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The Orlik—Solomon algebra of a locally geometric
poset
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Abstract. Motivated by the intersection data of hyperplane arrangements and their
generalizations, we describe a matroidal framework for locally geometric posets. Us-
ing this framework, we construct an Orlik-Solomon algebra associated to a locally
geometric poset. This construction generalizes that of geometric semilattices, where
in the realizable case the Orlik-Solomon algebra arises as the cohomology ring of
a hyperplane arrangement complement. In our context, the Orlik-Solomon algebra
introduced here is the “combinatorial” contribution to the cohomology of a toric or
abelian arrangement complement, which interacts with a “topological” contribution
from the cohomology of the ambient space. Using Grobner basis theory, we estab-
lish a no-broken-circuit basis analogous to that of the classical Orlik-Solomon algebra,
which provides the tools necessary for a deletion-contraction formula, and deeper un-
derstanding of the characteristic polynomial.
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1 Introduction

The Orlik-Solomon algebra is an important object at the intersection of combinatorics,
algebra, and topology. By leveraging the combinatorial structure underlying a hyper-
plane arrangement, an intersection pattern encoded in a geometric lattice or matroid, Orlik
and Solomon [“] observed that the cohomology ring of the complement to a hyperplane
arrangement depends only on this combinatorial data. This led them to study the com-
binatorial and algebraic properties of an analogous algebra for any matroid or for any
geometric semilattice, regardless of realizability by a hyperplane arrangement.

Our goal is to extend this idea of an Orlik—Solomon algebra from hyperplane arrange-
ments to a broader context of locally geometric posets (Definition 1) and matroid preschemes
(Definition 2), a combinatorial framework that generalizes matroids and encodes the
intersection pattern of abelian arrangements ([3, Theorem 15.10]). Here, an abelian ar-
rangement is an arrangement of certain subgroups in a connected abelian Lie group,
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including hyperplane arrangements and their toric and elliptic analogues. The cohomol-
ogy of an abelian arrangement complement is computed using both combinatorial data
(from its intersection pattern) and topological data (from the cohomology of the abelian
Lie group). See [/, ”] for a description of the cohomology ring in the noncompact cases;
the cohomology ring in the compact case is not known but can be computed from a
spectral sequence (see eg. [4]). We define the Orlik-Solomon algebra (Definition 6) in a
way that captures precisely the combinatorial input (see Remark 1) and makes sense for
any locally geometric poset, regardless of realizability by an arrangement.

A key feature of the classical Orlik-Solomon algebra is that its defining ideal admits a
combinatorial Grobner basis [12, Thm. 2.8] corresponding to a well-known vector space
basis: the no-broken-circuit (nbc) basis. We show (Theorem 2) that the defining ideal of
our generalized Orlik-Solomon algebra admits a similarly combinatorial Grébner basis,
corresponding to an analogous nbc basis (Corollary 1). This then provides access to
useful tools such as a deletion—contraction formula (Theorem 3) and the characteristic
polynomial (Theorem 4).

2 Locally geometric posets
Let P be a finite partially ordered set, or poset. Given x € P we write
Poxi={yeP:y<x} and Psy:={yeP:y>x}

For a subset T C P, let the join, \/ T, be the set of minimal upper bounds, and the meet,
A T, be the set of maximal lower bounds. That is,

VT:=min{fueP:u>a VaeT} and AT:=max{leP:1<a, VaeT}

When T = {x,y} we write x Vy := VT and x Ay := AT. We say that P is a (meet-)
semilattice if for all x,y € P, |x Ay| = 1. If additionally |[x Vy| =1 for all x,y € P, we
say that P is a lattice.

A poset P is bounded below if it has a unique minimum element denoted 0. We say
that P is ranked if there is an order-preserving map p : P — Z>, such that whenever y
covers x, p(y) = p(x) + 1. A ranked poset is pure if all maximal elements have the same
rank. When a ranked poset P is bounded below, we may assume that p(0) = 0, and let
the set of atoms of P be

at(P):={acP:pa) =1}

We will abuse this notation and also denote at(x) := at(P<y) whenever x € P. When
every element of P is contained in the join of some set of atoms, P is called atomic.



