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Abstract. Let IF be a field of characteristic 0 and let (), be the ring of regular differential
forms on F". The natural action of &, on IF" induces an action on (,,. The superspace
coinvariant ring is the quotient SR, of (), by the ideal generated by &,-invariants with
vanishing constant term. We calculate the bigraded character of SR;,, describe a vector
space basis of SR;, and give an ‘operator theorem” which characterizes the associated
inverse system. Our results prove conjectures of Bergeron, Colmenarejo, Li, Machacek,
Reiner, Sagan, Sulzgruber, Swanson, Wallach, and Zabrocki.
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1 Introduction

This extended abstract outlines the results in three papers [2, 11, 14] on the superspace
coinvariant ring SR;. We review classical &,-coinvariant theory before introducing the
object of study.

Let FF be a field of characteristic 0, let x, = (x1,...,x;,) be a list of n variables, and let

F[x,| := F[x1,...,x,] be the rank n polynomial ring. The symmetric group &, acts on
F[x,] by subscript permutation. We write
Iy == (F[xa]$") (1.1)

for the ideal generated by &,-invariant polynomials with vanishing constant term and

Ry = F[x,]/ L (1.2)
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for the corresponding quotient ring. The quotient R, is the coinvariant ring associated to
the symmetric group; it is a graded &,-module.

The ring R, is among the most important representations in algebraic combinatorics.
E. Artin proved [3] that R, has vector space basis given by the ‘substaircase’ monomials
{x]'--xi" : a; < i}. In particular, the Hilbert series of R, is given by!

Hilb(Ry; ¢) = [n]!. (1.3)
Chevalley proved [6] that there is an isomorphism of ungraded &,-modules
R, =g, F[G,] (1.4)

so that R, is a graded refinement of the regular representation of &,,. Lusztig and Stanley
[16] gave the following combinatorial formula for the graded character of Rj:

grFrob(Ry;q) = ) qmaj(T)-sA(T). (1.5)
TeSYT(n)

Here SYT(n) is the family of standard Young tableaux with n boxes, maj(T) is the major
index of a tableau T, and A(T) - n is the shape of T. Borel proved [°] that R, presents
the cohomology ring H*(G/B) of the type A,_1 complete flag variety.

Now let x, = (x1,...,%4),¥n = (Y1, ..,Yn) be two lists of n variables. Write [F[x,, y,]
for the rank 2n polynomial ring with its ‘diagonal” action

w-Xx; = xw(z’)/ w-Y; = yw(z) (1.6)

of &,. Let DI, C F[x,,yn| be the ideal generated by &,-invariants with vanishing
constant term. Garsia and Haiman defined [10] the diagonal coinvariant ring

DRy, := F[xy, yn]/ Dl (1.7)

Haiman used the algebraic geometry of Hilbert schemes to prove [7] that the ungraded
Sy-action on DR, is isomorphic to its permutation action on size n parking functions,
up to a sign twist. Haiman also proved [7] that the bigraded Frobenius image of DR, is
given by

grFrob(DRy;q,t) = Ve, (1.8)

where V is the Bergeron-Garsia nabla operator on symmetric functions.
The rank n superspace ring is the bigraded algebra

Qn = IF[xl,...,xn] ®IF /\{61,...,971} (1.9)

'We use the g-notation [n], := = [n]lg := [n]gn — 1] [1]y, and [}] = -
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of regular differential forms on F".? The defining action of &, on F" induces a diagonal
action

w-XxX; = xw(i), w - 91' = ew(z) (110)
of &, on ). Our object of study is as follows.
Definition 1. The superspace coinvariant ideal is the two-sided ideal SI, C (), generated by
the space (Qn)f” of &y-invariants with vanishing constant term. The superspace coinvariant

ring is the quotient
SRn = Qn/SIn. (1.11)

The quotient SR, is a bigraded &,-module with respect to x-degree and 6-degree. It
was introduced by the Fields Institute Combinatorics Group in 2018.3 Write OP,, for the
family of ordered set partitions of [n] := {1,....n}. For example, one has

(1]2]3), (2]1]3), (1]3]2), (2|3]1), (3|1]2), (3[1]2),
OP;={ (12]3), (13]2), (23|1), (1]23), (2]13), (3|12),
(123)

The Fields Group predicted that the structure SR, is governed by the combinatorics of
OP,.

Conjecture 1. (Fields Conjectures [19]) The superspace coinvariant ring SR, enjoys the fol-
lowing properties.

1. The vector space dimension of SRy, is #OP,,.

2. The bigraded Hilbert series of SR, is Hilb(SRy; ,z) = Yp_, 2" [k]!g - Stiry(n, k) where
q tracks x-degree, z tracks 0-degree, and Stirg(n, k) is a g-Stirling number.

