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The 1/4-phenomenon of placement probabilities
in the Aztec diamond

Marcus Schonfelder *!

! Department of Mathematics, University of Vienna, Austria

Abstract. We consider domino tilings of the Aztec diamond. Using the Domino Shuf-
fling algorithm introduced by Elkies, Kuperberg, Larsen, and Propp (1992), we are able
to generate domino tilings uniformly at random. In this paper, we investigate the prob-
ability of finding a domino at a specific position in such a random tiling. We prove
that this placement probability is always equal to 1/4 plus a rational function, whose
shape depends on the location of the domino, multiplied by a position-independent
factor that involves only the size of the diamond. This result leads to significantly more
compact explicit counting formulas compared to previous findings. As a direct appli-
cation, we derive explicit counting formulas for the domino tilings of Aztec diamonds
with 2 x 2-square holes at arbitrary positions.
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1 Motivation and main result

The dimer model has risen to a central object in statistical physics. From the point of
view of mathematics, it concerns itself with the probabilistic behaviour of random perfect
matchings on graphs. A perfect matching of a simple planar graph G = (V, E) is a subset
of edges 1 C E such that any vertex v € V is contained in exactly one edge of u (and
therefore matched with the other vertex in this edge). If the graphs are subgraphs of the
square- or hexagonal lattice, perfect matchings, in the context of statistical physics also
called dimer configurations, are in bijection with tilings of regions related to the graph by
duality. The most prominent examples are rhombus- and domino tilings. For the second,
one wants to cover a region consisting of a union of unit squares with domino shaped
tiles, i.e. 1 x 2 rectangles. An example of this idea is given in Figure 1. The connection
with perfect matchings is visualised in Figure 2.

Advances in this theory are achieved hand in hand with the development of new
enumerative techniques. First breakthroughs were accomplished by Temperley and
Fisher [17] and Kasteleyn [7], who simultaneously derived the enumeration formula
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Figure 1: A domino region left and one of its possible domino tilings on the right.

Figure 2: The bijection between domino tilings and perfect matchings of the dual
graph.

counting domino tilings of the n x m-rectangle. In the case of rhombus tilings it is
MacMahon’s Box Formula [15] which counts tilings of semiregular hexagons and con-
nects them with plane partitions. Later on, Kasteleyn [10] developed his method to
express the number of perfect matchings of any planar graph as a Pfaffian or determi-
nant, making the dimer model a solvable statistical model. Meanwhile, people started to
study the correlation functions on this probabilistic model. An early example would be
the work of Fisher and Stephenson [¢]. Later Kenyon [! 1] combined the computation of
correlations with Kasteleyn’s theory. In their simplest form, so-called one-point correla-
tion functions ask for the placement probability telling the chance of observing a certain
tile at a particular position in a random tiling. Equivalently, they encode the probability
that a given edge is contained in a random perfect matching.

For the semiregular hexagon, closed formulas for the placement probabilities were
developed by Fischer [5], Gilmore [/] and in even more generality Petrov [17]. However,
the complexity of these formulas makes them very cumbersome for many applications.
A conjecture by Krattenthaler [15], which is related to our main result, promises vast
possible simplifications of the structure of those formulas. In the future, we hope to be
able to transfer the ideas of our proof to the setting of the hexagonal lattice to also prove
his 20 year old conjecture.

We study the analogous problem of placement probabilities in the Aztec diamond.
Here, explicit formulas were found by Helfgott [¢] and Cohn, Elkies and Propp [”].
The probabilities were expressed in terms of products of Kravchuk polynomials, whose
complexity leads to similar problems as in the case of the semiregular hexagon. In this
article we prove a strongly simplifying structural result on the shape of the formulas for
those placement probabilities.
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Figure 3: The Aztec diamonds of sizes 4 (left) and 5 (centre) as well as a domino tiling
of the Aztec diamond (right).