The Orlik—Solomon algebra of a locally geometric poset 3

Definition 1. Let P be a ranked, atomic lattice with rank function p. Then we call P a
geometric lattice if P is semimodular, i.e. for every x,y € P,

p(x) +p(y) = p(xVy) +p(xAy).

A ranked, bounded-below poset P is called locally geometric if for all x € P, P<y is a
geometric lattice.

Example 1. For a finite set T, the Boolean lattice B(T), whose elements are the subsets
of T ordered by inclusion, is a geometric lattice. In this case, join corresponds to union;
meet corresponds to intersection; and rank corresponds to cardinality.

A simplicial poset is a bounded-below poset P such that for all x € P, the subposet
P< is isomorphic to the boolean algebra B(at(x)). As such, a simplicial poset is a locally
geometric poset.

When P is a simplicial poset, the rank on P is determined by |at(x)|, thus we will
sometimes abbreviate |x| to mean the rank of an element x in a simplicial poset. Fur-
thermore, for a,x € P, if a < x then there is a unique element x \ a € P<, such that
(x\a)Va>xand (x\a) Aa = 0. We call this element the complement of a in Py, and
it satisfies |x \ a| = |x| — |a].

Example 2. A geometric poset is a locally geometric poset that satisfies the additional
condition: whenever x € P, Y C at(P),y € VY, and p(x) < p(y) = |Y|, there exists an
a € Ysuchthata £ xand a V x # @.

The posets depicted in Figures 1la and 1b are both locally geometric posets. The
second one satisfies the global geometric condition, while the first one does not.

(a) A locally geometric poset (b) A geometric poset

Figure 1: Examples of locally geometric posets, see Example 2

Example 3. A geometric semilattice is a geometric poset that is also a meet-semilattice;
this is equivalent to the definition of geometric semilattice from [!1]. Given an arrange-
ment A of affine hyperplanes in a vector space, the collection of nonempty intersections
of hyperplanes from A ordered by reverse inclusion has the structure of a geometric
semilattice. An example of an arrangement of lines in the plane is depicted in Figure 2a
and its intersection data in Figure 2b.
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(a) An affine line arrangement  (b) A geometric semilattice (c) An intersection poset

Figure 2: Arrangements and their intersection data, see Examples 3 and 4.

Example 4. More generally, any arrangement of subvarieties which intersect like hyper-
planes, including toric and abelian arrangements as well as blowups of hyperplane ar-
rangements, is encoded in a locally geometric poset ([5, Cor. 4.4.7.], [6, Prop. 2.3.6.]). In
this context, the poset contains all connected components of intersections of subvarieties,
ordered by reverse inclusion, and when intersections are not connected the poset is not
a semilattice. For example, consider the subvarieties of a 2-dimensional torus T cut out
by the equations y = 1 and y = x?. These two subtori intersect at two points, namely
(1,1) and (—1,1), and we depict the corresponding intersection poset in Figure 2c.

3 Matroid preschemes

While the definitions in this section and the next are primarily pulled from [?], we
redirect emphasis for the sake of this work. In particular, it will be most useful for us to
define matroid preschemes in terms of independence, as in [3, Thm. 6.2].

Definition 2. A matroid prescheme is a pair M = (S,7), where S is a finite simplicial
poset and Z C S is a subset of independent elements satisfying:

(I1) Z is nonempty.
(I2) if x,y € Swithx <yandy € Z, then x € 7.

(13) if x,y € Z, |x| < |y|, and u € x V y, then there is some atom a such that a < y,
a£x,and (aVx)<, CZ.

(I4) ifx,y €S,z € max(ZNS<y),and z < y, then x Vy # Q.

