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Abstract. We initiate the theory of factorizations in the Type A Iwahori-Hecke algebra,
and prove g-analogues of the famous Harer—Zagier formula, as well as generalizations
of classical factorization problems for the long-cycle due to Bédard, Goulden, Goupil,
Hurwitz, Jackson, Matsumoto, Novak, and others. Our work reframes the notion of
factorization in terms of certain structure constants in the Hecke algebra center, and
provides a uniform method of approaching such problems. Our formulas reveal sig-
nificant combinatorial structure in the Hecke algebra center, including the appearance
of g-binomial, g-Catalan, and g-Narayana numbers.
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1 Introduction

Given a permutation ¢ in the symmetric group &, there is an extensive and active body
of research (see e.g. [7, 5, 7/, 10, 14]) that studies the question: how many different
ways can ¢ be written as a product of permutations satisfying a given condition? This is
called a factorization of o. Permutation factorizations have diverse applications, related
to algebraic geometry, random matrix theory and mathematical physics [5, 9, 13].

We will be interested in four of the most classical and beautiful results in this area:

Theorem 1. Write ¢, := (12 ... n) € &, as long-cycle and C,, as the n-th Catalan number.

1. (Harer—Zagier [17]) Let €q(n) be the number of factorizations of cp, € &y, into a product
Con = 07T, where o is a fixed-point-free involution and 7t has n + 1 — 2g cycles. Then,

n+1
—C, and =28 _ (o — 1)1 oYY (1
o) =Co and Y sl ey ()2 (5)

g>0

2. (Hurwitz [13]) Let a(n; k) be the number of ways to write c, as a product of k transpositions.
Then, a(n;n — 1) = n" 2.

*
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3. (Matsumoto—Novak [15]) Let b(n;k) be the number of ways to write ¢, as a product of k
monotone transpositions; that is, as a product

Cyhp = (11 ]1)(12 ]2) s (lk ]k) where l'g < jg and j1 S jz S cee S jk-
Then, b(n;n —1) = C,,_1.

4. (Goulden—Jackson [7]) Let ¢(n; p1, ..., pm) be the number of ways to write ¢, as a product
Cp = 7070 - - - Ty, Where 71; has n — p; cycles, and suppose p1 + - - - + pm = n — 1. Then,

oo =211 (2)

i=1 \Pi
In particular, c(n;k,n — k — 1) is the Narayana number Ny 1 = = (1) ().

Note that the results in Theorem 1 (2), (3) and (4) are the leading terms of generating
functions for more general factorization questions (see Theorem 13 specialized to g = 1).

Due to their importance and ubiquity in the world of permutation factorizations, we
shall refer to Theorem 1 (1) as the Harer—Zagier formula and Theorem 1 parts (2), (3), and
(4) as the A-B-C'’s of permutation factorizations. These results have served as the inspiration
point for a robust factorization theory, and have far-reaching applications in other fields.
For example, the Harer—Zagier formula in (1.1) was used to compute the orbifold Euler
characteristic of the moduli space of curves, and €g(n) also enumerates certain unicel-
lular maps on a genus g surface. Meanwhile, the Hurwitz formula a(n;n — 1) = n"~2
counts certain genus zero ramified coverings of an n-sphere [/, 15, 17].

In this extended abstract, we generalize each part of Theorem 1 to the Type A Iwahori—
Hecke algebra H,(q), and more broadly, initiate a theory of permutation factorizations for
Hn(q). The Hecke algebra is an important tool in a diverse range of fields from geometric
representation theory and knot theory to quantum computing, and our work is part of
a larger movement to develop its importance in combinatorics, e.g. [11, 20].

The Hecke algebra #,(q) is an algebra rather than a group, and multiplication is
more complicated. Thus, our first task is to rephrase the notion of “factorization” so that
it makes sense in H,(q), which we achieve by studying structure constants of a natural
basis of the center of H,(g). Our approach has the benefit of unifying the techniques
needed to prove (and generalize) Theorem 1, paving the way for an #,(q)-factorization
theory. Furthermore, the fact that the formulas in Theorem 1 have geometric and topo-
logical incarnations suggests that our Hecke analogues may as well, related for instance
to point counts in varieties or knot invariants; see e.g. [1, 5, 19].