1.1 Set-up and the main result

The Aztec diamond of size n € IN is a region in the plane consisting of unit squares
aligned as depicted in Figure 3. Throughout this article we assume our diamonds to be
coloured black and white in a chessboard pattern such that the left one of the top-most
unit squares is black. It was shown by Elkies, Kuperberg, Larsen and Propp [3, 4] that
the number of domino tilings of the Aztec diamond of size n is equal to

2(n+1)n/2, (1.1)

Moreover, also in [] the researchers developed an algorithm called Domino Shuffling
which enables us to sample a domino tiling of the Aztec diamond uniformly at random.
The implications of this algorithm make it possible to study single placement probabili-
ties. First of all, introduce a coordinate system to our Aztec diamond by assuming that
its centre is located at (0,0) and all squares have side length one. We consider the quan-
tity IP(1, m; n) defined to be the probability that in a random tiling of the Aztec diamond
of dimension 1 we observe a horizontal domino tile whose left square is coloured black
and such that the centre of its lower side is located at (I,m). The idea is visualised in
Figure 4.

The reason why we have to distinguish between horizontal tiles whose left square
is black or whose left square is white originates from the Domino Shuffling algorithm,
where those two cases lead to different actions in the procedure. Naturally, once we
know P(I,m;n) for all I,m € Z and n € N we know all possible placement probabilities
by just rotating the diamond. Clearly, P(I,m;n) = 0if I +m =n mod 2, since then the
left square at position (I,m) is simply white according to the rules of our colouring.

In [7], Cohn, Elkies and Propp worked out the asymptotic behaviour of IP(x, y;n) for
n — oo where (x,y) = (I/n,m/n) encodes the relative position inside a normalised Aztec
diamond. We on the other hand are interested in the exact value of those probabilities
for a fixed position in the diamond. We are able to prove the following statement about
the shape of an explicit formula.
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Figure 4: The Aztec diamonds of sizes 6. In blue we marked the space for a horizontal
domino tile at position (—2,1). The probability, to observe a horizontal domino at this
location in a random tiling is given by P(—2,1;6).

Theorem 1. Consider the Aztec diamond of size n € N with « € {0,1,2,3} and p € IN such
that n = 4p + a. Dye the Aztec diamond in a chessboard pattern black and white such that the
left of the topmost vertices is coloured black. Then, after sampling a tiling uniformly at random,
the probability to find a horizontal domino tile at position (I, m) whose left unit square is black
equals

1 —dp—a(2p—1\2 ) _
P(l, m;4p +a) = 112 P fima(p) i I+m=a+1 mod2
0 otherwise,

where fi  «(p) is a rational function in p.

Remark 1. By the recursive arguments of the proof of Theorem 1 it is also possible to construct
the rational functions fi ,, ,(p) explicitly for a given location (I,m) € Z?. However, depending
on the distance of (I, m) to the origin this procedure may involve many computational steps.
Below we give a couple of examples for the function fi ,, ,(p).

2

f313(p) = 8(%;27;?)/ fo~41(p) = 26 zrlifij)fp ),
_ 2 R V)

fo,~10(p) 41+ 6p + 8p7) fa—30(p) :( L=3p—6p

T A+p(-1+2p) 1+p)(—1+2p)

In the section below, we present an overview of the proof of Theorem 1. The com-
putational and technical details will be contained in the full version of this extended
abstract. The three major steps in the proof are diverted into their own subsections.
In the last section we apply the main result to obtain a statement about the structure
of enumeration formulas counting domino tilings of Aztec diamonds with 2 x 2-square
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holes. Namely, given any position (I, m) € Z* we show the existence of rational func-
tions g; o (p) and h; ,, o (p) such that the number of domino tilings of the Aztec diamond
of size 4p + « with a 2 x 2-square hole centred at this location is given by

2 4
D (4pat1)(dp-+a) /2 (é 22 (ZP P_ 1) Simalp) +2759 72 (2’” p_ 1) hz,m,a(p)> :

This is used to derive explicit formulas for the number of tilings of diamonds with a
central 2 x 2-square hole. Details are provided in Corollaries 2 and 3.

2 The proof of the main result

The idea of the proof is to reduce the statement by recursive arguments to the single
position (I,m) = (0,0). We will see that the validity of the theorem at the origin already
implies its validity at all other positions. At the origin, we show two explicit formulas
for IP(0,0;4p + 1) and IP(0,0;4p + 3) which align with the shape dictated by Theorem 1.