Roughly speaking, conditions (I1) and (I2) say that 7 is an order ideal of S; condition
(I3) guarantees a local matroid structure on each Boolean lattice S<;; and condition (14)
ensures reasonable gluing of these local matroids. There is a stronger (global) version of
(I3) given in [3, Thm. 6.2] that one can adopt to define a matroid scheme.
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Example 5. Whenever the simplicial poset is a lattice (resp. semilattice), a matroid
prescheme (S,Z) is equivalent to a matroid (resp. semimatroid as in [1]). In any matroid
prescheme, the restriction of 7 to a Boolean lattice S<, defines the independent sets of a
matroid on the ground set at(x).

Example 6. Consider the simplicial poset S whose Hasse diagram is depicted in Figure 3.
The pair (S,Z), where 7 is the collection of elements outlined in rectangles, forms a
matroid prescheme.

(11,1234) (112,1234)

Figure 3: An example of a matroid scheme, with the independent elements in the
simplicial poset outlined in rectangles (see Examples 6 to 8). The bolder rectangles
mark those independent elements which are nbc (see later Example 12).

It is established in the proof of [3, Thm. 11.6] that to any locally geometric poset P,
one may construct an associated matroid prescheme M(P) in the following way.

Definition 3. Let P be a locally geometric poset with rank function p. Then the associ-
ated matroid prescheme M(P) = (S,Z) is obtained as follows. The simplicial poset is
given by

S=S(P)={(x,T): TCat(P),x € VT}

viewed as a subposet of P x 22(P), and the independent elements are
I=1(P)={(xT)eS: p(x) = |T|}.

Example 7. Let P be the locally geometric poset from Figure 1b. Then the associated
matroid prescheme M(P) is precisely the matroid prescheme from Example 6 (see also
Figure 3), where we abbreviate the atoms (i,7) by i.
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4 Circuits and flats

Next, we extend common matroid notions, including circuits and flats, to our con-
text as needed. This is used to then express an equivalence between (simple) matroid
preschemes and locally geometric posets.

Definition 4. In a matroid prescheme (S,Z), any minimal element of S\ 7 is called a
circuit. An element u € S such that there exists a unique circuit ¢ with ¢ < u is called
unicircular; we may write c-unicircular to distinguish this unique circuit.

Definition 5. In a matroid prescheme M = (S,Z), we call an element f € S a flat if, for
all circuits c: if there exists an element x < f such that c covers x, then ¢ < f. The poset
of flats is the subposet of S whose elements are the flats of M.

Example 8. In Figure 3, (¢,123) is the only circuit. As a circuit, (¢,123) is necessarily
(¢,123)-unicircular. Additionally, (u1,1234) and (up,1234) are (¢, 123)-unicircular.

The flats are given by 0, the atoms 1, 2, 3, and 4, the rank-2 elements (x, 14), (y,24),
and (z,34), as well as all the three unicircular elements previously mentioned. Notice
that the poset of flats of this matroid scheme is isomorphic to the geometric poset from
which it arose, given in Figure 1b, via (x,at(x)) — x.

In general, a locally geometric poset P is the poset of flats of its associated matroid
prescheme M(P). Matroid schemes arising this way are simple, that is, every atom is
a flat and not a circuit. As such, and stated in the following theorem, we may consider
locally geometric posets and simple matroid preschemes to be equivalent.

Theorem 1. [3, Thm 11.6] A poset is locally geometric if and only if it is isomorphic to the poset
of flats of a matroid prescheme. Furthermore, each locally geometric poset is the poset of flats of a
unique simple matroid prescheme, up to isomorphism.

5 The Orlik—-Solomon algebra

Let P be a locally geometric poset, (S,Z) its associated matroid prescheme, and E the
graded-commutative Q-algebra generated by e, for « € T\ {0}, where deg(e,) = |a|.
Fix a linear order on the atoms of Z, and write at(a) in increasing order accordingly. We
may then define the function sgn : Z x Z — {—1,1} which takes (¢, 8) € Z x Z to the
sign of the permutation needed to sort (at(«),at(B)) into ascending order.

Definition 6. Let | C E be the ideal generated by the following:
(i) exeg whena VB Z T ora AP # {0};

(i) exeg —sgn(a,B) ¥ e, whenaVp CZandaAp={0};and
YeEXVS
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(iii) Y sgn(a,w\a)e,\, when w is a {-unicircular element.
acat(Q)
We call ] = J(P) the Orlik-Solomon ideal of P, and A = A(P) := E/] the Orlik-
Solomon algebra of P.