3. Asungraded &,-modules, one has SR,, =g, F{[OP,| ® sign where sign is the 1-dimensional
sign representation of &,,.

4. The bigraded Frobenius image of SRy, is gtFrob(SRy; q,z) = Y4_1 2" % - C,x(x; q) where
Cx(x;q) is a symmetric function whose definition is given in Section 5.

Shortly after Conjecture 1 appeared, other conjectures about SR, were proposed.

e Sagan and Swanson [!5] gave a conjectural monomial basis of SR, extending
Artin’s substaircase monomial basis of R,.

* Swanson and Wallach [15] made an ‘operator conjecture’ on the inverse system SI;-
associated to SR,,.

2The ‘super’ refers to supersymmetry in physics, where the x; correspond to states of bosons and the
0; correspond to states of fermions.
3N. Bergeron, L. Colmenarejo, S. X. Li, J. Machacek, R. Sulzgruber, and M. Zabrocki
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* Reiner [1”7] made a conjecture on the restriction of SR, from &, to &,_; mirroring
the usual combinatorial recursion relating ordered set partitions of [n] to ordered
set partitions of [n — 1].

The inscrutable Grobner theory of the quotient ring SR, made these conjectures re-
sistant to the “straightening’ techniques often used to analyze quotient rings in algebraic
combinatorics. Finding an elementary proof of any of these conjectures is an open prob-
lem. This extended abstract tells the story of how these conjectures were proven.

2 Background

2.1 Symmetric Functions and Representation Theory

We write A = @,,>¢ Ay for the graded ring of symmetric functions in an infinite variable
set x = (x1, X2, ...) over the ground field IF(q,t,z). Bases of the degree n component A,
are indexed by partitions A - n. We will use the elementary basis {e, } and the Schur
basis {s)} of A,. Let (—, —) be the Hall inner product on A with respect to which the
Schur basis is orthonormal.

Irreducible representations of the symmetric group &, are in one-to-one correspon-
dence with partitions of n. Write V* for the irreducible &,-module corresponding to
A F n. If V is any finite-dimensional &,-module, there are unique multiplicities ¢y > 0
so that V = @, , cAV*. The Frobenius image of V is the symmetric function

Frob(V) :=) cy-sy (2.1)
Aln
obtained by replacing each irreducible with its corresponding Schur function. More gen-
erally, let V = @~ V; be a graded representation of &, with each V; finite-dimensional.
The graded Frobenius image of V is the symmetric function

grFrob(V; q) ZFrob (2.2)

i>0
Still more generally, if V = @; ;> Vi is a bigraded &,-module, we write
grFrob(V;q,z) := Y Frob(V;;) g (2.3)
i,j>0
for the bigraded Frobenius image of V.
The Hilbert series of a graded vector space V = ;> V; is given by
Hilb(V;q) := }_dimV; - ¢'. (2.4)
i>0
Similarly, if V = ; ;> Vi, is a bigraded vector space the (bigraded) Hilbert series of V' is

Hilb(V;q,z) := ) dim(V;;) -q'2. (2.5)
i,7>0
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2.2 Supercommutative Algebra

For 1 <i < n, the partial derivative operator d/0x; acts on the first tensor factor of the
superspace ring O, = Fx1,...,x,] ® A{01,...,0,}. The contraction operator (or fermionic
partial derivative) d/90; acts on the second tensor factor of (), as follows. Consider distinct
indices 1 < jy,...,jr < nsothat0; ---0; is a nonzero exterior monomial. One has

9/00;: 0;, -+ 0; > {(_1)5_191'1 GG B lf] =1 o (2.6)
0 if ji,...,jr #1.
The operators d/9dx; and d/90; satisfy the same relations as (), viz.
(0/0x;)(9/0x;) = (0/0xj)(d/0x;) (9/0x;)(d/90;) = (9/00;)(a/9x;)
(0/00;)(0/00;) = —(9/06;)(9/96;)

for all 1 < i,j < n. For any superspace element f = f(x1,...,x,61,...,60,), we thus
have a well-defined operator of : 3, — (), given by

df :== f(d/9x1,...,0/0x,,0/061,...,0/96,).

Let I C (), be a bihomogeneous ideal. The inverse system (or harmonic space) is the
subspace I L CcO, given by

It :={geQ,: (3f)(g) =0forall f € I}. 2.7)

One can show that I is a bigraded subspace of (), with the same Hilbert series as
0, /1. If G C GL,(F) is a finite matrix group, then G acts on (), by linear substitutions.
If I C Q, is stable under the action of G, one can show that I+ is also stable under the
action of G and that one has an isomorphism Q,/I =g I+ of bigraded G-modules.