A crucial step in our proof will be the usage of a certain relation between the place-
ment probabilities. The Domino Shuffling algorithm gives rise to a quantity called net
creation rate.

Definition 1 ([”]). The net creation rate is defined as
Cr(l,m;n) :=2(P(l,m;n) —P(I,m — 1;n—1)). (2.1)

Both for Cr(I, m; n) and IP(I, m; n) there already exist closed formulas [, ]. However,
they are all stated in terms of Kravchuk polynomials.

Definition 2 (Kravchuk polynomial). The Kravchuk polynomial Kr(a,b;n) is given as the
coefficient of z* in (14 z)"~P(1 — z)°. Thus, we have explicitly

Kr(a, b;n) = ]é(_l)j (?) (Z :?)

Kravchuk polynomials are a family of discrete orthogonal polynomials. They fulfil a
symmetry relation as given in Lemma 1 and a typical three-term recurrence as described
in Lemma 2. The results are all taken from [16]. For a general introduction to the theory
of hypergeometric orthogonal polynomials see [1”].

Lemma 1 ([16, Thm. 17]). For non-negative integers a, b and n we have

al{n —a)! Kr(a,b;n).

Kr(b,a;n) = m
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Lemma 2 ([16, Thm. 19]). The Kravchuk polynomials fulfil the following recurrence:
(a+1)Kr(a+1,b,n) = (n—2b)Kr(a,b,n) — (n—a+1)Kr(a —1,b,n).

In the language of Kravchuk polynomials we now have the following formula for the
creation rates.

Lemma 3 ([, Prop. 2]). Let n > 0. Suppose | and m are integers with | +m =n mod 2 and
|4+ |m| <n. Seta:=(l+m+n)/2andb:= (I —m+n)/2, then

Cr(l,m;n+1) =2""Kr(a,b;n)Kr(b,a;n).
For all other integers | and m we have Cr(l,m;n+1) = 0.

This already yields the hint that we actually need to prove a statement about the
growth of Kravchuk polynomials. Hence, the idea is to prove that Kravchuk polynomials
grow in a way connected to Theorem 1 and deduce from that the correct (homogeneous)
growth rate for the creation rates Cr(l, m; n).

2.1 The Growth Theorem for Kravchuk polynomials
We prove the following statement about Kravchuk polynomials.

Theorem 2 (The Growth Theorem for Kravchuk polynomials). Let a,b € IN and a €
{0,1,2,3}. Then we have

2p—1

Kr(a+2p,b+2p;4p+a—1) = (—1)”( .

)ga,b,a(p),

where g, 4,.(p) is a rational function in p.

First we notice that it is actually enough to prove Theorem 2 only for the positions
(a,b) € {(0,0),(0,1),(1,1)} and all versions of « € {0,1,2,3}. That is, since inserting
the expression on the right-hand side of Theorem 2 into Lemma 1 we observe that the
statement of the theorem holds for (a,b) if and only if it holds for (b,a). Moreover,
by the three-term recursion stated in Lemma 2 it follows that if the theorem holds for
(n—1,b) and (n,b) it is also true for (n+1,b). Let now (a,b) € Z2%, be arbitrary. Since
we assume that the theorem is true for (0,1), it is also true for (1,0) due to Lemma 1. If
then the theorem holds for (0,0) and (1,0) it also holds for (b,0) due to the recursion.
Therefore it is also true for (0, b). However, since we assume validity for (0,1) and (1,1)
the recursion also yields validity for (b,1) and thus also (1,b). Now, since the theorem
would apply to (0,b) and (1,b) we derive again from the recursion that the statement
holds for (a,b) too. Hence, we deduce that to show Theorem 2 it is actually enough to
prove the following proposition.
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QK =... 0 1 2 3
g00a(p) |1 2 2
p+1
gl,O,zx(p) —1 0 2 4
g1,1,,x(}7) ﬂ -2 -2 0
—1+2p

Table 1: The rational function g, . (p).