The remainder of the abstract proceeds as follows: Section 2 reviews the pertinent
features of the center of the symmetric group algebra and of the Hecke algebra; Sec-
tion 3 gives a Hecke analogue of the Harer—Zagier formula (Theorem 8), and Section 4
describes the A-B-C’s of permutation factorizations for the Hecke algebra (Theorem 13),
including generating functions for g-deformations of a(n; k), b(n; k) and c(n; p1,- -+, pn).
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2 Centers of the symmetric group and Hecke algebra

The Type A Iwahori-Hecke algebra H,(q) is a g-deformation of Q[S,]. Explicitly, it is the
Q[q*]-algebra generated by Ty, ..., T, 1 subject to the relations

(@) T? = (q—=1)Ti+4q, (b) TTj=TTifor[i—j| >2, (c) TTinT; = TiaTiTipa.

Setting g = 1 recovers the presentation of Q[&,] in terms of adjacent transpositions
S1,--+,85—1. Moreover, if w = s; ---s; € &, is a reduced (i.e. minimal) expression for
w, then Ty, := Ty, - - - T;, is well-defined, and {Ty }ycs, forms a linear basis for H,,(q).
Note the relation (a) above is the only one that differs from the usual presentation
of Q[S,]; this relation makes #,(q) richer, yet more complicated. For instance, by
Theorem 1 (2), the long cycle c3 = (123) can be written as a product of two transpositions
in a(3,2) = 3! possible ways. However, the corresponding products in H,(g) give linear
combinations of elements whenever the factorization is not a reduced expression for cj:

(23)(12) = s (12)(13) = 5 (13)(23) = o5
T23)T12) = Tcy T2 Tas)y = 9T, + (q—l)T(13) T13)T(23) = 9T, + (q—l)T(w)'
This highlights the necessity of understanding factorization as an algebraic, rather than

purely combinatorial, entity. To this end, we will study the center of the symmetric group
algebra and of the Hecke algebra, denoted Zg, := Z(Q[&,]) and Zy, () := Z(Hn(q)).

In what follows, we will see that each part of Theorem 1 can be rephrased alge-
braically in terms of Zg,, and then deformed to H,(g). Our proof methods will rely
heavily on the properties of Zy,, ;) established below. Throughout, we make use of the
following standard g-analogues of the integers. For j € Z, and n,k € Z>, define

. g —1 | [n} [n]!y
= , n|!l, .= |n n—1.---11 , - ,
[]]q q_l [ ] q [ ]q[ ]q [ ]q k , [k]'E] [Tl—k]'q
as well as the g-Catalan numbers C,,(q) and the g-Narayana numbers N, (q) defined as

Cn(q) :Zﬁ[zﬂq and  Nyx(q) ::ﬁmq[kflh

2.1 Center of the symmetric group algebra

The center of the symmetric group algebra, Zg, := Z(Q[S,]) is intimately connected to
its representation theory. We review here the most pertinent aspects of this theory.
First, Zg, has a natural conjugacy class basis {€;, },,, defined as follows. Let cyc(c)
be the cycle type of a permutation ¢ € &,. Then,
= ) o
req,
cye(o)=p
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Second, Zg, has a beautiful characterization due to Jucys in terms of the ring of sym-
metric functions and the Jucys—Murphy elements. Denote the former by A, with coefficients
in Q, and its well-known bases e, h), p), and s, called the elementary, homogeneous, power
sum, and Schur basis, respectively. The latter are elements J1, ..., J, in Q[&,] defined as

Ji:=0 and Jr:=1k)+2k)+---+(k—1k)forl <k<n.

Theorem 2 (Jucys [10]). For a symmetric function f € A, write f(E,) := f(J1,...,Jn). Then
an element z € Q&S] is in Zg, if and only if there exists an f € A such that z = f(E,).

Example 3. We have e1(&1) = Y1<i<j<n(i]) = €12, and more generally by Jucys [16],
6@Z)= Y e (2.1)

An
k=n—£(A)
Using the expression Ey(x) := [172,(t + x;) = Yy ex(x)tX, one can equivalently write

n

En(Bn) =[Jt+T) = Y ¢ 74, (2.2)

k=1 Abn

In addition to characterizing the center, the Jucys-Murphy elements play an impor-
tant role in constructing the irreducible representations of &,, called Specht modules.
In particular, the J; pairwise commute, and their simultaneous eigenspaces decompose
Q[S,]. The projectors onto these eigenspaces are called Young’s seminormal forms, and
can be used to construct elegant Specht module bases.