3 Operator Theorem and Basis Transfer

There is a beautiful description of the inverse system I attached to the classical coin-
variant ideal I, C F[x,]. Write 6, € F|x,] for the Vandermonde determinant

Op 1= H (xi — x]) (3.1)

1<i<j<n

Steinberg proved [17] that I;- is the smallest linear subspace of IF[x,| containing J, which
is closed under the partial derivative operators 0/dx; for i = 1,...,n. Our first result is
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a similar characterization of the inverse system SI;- C Q, of the superspace coinvariant
ideal. For j > 1, let dj : )y, — O, be the higher Euler operator

When j = 1, the operator d; = d is the usual boundary operator in de Rham cohomology.
The following result was conjectured by Swanson and Wallach [15].

Theorem 1. (Operator Theorem [14, R~W.]) The inverse system SI,- C (), is the smallest
linear subspace of (3, which . ..

e contains the Vandermonde determinant 6,
* is closed under the partial derivative operators 0/0x1,...,0/0xy, and

* is closed under the higher Euler operator d; for all j > 1.

Theorem 1 is similar in form to a result of Haiman’s characterizing the inverse system
DI C F[x,,ya] in the case of two commuting sets of variables. Haiman proved [“]
that DI,,lL is the smallest linear subspace of FF[x,,y,| containing J, (in the x-variables)
which is closed under the derivatives 0/0x;, d/dy; together with the ‘higher polarization
operators’

n a] '
oi(F) =Y 2y =), 3.3
i=1 0x;

The proof of Theorem 1 in [14] is deeply intertwined with the proof of the following
result. For a subset | C [n], define a polynomial f; € F[x,] by

f] = H (x] X H (X] — xk)> . (3.4)

jel j<k<n

We have the colon ideal (I, : fj) := {g € F[xx| : g f; € In} C F[xy]. The next result
transfers vector space bases from the purely commutative quotients F[x,]/ (I, : fj) to
the superspace coinvariant ring SR;,. This trades a single problem in supercommutative
algebra for 2" problems in commutative algebra (where one has more tools).

Theorem 2. (Basis Transfer [14, R-W.]) For each ] C [n] let B; C F[x,] be a set of homo-
geneous polynomials. Suppose that B} descends to a vector space basis of F[x,]/ (I, : fj) for all

J C [n]. Then the set
B .= |_| B]-Qj

J<n]
descends to a vector space basis of SRy, where the product 0] := ey 6; is taken in increasing
order.
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Theorem 2 leads to an expression for the bigraded Hilbert series of SR;,. The g-Stirling
number is defined by the recursion

Stirg(n, k) := Stiry(n — 1,k — 1) 4 [k]; - Stiry(n — 1, k) (3.5)

together with the initial condition Stir,(0,k) := J;o (Kronecker delta). This is a g-
analogue of the usual Stirling number Stir(n, k) counting k-block set partitions of [n].
The following result proves Parts 1 and 2 of the Fields Conjecture 1.

Theorem 3. ([14, R.-W.]) The bigraded Hilbert series of SRy, is given by

n
Hilb(SR,;9,2z) = ) Z" k. k]!, - Stirg(n, k).
k=1
The proofs of Theorems 1, 2 and 3 make use of so-called J-staircases. Given a subset
J C [n], the J-staircase st(]) := (st(])1,...,st(J)n) is defined recursively by

fo 1ey, st i+1e],
st(J)1 := {1 127, st(J)iq1 := {st(])i—l—l ii1e] (3.6)

When n = 7 and | = {3,5,6} then st(J) = (1,2,2,3,3,3,4) where underlines indicate
elements of J.

In order to prove the above theorems, one finds [14] explicit homogeneous polyno-
mials pj1,...,p;n € F[x,] with deg(p;;) = st(]); so that (I, : f;) = (pj1,...,pjn)- The
p;,i appearing in [14] have a complicated definition involving partial derivatives of com-
plete homogeneous symmetric polynomials in partial variable sets. The ideal equality
(In : fj) = (pj1,---,Pyn) implies that colon ideal (I, : fj) is the unit ideal when 1 € |
and pj1,...,p). is a regular sequence when 1 € . In particular, one has the Hilbert

series
n

Hilb(F(x,]/ (In : f1);q) = H[St(])i]q- (3.7)

i=1
Theorem 3 follows from Equation (3.7) and Theorem 2.

