graded Lascoux positive.

Proof sketch of Theorem 1.4. If αi < αi+1 for some i ∈ [n − 1] \ {k}, then x[k]Lα(x) =
πi(x[k]Lsiα(x)); thus graded Lascoux positivity of x[k]Lα(x) would follow from that of
x[k]Lsiα(x). Hence we reduce to the case where αi ≥ αi+1 for all i ∈ [n− 1] \ {k}.

Write λ for the partition obtained by reordering α and σ for the permutation so that
αi = λσ(i) for each i. Observe that σ−1 is k-Grassmannian and that

x[k]Lα(x) = x[k]πσ−1(xλ) = ∑
T∈PT(σ)

πw(T)(xS(T) · xλ). (3.1)

It remains to show each πw(T)(xS(T) · xλ) is graded Lascoux positive by considering two
cases. If xS(T) · xλ is a dominant monomial, then xS(T) · xλ is graded Lascoux positive
by Proposition 3.10 below. Otherwise, there exists i such that i /∈ S(T), i + 1 ∈ S(T),
and λi = λi+1. In this case, xS(T) · xλ can be written as f · (1− xi)xi+1 for some f that is
symmetric in xi, xi+1; Lemma 3.7 implies that (w(T))(i) > (w(T))(i + 1), so w(T) has a
reduced word ending with i, and πw(T)(xS(T) · xλ) = 0.

We now prove the result used in the proof above.

Proposition 3.10. Let λ be a partition and S ⊆ [n] be a set. If xS · xλ is a dominant monomial,
then xS · xλ is graded Lascoux positive.

Proof sketch. For any a ≤ b, let us write xa,b := x1 · · · xa(1− xa+1) · · · (1− xb). We show
(see Example 3.11) that the product xS · xλ can be written as a product

xj1,m1 xj2,m2 · · · xj`,m`
with j1 ≤ m1 ≤ j2 ≤ m2 ≤ · · · ≤ j` ≤ m`. (3.2)

A direct computation shows that if α ∈ Nm has m parts (so that Lα depends only on
the variables x1, . . . , xm), the product xj,kLα is graded Lascoux positive whenever m ≤ j.
It follows that any prefix product in (3.2) is graded Lascoux positive.
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Example 3.11. Take n = 6, λ = (3, 3, 2, 1, 1), and S = {3, 4}. Equation (3.2) expands the prod-
uct x{3,4} · x3

1x3
2x2

3x4x5 = (1− x1)(1− x2)x3x4(1− x5)(1− x6) · x3
1x3

2x2
3x4x5 as the product(

(1− x1)(1− x2)
)(

x1x2x3

)(
x1x2x3x4(1− x5)

)(
x1x2x3x4x5(1− x6)

)
= x0,2x3,3x4,5x5,6.

Second proof of Theorem 1.3. By Corollary 3.2, the polynomial R
(m,n)
D can be obtained from

the polynomial 1 ∈ Z[x] by repeated application of πi and ·ϕi. The operator πi preserves
Lascoux positivity because πi(Lα) ∈ {Lα,Lsiα}, and the operator ·ϕi preserves Lascoux
positivity by Theorem 1.4.
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