Proposition 1. Let a,b € {0,1} but (a,b) # (0,1) and « € {0,1,2,3}. Then we have

2p—1

Kr(a+2p,b+2p4p+a—1) = (—1)”( .

)ga,b,zx(p)/

where the rational function g, ,(p) can be read off Table 1.

Proof. The identities listed in Table 1 are all proven by comparing the coefficient of z/727
in the expression

(1 + Z)Zerucfl—b(l _ Z)2p+b,

which gives by definition the Kravchuk-polynomial Kr(a 4 2p,b + 2p;4p +a — 1), and
the same coefficient in the generating function when it is reshaped to some expression
similar to

(1 _ ZZ)Zp—l(l + Z)tx—b(l _ Z)H_b.

As a corollary we obtain the suitable growth for the net creation rates.

Corollary 1. Let n = 4p +a > 1, suppose | and m are integers with | +m = n —1 mod 2
and |l| + |m| < n—1. Then
2p—1

Cr(l,m;4p + o) = 24—+l ( .

>2fl,m,a(p)'

where fi  «(p) is a rational function in p.

For the proof one combines Lemma 3 with Theorem 2.

2.2 Reduction to the origin

Having the suitable growth for the net creation rates by Corollary 1 and applying it to
Equation (2.1) in the definition of the creation rates, we see inductively that the prob-
ability IP(I, m;4p + «) satisfies Theorem 1 if and only if P(I,0;4p + «) does. Hence, it



8 M. Schonfelder

Figure 5: The four possibilities to place a domino tile on the upper-right central unit
square. From the point of view of the covered unit square, the covering tile has to be
oriented either east, north, west or south. By symmetries and our conventions of colour-
ing we have P(1,0;4p + a) = P(east) = P(north) and P(0, —1;4p + a) = P(west) =
IP(south).

is enough to show the statement of Theorem 1 for positions along the horizontal axis.
Moreover, due to the symmetry of the Aztec diamond we have for all [,m € Z and
n e N:

P(—1,m;n) =P(l,m;n).

Therefore, we assume | > 0. In a next step we show that it is actually enough to prove the
statement of Theorem 1 for IP(0,0;4p + «). This is summarised in the next proposition.

Proposition 2. If we have

2p—1
p

for a rational function f,(p) in pifa € {1,3} and P(0,0;4p+a) = 0 if a € {0,2} then either

2
P(0,0;4p + ) = }1+2‘4”‘“< ) fa(p)

2p—1
p
with f ,(p) a rational function in p or P(1,0;4p +a) = 0.

1 2
P(l,0;4p +a) = 1 +2_4p_“( ) fra(p)

Proof. We use induction on the horizontal coordinate / > 0. We already assume the
statement for the case I = 0. By the observations at the beginning of this subsection we
may therefore assume that Theorem 1 holds for (0, m;4p + «) forall m € Z. For | =1
we use that we are working with probabilities in random tilings and thus every unit
square must be covered by some domino tile which can be oriented in only four possible
ways. Comparing with Figure 5 and since probabilities add up to one, we deduce that
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P(1,0;4p + ) = %(1 —2IP(0, —1;4p + a)).

Now, since we assumed that Theorem 1 holds for P(0, —1;4p + «) we observe that it is
also true for P(1,0;4p + ).

Now, for arbitrary I > 0 we apply the same trick as described in Figure 5. Using the
same notions and notations we obtain

P(1,0;4p + ) = P(east) = 1 — P(north) — P (west) — IP(south),

and all the probabilities on the right-hand side correspond to quantities P(I’, m’;4p + «)
with I’ < [. Thus our induction hypothesis applies and also IP(1,0;4p + «) is expressible

as )
1 —4p— 2]9 -1
1 . fra(p)

for some rational function f; ,(p). O

2.3 The case of the origin

The proof of Theorem 1 is finished once we show its statement for position (0,0). To do
so, we prove the following.

Proposition 3. We have

2
P(0,0;4p +1) = = +27% (2p N 1) , (2.2)

p

IP(0,0;4p +3) = (2.3)

TN,

and P(0,0;4p) = P(0,0;4p+2) = 0.