4 Sagan-Swanson basis

Theorem 2 and Equation (3.7) suggest a monomial basis of SR,. For | C [n], let

An(]) i= {x]" - a; < st(])i} (4.1)

be the set of monomials in the x-variables which fit under the J-staircase. These reduce
to the usual Artin monomials {x]'---x3" : a; < i} when | = &. The following result
was conjectured by Sagan and Swanson [15].
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Theorem 4. ([2, A—C.-K.-M.-R.]) For all | C [n], the set A,(]) descends to a vector space
basis of F[x,]/ (I : fy). Furthermore, the set

An = |_| An(]) . 9].
J<[n]
of superspace monomials descends to a vector space basis of the superspace coinvariant ring SR,,.

The second part of Theorem 4 follows from the first part and Theorem 2. For example,
if n = 3 we have the following vector space basis of SR3.

J< 3] | st()) monomials in A3
o ( {x2x3, x2x3, x5, X2, x3, 1}
{2t | (

(

(

)
) {x302, 02}
{3} g

{x2x303, x203, x363, 03}
{2,3} {6263}

The subsets ] C [3] containing 1 have st(]); = 0 and so do not contribute any monomials
to Ajs.

The proof of Theorem 4 in [”] is indirect. Indeed, the authors do not know an elemen-
tary proof that A, spans SR, using the relations of SI,. Rather, the proof of Theorem 4
uses Solomon—Terao (ST) algebras associated to hyperplane arrangements as defined by
Abe, Maeno, Murai, and Numata [!]. It is shown that the IF[x,]/ (I, : fj) are instances of
these ST algebras for ‘southwest arrangements’. The southwest arrangements group into
free triples leading to short exact sequences among their ST algebras which inductively
give the desired bases A, (]) of the F{x,]/ (I, : f}).

5 Module structure

We turn to the bigraded &,-isomorphism type of SR,,. For k < n, let C, x(x;q) € A, be
the following symmetric function:

; =Ky _(n—k)-des d T
Coxliq) = Y graDH(30- (k) <T>[::Sf k)} S\(r) (5.1)
TESYT(n) q

Here des(T) is the number of descents in a standard Young tableau T. In terms of
Macdonald eigenoperators, one has C,x(x;q) = A, en [0 where A, : A — Alisa
delta operator. There are combinatorial expressions for C, x(x;q) involving statistics on
ordered set partitions; we refer the reader to [, 17] for the symmetric function avatars
of Cn,k(X;q)'

The bigraded character grFrob(SRy; g, z) is built out of the C,, x(x;¢q). The following
result proves Parts 3 and 4 of the Fields Conjecture 1.
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Theorem 5. ([11, M.-R.—W.]) The bigraded Frobenius image of SR, is given by

n

grFrob(SRy;q,z) = | z" k. Cux(x:9).
k=1

As an example, when n = 3, Theorem 5 gives the formula

ngrOb(SRg,' q,Z) = ZO . (53 + q-521 + qZ ©S21 + q3 . 8111)
+z' (51 +q- (521 +5111) + 4% - S111) + 2%+ S111.-

Proof. (Sketch) For p = (p1,...,p4r) - n,let &, := &y, x --- X &, be the corresponding
parabolic subgroup of &,. Let ¢, := Luwes, sign(w) - w € F[S,] be the group algebra
element which antisymmetrizes over & - If V is an &,,-module, one has

(Frob(V),e,) = dim(e;, - V). (5.2)

Since {e;, : u - n} is a basis of A, the symmetric function Frob(V) € A, is determined
by the numbers dim(ey, - V) for p b= n. Equivalently, if V = @, ;> V; ; then grFrob(V; g, z)
is determined by the polynomials

(grFrob(V;q,z),e,) = Hilb(e, - V;q,z), ub n. (5.3)

Taking V = SR, to be the superspace coinvariant ring, we prove that Equation (5.3)
coincides with (Yp_; z" % - C,x(x;q), ey) for all p F n.

If f,g are polynomials in ¢, z, write f < g if ¢ — f has nonnegative coefficients. The
inequality

n
Hilb(e, - SRy; 9,2) < <Z k. Cn,k(x;q),ey> (5.4)
k=1

follows from the basis result of Theorem 4; applying ¢, to the monomials of A, and
removing ‘obvious’ linear dependencies gives a spanning set of ¢, - SR, which implies
(5.4). For the other inequality

Hilb(e, - SRy; 9,2) > <Z k. Cn,k(x;q),ey> (5.5)
k=1

one switches to the inverse system SI;; and proves that there are sufficiently many lin-
early independent elements of ¢, - SI;- in the appropriate bidegrees. O