Example 9. In the case that S is a (semi)lattice, this is a different presentation for the
Orlik-Solomon algebra of a geometric (semi)lattice or (semi)matroid [7]. Let us compare
with an illustrative example, from Example 3 (see also Figure 2b). Since the meet and,
when it exists, the join are always unique in a geometric semilattice, we abbreviate
AT ={t} by AT =tand VT = {t} by V T =t in this example.

In our presentation, there are 9 generators and 46 relations. The generators of E
correspond to the 9 elements of Z \ {0}: e, ez, e3, and e4 in degree 1, and €(p12)s €(p13)/
€(p23)s €(g24), and e(,34) in degree 2. In the ideal ], there are 30 type (i) generators,
including eje; because 1A1 =1 # 0; e(p12)€(q24) Decause (p,12) A (q,24) =2 # 0; and
e1€(p23) because 1V (p,23) = (p,123) ¢ I. There are 15 type (ii) generators, including
e1eg because 1N4 =0and 1V4 =@ C Z; and eqe; — €(p,12) because 1N2 =0and 1V2 =
(p,12) € Z. Finally, there is only one generator of type (iii): e(,23) — €(y13) + €(p12)
corresponding to the unicircular element (p, 123).

Alternatively, Orlik and Solomon would use 4 generators, namely ay, a3, a3, and a4, in
degree 1, and 6 relations. Five of the relations arise from sets of atoms with no common
upper bound: aja3a4, etc. One relation arises from the circuit: aaz — ajaz + aja;.

The isomorphism between the two quotient algebras is given by a; — e;. Notice that
the type (ii) relations are essential for having a well-defined inverse. For example, the
inverse maps both e(,, 15y and eje; to a1a,, which is desired because both are indexed by
the set of atoms {1,2}. In general, when the poset P is not a semilattice, the fact that
joins need not be unique can obstruct the Orlik-Solomon algebra from being generated
in degree 1.

Example 10. Now consider the matroid prescheme shown in Figure 3. In this case, E has
16 generators: ey, ey, e3, and ey in degree 1; e 12), €(¢,13) €(c23)7 €(x,14)s €(y,24), ANd €(; 34)
in degree 2; and e(,,, 124), €(uy,134)7 €(u1,234)7 €(uy,124)7 €(u5,134) €(uy,234) N degree 3. The ideal
] is generated by over 100 elements; we will point out a few illustrative ones.

For example, the type (ii) generator

€48 (c,23) — €(1;,234) — €(u15,234) (5.1)
arises from the non-unique join 4 V (¢, 23) = {(u1,234), (u3,234)}, so that in the quotient
we have the product ese(23) = €(y,; 234) + €(1,,234) (compare with the last example, where
e1e2 = €(,12) in the quotient).

The two unicircular elements (11, 1234) and (1, 1234), which share the circuit (c, 123)
and set of atoms {1,2,3,4}, give rise to the type (iii) generators

€(u7,234) ~ €(uy,134) T €(uy,124) and €(11,,234) ~ €(up,134) T €(u,,124)- (5.2)
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Additionally, the circuit (c,123) is unicircular itself, and thus gives rise to its own type
(iii) generator

€(c23) — €(c13) T €(c12)- (5.3)
In this example, omitting the unicircular relations of (5.2) would not generate all of J,
meaning that it is not enough to generate | using only circuits for type (iii) relations (as
is the case when P is a geometric semilattice). In particular, from a computation we will
see in Example 11, the sum of the two expressions in (5.2) would land in the ideal but
not each individually.

Remark 1. Consider the case that the geometric poset P encodes the intersection data of
an abelian arrangement in a connected abelian Lie group X = G", given by finitely many
kernels of characters in Hom(X, G). Let B be the quotient of A(P) ®g H*(X,Q) by an
ideal generated by e, 1) @ x*(z) where x € Hom(X, G) is constant on x and z € H>0(G).
We relate the algebra B to the cohomology of the arrangement complement as follows.