The seminormal forms can be defined using Lagrange interpolation. While we omit
their precise definition, we note several important properties. First, the seminormal
forms are indexed by standard Young tableaux T € SYT(n), and can thus be written
as {7T}resyt(n)- Second, they are mutually orthogonal and idempotent, meaning that
nir7ts = 6g,r 7r. Third, the eigenvalue of Ji acting on 77 is the content of the box labeled
kin T, defined as conty(T) := j — i if k in the (i, j)-th cell of T (in English notation).

Example 4. We have J; = 0, and cont;(T) = 0 for any T € SYT(A), agreeing with
J1- 7t = 0 for any T. Consider the tableaux of shape (2,1). Letting

1]2] 1]3]

T=r and Q=T we have
- = contz(T) -nr =17 - TQ = contz(Q) “TTQ = —1- TQ
I3t = cont3(T) -t =—1-7m7 I - TQ = contg(Q) CTTQ = 1- Q.

Note that for both T and Q, the set of possible contents is {—1,0,1}. In general, any
tableaux of the same shape will have the same (multi)set of possible contents.

Finally, the seminormal forms have the further useful property that

Z nr =1 and Z i = TT), (2.3)
TeSYT(n) TeSYT(A)
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where 7, € Zg, is the canonical isotypic projector sending any &,-representation V to
the irreducible representations indexed by A inside V. The 7, are a basis for Zg, .
The relationship between ¢, and 7, is encapsulated by the Frobenius characteristic
map Y. Let Zg := @, Zs,. There is an algebra isomorphisrn1 Y :Zs — A sending
A

Y:my — 1 sx(x)
¢y z;l pu(x),

where z, is the size of the conjugacy class indexed by y and f* = #SYT(A).

2.2 Hecke algebra center

The center of H,(q) has a parallel, though more complicated, story. The analog of the
conjugacy class sum basis €, in Zg, is called the Geck-Rougquier basis {T};},-,. Unlike
the conjugacy class sums €, in Q[S,], the T, are not simply sums over Ty, for w of cycle

type p. Instead, [6] shows they are the unique family of elements in Zy, ;) such that
1. specializing I'y to g = 1 gives I'y|,—1 = €, € Q[&,];
2. if w has minimal length in its conjugacy class, the coefficient of Ty, in T, is 1 if w
has cycle type u, and 0 if not.

Note that the above says nothing about the coefficient of w if it is 7ot of minimal length.
In fact, there is no known general expression for I, in the {T,} basis of H,(q).

Example 5. Consider I'(3 1) below, with minimal length elements colored in blue:

Ty =01~ g ((q_l - f/_z)T(14)(23) + q_lT(1423) + q_lT(1324) + 2‘7_17’(14) + T(13) + T(24))
+ leT(Mz) + LlflT(143) + GlflT(134) + qflT(124) + T(132) + T(123) + Ti243) + T234)-

Despite a more mysterious basis, Zy, ) still has a beautiful characterization mirror-
ing Theorem 2, this time in terms of the g-Jucys—Murphy elements
]1((]) =0 and ]k(q) = ql_kT(lk) + qz_kT(zk) +-+ q_lT(k,1 k) forl <k <n.

Theorem 6 (Francis-Wang [4]). For f € A, write f(E,(q)) == f(J1(9), J2(q), ..., Ja(q))-
Then, an element z € H,(q) is in Zy, (g if and only if there is an f € A such that

Z= f(En(q))

One now has a description of the elementary symmetric function E,(E,(g)) due to [“]:

n

Ei(Ea(q)) =T (t+Tk(q)) = Y Ty g (D) gn=td), (2.4)

k=1 AbFn

!Note that ¥ is an algebra isomorphism with respect to outer multiplication, rather than inner (Kro-
necker) multiplication, meaning that for z; € Zg, , we have z1z € ZGn1 g
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As in the symmetric group algebra, the Ji(q) pairwise commute. The projectors
onto their simultaneous eigenspaces in #,(q) yield an analog of the Young seminormal
forms {7t7(q) } resyT(n), which can be used to construct bases of irreducible H,(q) rep-
resentations. The 7rr(g) are orthogonal idempotents, and the Ji(g) act on them by the
g-analogues of content:

]k(q) ﬂT(q) = [contk(T)]q TTT. (2.5)

One can again sum the 717(g) to obtain the identities
Y, mr(g) =1 and Y. mr(g) = ma(q), (2.6)

TeSYT(n) TeSYT(A)

where the 77, (q) are 1, (q)-isotypic projectors, and once more form a basis for Zy, ().