Theorem 5 gives the following combinatorial interpretation of the ungraded &,-
structure of SR,. Write OP, ; for the family of ordered set partitions of [n] with k
blocks, equipped with its permutation action of &,,.
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Corollary 1. (M.-R.-W. [11]) We have an isomorphism of ungraded &,-modules
SR, =g, FIOP,] ® sign.
In fact, for any k > 1, we have an isomorphism of ungraded &,-modules
6-degree n — k part of SR, =, F[OP,, ] ® sign.
The number #OP,, ;. of k-block ordered set partitions of [n] satisfies the recursion
#OP =k (HOPy_ 151 +#OPy_1x)

coming from erasing the largest element 1 (together with its block, if {n} is a singleton).
Reiner conjectured [1”] a refinement of this recursion in SR;. In the following result,
we write (SR, )4 for the 6-degree d part of SR,,. Observe that (SR,), is a singly-graded
&,-module under x-degree.

Corollary 2. (Reiner’s Conjecture [1 |, M.-R.-W.]) The restriction Resgzi1 (SRy )k satisfies
the following recursion:

ngrob(Resg;'_1 (SRu)n_k;9) =
[k]q - (grFrob((SRy,—-1)n—k;q) + grFrob((SRy—1)n—x-1;9)) -

6 Future Directions

A natural way to extend the above results on SR, is to consider a larger family of reflec-
tion groups. For clarity, we focus on the case where the ground field IF = R is the real
numbers.

Let W act by reflections on V. = R". Let () be the algebra of regular differential
forms on V, bigraded by polynomial and exterior degree. The action of W on V induces
a bigraded action of W on Q). Let SIyy C Q) be the ideal generated by W-invariant
differential forms with vanishing constant term. The W-superspace coinvariant ring is the
quotient

SRW = Q/SIW (61)

Then SRy is a bigraded W-module with respect to polynomial and exterior degree.

We aim to give a combinatorial model for SRyy; here is a conjecture in this direction.
Recall that the Coxeter complex of W is the subdivision of V' = R" formed by the reflecting
hyperplanes of W. We write OPy for the Coxeter complex and OPy  C OPyw for
its codimension k faces. The set OPyy  carries a natural permutation action of W. We
conjecture that SRyy is ‘bounded from below” by OPyy as follows.
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Conjecture 2. Let W be a real reflection group. For any k > 0, there exists a W-equivariant
surjection
QO . (SRW)k —» IR[O,PW,]{] X det

where (SR )i is the exterior degree k part of SRy and det is the linear determinant character.

Corollary 1 implies that Conjecture 2 is true, and that ¢ is an isomorphism, in type
A. Bhattacharya [4] calculated the bigraded Hilbert series of SRy in types BC and, in
particular, proved that dim(SRy ) = #OPy in this case. In type F4, the characters
of (SRw)x and R[OPy ] ® det disagree only when k = 2,3. The group F4 has 25
irreducible characters; we order them )1,..., x25 as in sage. If x = ajx1 + - + a25X25
is any character, we have a sequence (ay,...,ap5) of multiplicities. The following table
displays these multiplicities for (SRy)x and R[OPyy x| ® det.

k | characters of (SRy(g,) )k (top) and R[OPy (g, ] ® det (bottom)
(0,6,1,1,6,0,6,0,0,5,5,12,5,6,8,4,16,4,16,21, 10, 10, 3,14, 18)

21 (0,6,1,1,6,0,6,0,0,5,5,12,4,6,8,4, 16,4, 16,21, 10,10, 3, 14, 18)
5| (04002020011 41,0,2,0,40,46110,22)
(0,4,0,0,2,0,2,0,0,1,1, 4,0,0,2,0,4,0,4,6,1,1,0,2,2)

The eagle-eyed reader will notice a single discrepancy in both cases: the algebraic char-
acter (SR ) contains one more copy of the ‘unlucky” degree 4 character x13. This gives
some evidence that, although the map ¢ in Conjecture 2 cannot always be an isomor-
phism, there is an uncanny resemblance between its domain and target.

In the context of two commuting sets of variables, Conjecture 2 is reminiscent of a
famous result of Gordon [/]. Let W be a Weyl group with root lattice Q and Coxeter
number . Then W acts on the ‘“finite torus” Q/(h + 1)Q as well as the coordinate ring
ring R[V & V*| of V& V*. The W-diagonal coinvariant ring is DRy := R[V & V*]/DIy
where DIy is generated by W-invariants with vanishing constant term. Using Cherednik
algebras, Gordon proved [/] that a W-epimorphism DRy — R[Q/ (h+1)Q] ® det exists.
It would be interesting to see if Gordon’s ideas could shed light on Conjecture 2.
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