When G = C*, there is a filtration on the rational cohomology of the toric arrange-
ment complement whose associated graded algebra is isomorphic to B (this reinterprets
[10, Thm. 4.6]). When G =2 G’ x IR? for some even-dimensional abelian Lie group G’, we
can prove that B is isomorphic to the rational cohomology of the complement (see a pre-
sentation for cohomology in [7, Thm. 5.9]). When G is compact, then much less is known
about cohomology of an arrangement complement, but at least when G = S! x S!, then
equipping B with a differential yields a model for the rational cohomology ring (gener-
alizing [4, Thm. 4.1]).

6 The no-broken-circuit basis

There is a well-known combinatorial basis of the classical Orlik-Solomon algebra, called
the nbc basis. Here, we obtain an analogous basis using Grobner basis theory (see eg.
[¢, Chapter IL.4] for an approach to Grobner bases in graded-commutative algebras).

To consider Grobner bases in this context, we must clarify what ordering we will use
on our algebra E. Fix a linear order on the atoms of Z, and consider a linear extension
<, on the poset Z in which a <, B if either

1. |a] < |B|, or
2. |a| = |B| and the minimal atom in the symmetric difference at(a)A at(B) is in at(«).
Then we may write Z \ 0 as a chain:
w0 <sro <s g,
and any monomial in E may be written as
it
o

. M mgq
€y =€y, *Cyy
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for m := (my,...,my) € N?. We will also write & := (|ai],..., |as|) € N, so that 717 - @ is
the degree of the monomial ¢/’

This induces a graded-lexicographic ordering <, on E such that for monomials e’
and e in E, we have e <, ¢! if either

1. m-a<n-w, or
2. m-a =7 -« and the leftmost nonzero entry of 7 — i is positive.

Example 11. The largest monomial, or leading term, in (5.1) is ese((p3). In (5.2), the
leading terms are e(,, »34) and e(,, 234), and in (5.3), the leading term is e(, o3).

In this case, multiplying (5.3) by e4 and subtracting from (5.1) will cancel leading
terms, so that the S-polynomial of (5.1) and (5.3) is

—€(11,234) — €(u,234) T €4€(c13) — €4€(c12)-

As the latter two terms are the leading terms of their own respective type (ii) relations,
one can determine that this S-polynomial reduces to the sum of the two equations in
(5.2), hence reduces to 0 in J.

More generally, we prove that any pair of generators of | as defined in Definition 6
are reducible by utilizing the combinatorics of the underlying matroid prescheme. This
yields the following theorem.

Theorem 2. Let P be a locally geometric poset. The type (i), (ii), and (iii) generators of the
Orlik—Solomon ideal | = J(P) as defined in Definition 6 form a Grébner basis for |.

Definition 7. Let M = (S,Z) be a matroid prescheme with a linear ordering on the
atoms of S. Let  be a circuit in S with 2 = min(at({)). Then  \ a is called a broken
circuit. An element a € S is called a no-broken-circuit element, or nbc-element, if there
exists no broken circuit in S<,. Let nbc(M) C S be the collection of nbc elements.

Example 12. In Figure 3, the only broken circuit is (¢,23) = (¢,123) \ 1. As such, the nbc
elements are exactly the elements not above (c,23), which are all boxed in bold.

Corollary 1. Let ‘P be a locally geometric poset with associated matroid prescheme M(P) =
(S,T). Then the Orlik-Solomon algebra A('P) has a vector space basis given by

{ex: @ € nbc(M)}.

Proof sketch. The quotient algebra E/] has a vector space basis given by the monomials
of E not divisible by leading terms of the Grobner basis. Observe that the leading term
of type (i) and (ii) generators imply that no monomials in the vector space basis can be
a product of two or more generators of E. The key step is then to show that any « € 7
is nbc if and only if there exists no {-unicircular element w such that &« = w \ a where
a = min.(at({)), which index the leading terms of type (iii) generators. O
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7 Deletion and contraction

In the classical case, one leverages the relationship of the deletion and contraction in
a matroid to establish properties of the Orlik-Solomon algebra inductively. We adapt
these notions of deletion and contraction to matroid preschemes to do the same. As
we are primarily concerned with matroid preschemes that arise from locally geometric
posets, we assume throughout that our matroid preschemes are simple.