The relationship between the I';, and 71y(g) can be formalized using the g-Frobenius
map ¥q = Zyyq) — AlgF], where Zy ) := @y, Zy, (q); see Wan-Wang [21]. This map is an
algebra isomorphism defined by:

A
Yy ma(g) — j}nﬁ'q) sp(x) (2.7)
q
Ty s (g —1)000 =) [F] ) (2.8)
X . : . A qb(A) [”]!q PR
where m,, [0171} is plethystic notation and f*(q) = Topen Gl Here, h(i,j) is the

hook length of the cell (7,7) in A and b(A) = }_;>1(i — 1)A;. Though not obvious, special-
izing (2.8) to g = 1 recovers ¥(¢,) = z;lpﬂ [21].

For us, one of the primary uses of the 7t7(g) is their interaction with symmetric func-
tions. Given a partition A, let gcont(A) be the multi-set consisting of the g-contents of the
boxes in A; for instance, the hook A = (1 —k, 1¥) has qcont(n — k, 1%) = {[ [l B jel—kn—k-1-

Using the properties of the 7r7r(g) in (2.5) and (2.6), one can show that for f € A,

m(q) f(En(q)) = f(acont(A)). (2.9)
In what follows, we consider the case f = E,(x) and A = (n — k, 1¥), which yields
Tnkaey(@) En(En(g)) =TT ([ (210)
jel—kn—k—1]

3 The Harer-Zagier formula for the Hecke algebra

Let us now revisit the Harer—Zagier formula in (1.1), which gives a generating function
for e¢(n). To obtain a deformation of (1.1), we will rephrase the original factorization
problem as a computation in Zg,. Recall that €¢(7) counts the number of ways to obtain
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con as a product of o7r where cyc(7r) has length n + 1 — 2¢ and cyc(o) = 2". In fact, this
is equivalent to determining the coefficient of ¢y, in the product:

[con] Con ( ) CA) = [€,]Con ( ) Q\) ,
L(A)=n+1-2¢ L(A)=n+1-2g

where [y]x indicates the coefficient of y in x. Hence, one obtains the generating function

Y ensa(n) " = [€5,] Con - (Z ¢, 2t ) = [con] €on E2n(E2y). (3.1)

h>0 A2n
Equation (3.1) is readily generalizable to H,(g), where we substitute I'y for ¢,, and

consider the coefficient of the element Tc,, := Tp;—1 -+ ToT1t = T(12..2,). Note that since
¢z, has minimal length in its conjugacy class, the following are equivalent:

Zeh/z(n;q)t”+1_h [T,,] T ( Y. [y 21— tA) gt(A) =2 > = [Te,,] T20E2n (E2n(q)). (3.2)

h20 AR2n
For simplicity, write P, (£ q) := Y50 €n/2(1;q) " 170,

Example 7. Consider the values of P, (t) and P,(t,q) for n = 2,3:

n Py(t) Py (t,q)
2 28 4t (4217W2L1)t3_|_ (q—l)(qz;l)(q+1)2t2+ (q6_:53+1)t
2_ _ 4 3 2 2_
3 5/ 41012 [5]q(’1q5 g+1) R 1)[5]5(q*+29 +;1]Z +2q+1) (g2 —q+1) 3

n [S]q(quﬁl)(q8+2q7+q6*q5*4q4*q3+q2+2q+1)tz n (9=1)[5]yBlg(a°+1) ,
qu qll

While the expressions for Py (t,q) specialize to P,(t) at g = 1, it is not clear that they
have an elegant closed form expression. Miraculously, as in the case of the symmetric
group, the secret to finding the g-Harer-Zagier formula lies in changing bases from {t%};
in C[t,4*] to a g-analogue of the binomial basis (;) = & LT o (t — 1), written as