Proof. First of all, the equation IP(0,0;4p) = P(0,0;4p +2) = 0 just follows from the
convention of our colouring since a horizontal domino at position (0,0) will always have
a white square on its left if the size of the diamond is even.

For the more interesting equations we apply a powerful tool from general perfect
matching enumeration called Kuo condensation [14]. It tells that for a planar graph
G = (V,E) with distinct vertices a,b,c,d € V, which are located in the same face of G
and appear in cyclic order, we have for the numbers of perfect matchings

M(G)M(G\{a,b,c,d}) = M(G\{a,b})M(G\{c,d}) — M(G\{a,c})M(G\{b,d})
+M(G\{a,d})M(G\{b,c}),

where M(H) denotes the number of perfect matchings of a subgraph H of G. Now, in
order to prove Equation (2.3), the simpler of the two identities, we proceed as follows.
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Since the tilings of the Aztec diamond are in bijection with perfect matchings of its dual
graph, we apply this identity with a,b,c,d being the central four unit squares of the
Aztec diamond. After straightforward computations which make use of the symmetry
of the Aztec diamond we arrive at the equation

#Tilings of A\{a,b,c,d} = 2U4rT9Er+3)/2 2p(0,0;4p + 3)?, (2.4)

where A\{a,b,c,d} in this case just denotes the Aztec diamond of size 4p + 3 which has
a central 2 x 2-square hole. However, by a theorem of Ciucu [!] it is known, that for
holey Aztec diamonds of size 4p + 3 we have

#Tilings of A\{a, b, c,d} = 287 +14p+3,

Inserting this into Equation (2.4) this proves the identity of Equation (2.3).

On the other hand, to show Equation (2.2) we apply Kuo condensation to a region as
it is shown in Figure 6. After removing all forced tiles in the subregions appearing in the
Kuo condensation formula we arrive at a certain quadratic equation for IP(0,0;4p + 1).

For this, one shows that
2
O
4 p

is a solution and the second solution does not give correct values for the probabilities.
This completes the proof of Proposition 3 and therefore also the proof of Theorem 1.

a

[

Figure 6: The domino domain A™: an Aztec diamond of size 4p + 1 (here p = 2) with
a horizontal domino shaped hole at position (0,0) and additional squares 4,b,c,d in
particular positions of the corners. (Always added at second position at each tip, when
read in clockwise order.)
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3 Application: tiling enumeration of Aztec diamonds with
2 X 2-square holes.

In this last section we apply Theorem 1 to count domino tilings in an Aztec diamond
which has a 2 x 2-square hole whose centre is located at (I,m) € Z2.

Corollary 2. The number of domino tilings of an Aztec diamond of size 4p + «, « € {0,1,2,3}
with a 2 x 2-square hole centred at position (1, m) € Z? is equal to

1 2p—1\? 2p - 1\*
2<4p+«+1><4p+“>/2(§+2—4P—“—2( P ) ) gz,m,a(p)+2‘8P‘2“( P ) ) hl,m,a(p)>/

where g1, «(p) and hy , o (p) are two rational functions in p.

Proof. The formula in Corollary 2 is again obtained by applying Kuo condensation [14]
to the four unit squares forming the square hole and inserting the expressions provided
by Theorem 1. O

In particular, we obtain explicit enumeration formulas for the number of domino
tilings of Aztec diamonds with a central 2 x 2-square hole. Closed expressions were
already derived by Mihai Ciucu in [I] for the numbers of tilings of diamonds of size
4p + 2 and 4p + 3. By Corollary 2 we are now able to state two compact formulas
counting the tilings of holey Aztec diamonds of the other two cases, i.e. diamonds of
size 4p and 4p + 1.

Corollary 3. The Aztec diamond with a central 2 X 2-square hole has

pwiap+) (L o-ap <2P - 1)2 4 8p+ (2P - 1>4
8 p P

tilings if the diamond is of size 4p and

7(2p+1)(4p+1) 1 +4p <2P - 1)2 4+ 8p+1 (ZP - 1)4 )
8 p p

tilings if the diamond is of size 4p + 1.
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