Definition 8. Let M = (S,Z) be a simple matroid prescheme, and let a be a distinguished
atom of S. Then the deletion of S by a is the matroid prescheme M’ := (Sx,, Tx,).
Furthermore, the contraction of S by 4 is the matroid prescheme M" := (S>,,Z>,). We
will call (M, M/, M") a triple of matroid preschemes.

Example 13. Using the matroid prescheme M from Figure 3 and distinguished atom 4,
the matroid preschemes M’ and M” are shown in Figures 4a and 4b, respectively. In
each, the independent elements are boxed, and the nbc elements are boxed in bold.

(c,123) (u1,1234) (u2,1234)
[
| (¢, 12) | | (¢, 13) | ’ (c,23) ‘ | (u1,124) || (u1,134) | ’ (i11,234) ‘ | (112, 124) || (115, 134) | ’ (115, 234) ‘

| (x,14) | | (v,24) | | (z,34) |

(b) Mll

Figure 4: The deletion and contraction of M from Figure 3 with respect to atom 4.

A key observation here is that the disjoint union of 7y, and 7>, is exactly Z. Similarly,
as we made an appropriate choice of distinguished atom, the disjoint union of nbc(M’)
and nbc(M") is exactly nbc(M). In fact, this holds true in general, as is stated in the
following lemma.

Lemma 1. Let (M, M', M") be a triple of matroid preschemes, where the distinguished atom is
the largest in the chosen linear order on atoms. Then the set of nbc-elements of M is the disjoint
union of nbc-elements of the deletion M’ and nbc-elements of the contraction M":

nbc(M) = nbe(M') U nbe(M")

Now given a locally geometric poset P, we can consider deletions and contractions in
its associated matroid prescheme M = M(P). Given the triple of matroid preschemes,
(M, M',M"), we denote the poset of flats of M’ as P’ and of M"” as P”. We can then
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compare the corresponding Orlik-Solomon algebras. We will denote these as A’ :=
E(P")/J(P") and A" := E(P")/J(P"). The following theorem uses our understanding
of the Orlik-Solomon algebra as it relates to the nbc elements, and the correspondence
between deletion-contraction and nbc elements.

Theorem 3. Let P be a locally geometric poset with associated matroid prescheme M = M(P)
and triple (M, M', M""). Then A’ is a subalgebra of A, and there exists a short exact sequence of
vector spaces

0+A -A—-A"—0.

Proof sketch. Define B := span{e,: a« € nbc(M)} as the Q-vector space spanned by the
nbc elements of M, and similarly B’ and B” for M’ and M”. Then Lemma 1 gives us a
short exact sequence of vector spaces

0—-B —-B—B"—>0.

As A is isomorphic to B as a vector space by Corollary 1, we obtain the short exact
sequence desired. Furthermore, the map A" — A is the map on quotients induced by
the inclusion E’ — E, hence is an injective algebra homomorphism. O

8 The characteristic polynomial

Recall that for a bounded-below poset P, we may recursively define a Mobius function
u:P — Zsuchthat u(0) = 1and forany x € P_s, ¥ u(y) = 0. When P is additionally
y<x

a pure, ranked poset, then define the characteristic I;olynomial of P by

xp(t) = ¥ p(x)ieP) o),
xeP

Since the defining relations in Definition 6 are homogeneous, the Orlik-Solomon
algebra is a graded algebra A(P) = ®;A’. We thus can define its Hilbert series as

Hp(t) = ) dim(A)t.
i>0

Theorem 4. For any pure locally geometric poset P,

He(t) = (-t Pxp (3 ).

t

Proof sketch. By Theorem 3, we have that Hp(tf) = Hp/(t) + tHpn(t). The claim then
follows from induction on the rank of P. O
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