(1) = T ai,) = o TT
= t—q'i],) = = t 4 [—i
k), Ty L 1) T L
Theorem 8 (g-Harer—Zagier formula). We have ey(n;q) = g~ "~D+2)/2C, (g) and

k-2
Pu(t;q) = [2n — 1)1 Zq (n=1)(2%=1) [kfl} H 1+4¢" ])<k) . (33
q j= q

Example 9. We can rewrite P5(t;q) above using Theorem 8:

2 2 2 2
L1/t P1) (R +g+1) [t g1t
Ps(t,q) = T (3> URDI; ) o) + ()
q q q q q q
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3.1 Key ideas in the proof of Theorem 8

3.1.1 Tool 1: Jucys—-Murphy elements and the seminormal forms

Our first step uses the properties of seminormal forms, as well as known character
formulas for Tc, by Ram [20]. It will be important in proving both Theorems 8 and 13.
Lemma 10. Let f € Aand z € Zy,, () written z =}, cy7(q) for scalars c) € Q[g*]. Then

n=1(_1)kg®) [, —
o) (= 7@ ) = & S i Slaconty, ).
q

=0l
We apply Theorem 10 by setting z = I';n and f = Eg;(x). Write any Geck—-Rouquier
basis element as 'y = 3, B, y7\(q) for B, ) € Q[g*]. Then by Theorem 10 and (2.10),

_ an—1(_q\k (’2() -1 '
[T12...m)] T Ean(Zan(9)) = ) L {ank } ]B(a”),(an—k,l")< [ [T + []]q))'
q j€

= lanly “kan—k|

It remains to understand the “unknown” term IB( an), (an—k,1%)"

3.1.2 Tool 2: Plethysm and the g-Frobenius map ¥,

The next step is to study the change-of-basis coefficients B, 5 between the isotypic pro-
jector and the Geck-Rouquier bases of Zy, ;). In general, this is a difficult problem,
equivalent to computing the coefficient of s, (x) in a plethysm. More precisely,

1%A=buw§%%f*ww—1ﬂwwﬂqu-

However, these coefficients are surprisingly elegant in the case relevant for Theorem 8:
Lemma 11. Let T, = Y, B, x71a(q) for B, x € QlgT]. Then for a > 1 and an > k,

By ki = 4" TT (il

j€[—k,an—k]
jZ0 mod a

Proof idea. Using the map ¥, from (2.8), the crucial step is to prove the following:

— (—1)(”’1)“"”"/’”S(n—Lk/aJ,ﬂk/aJ)[Pa]r (3.4)

where the left-hand-side is the Kronecker product and the right-hand-side is plethysm
of symmetric functions. Next, study the plethysm with q%l on the right-hand-side. [

S (k+1,1an—k=1) * Mgn

3.1.3 Tool 3: Hypergeometric series

Theorems 10 and 11 reduce the computation of [T, |T's2Ean(Zan(g)) to an expression in
Q[g*, t], but it still looks quite different from the formula in Theorem 8. The last step of
our argument specializes to 2 = 2 and uses hypergeometric series to prove the claim.
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4 A-B-C’s of factorization for the Hecke algebra

Having reinterpreted the Harer-Zagier formula as a computation in Zg,, we now wish
to do the same with the A-B-C’s of permutation factorizations.

A: Recall from Theorem 3 that e1(&x) = €, 102 = ¥1<jcj<n(i j). Consider

= = Wk a0\
K (En) = (e1(Bn))" = ( Y, G ])> = dﬁ,m—z- (4.1)
1<i<j<n
Since every term in (4.1) is a product of k transpositions, the coefficient of ¢, is
precisely number of ways to obtain ¢, as a product of k transpositions—in other
words, a(n; k). Setting k = n — 1 recovers a(n;n — 1) from Theorem 1 (2).

B: Now consider f = h;. We have
he(En) = Y. (s1t1) -~ (s tx)- (4.2)

2<h < <f<nm

S1<ty, Sk <tg
Thus again the coefficient of ¢, in Equation (4.2) is precisely the number of ways to
write ¢, as a product of k transpositions 1j - - - T such that if 7; = (s; ;) with s; < t;,
then t; < t; < -+ < t. In other words, this coefficient is b(n; k), the number of
monotone factorizations of ¢, into k transpositions.

C: Recall from (2.1) that ex(Zx) = Lak—n—¢(r) €a- It follows that

e(Ph---,Pm)(E”) = ePl(E‘”) €py (E‘n) U epm(En) (4-3)
= 2 GG (4.4)
y(l)l—n
() =n—p;

Since the sum is over all partitions () of n of length n — p;, the coefficient of ¢,
in Equation (4.4) is precisely c(n; p1,..., pm), the number of ways to write ¢, as a
product of permutations 7y - - - 71, where 71; has n — p; cycles.

Once more, the above quantities are entirely algebraic, and thus have a natural ana-
logue in H,(gq), where we again consider the coefficient of T, or equivalently, I',:

tg(mik) = [To) e (B0) = [Te) (5 47Ty ) = alg ™ Ty,

1<i<j<n

bq(”; k) = [T¢,] I (EH(Q')) = [Te,] Z qu(Siit[)T(s1 t) " T(sk te)r
2<t < <t<n
S1<ty,..., Sk <ty

Cli(n; P1,---y Pm) = [Tcn] e(p],...,i’m) (E”(q)) = [r”] (Z qf(p1+---+pm) Fy“) T ry(””)'
y”}—n
() =n—p;
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Example 12. While f(&,(q)) will specialize to f(E,) at 4 = 1, it is again not clear a
priori that it will have a positive or closed form expression. However if we consider

e1(23(9))* =30 Ty — (29 2 =29 Taay — (44 +207° =272 —q )Ty
+ @+ 4+ )Tz + (07 +072 497 ) Tao),
we see the coefficient of T(123 in e (Es(q))?is 43[3],. Note also that there are unexpected
contributions to this coefficient. For instance, q_4T(213) contributes g2 — 272+ 47 L.
We thus obtain an A-B-C Theorem of factorization for H,(q).
Theorem 13 (A-B-C’s of H,(q)). For n > 1, the ag(n;j), by(n;j) and cq(n; p1, ..., pm) satisfy:
A:ag(myn—1) = g~ [n]2_2, and more generally

n

—() [p)"2 1
, g~ 2 [n] t

a,(n; 1) ¥ = 1 : ;
];) o) 7! (1 _ <L][”]ﬂ> t)
- j=0 1=q

B: by(m;n—1) = g~ 2 C,_1(q), and more generally,

Y by(m;j) ¥ = 7% Coale) 7
= =y (1= [, 0)
C:ci(m;p1,...,0m) = Zi@*(g)i " when p1+ - -+ 4+ vy, = n — 1, and thus
q i tlq

cg(mk,n—1—k)= ql_(k+1)(n_k)Nn,k+1(’J)-
More generally

) cqmpr, . pm)t] Tty T =

ngll-“/pmgn_l

t t t
— [y]1m—1 = Li(n-ri)ri \pn—1 < 1 ) ( 2 > ( " ) ,
[ ] q 0<r1,“%<n_1q ("1eeefm) (CI) n-r q n-ry q n-r1y q

where M (q) € Zx>o|q] counts certain tuples of subspaces of the finite vector space IFy:

MEL (@) = #{(Vl,...,vm) Vi C B2 with dim(Vi)=r; and Vit -+ +Vyy = Pg}.
The generating functions in Theorem 13 generalize g = 1 results by Jackson [15, p. 368],
Matsumoto—-Novak [15, Thm. 2] and Jackson [15, Thm. 4.3], respectively.

Key ideas in proof. Again, the first key idea is to use Theorem 10, in the case that z = 1
and f is the relevant symmetric function from the definitions of a,(#; ), b;(n;j) and
cqg(n; p1, ..., pm)- One then uses clever g-manipulations to obtain the claims. O
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We use Theorem 13 (C) to provide an explicit link between the coefficient of T, in
f(Ex(q)) and the g-principal specialization of f for any homogeneous symmetric func-
tion f. This extends a result of Irving from the symmetric group to the Hecke algebra.

Corollary 14. Let f be a homogeneous symmetric function of degree n — 1. Then
q_(g)

],

[Tcn]f<EH(Q)) = f(l, ql qzr' . '/qn_l)- (4-5)

Thus, for any partition A = n — 1, we have

[Tcn] hy (En (q)> = q[;ig) Z(I—AI) " +j: - 1:| ’ (4.6)
q i=1 q
—( LA) 1 _ nA;
[T.,) pA(Bulq)) = q[ni) [1 11 _qin, (4.7)
b(A)—(3) — —i
el sx(Enle)) = % (ng% (4.8)
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