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Abstract.  Inspired by the BCFW recurrence for tilings of the amplituhedron, we
introduce the general framework of plabic tangles that utilizes plabic graphs to de-
fine rational maps between products of Grassmannians called promotions. The central
conjecture of the paper is that promotion maps are quasi-cluster homomorphisms,
which we prove for several classes. In order to define promotion maps, we utilize
m-vector-relation configurations (m-VRCs) on plabic graphs. We relate m-VRCs to the
degree (a.k.a ‘intersection number’) of the amplituhedron map on positroid varieties
and characterize all plabic trees with intersection number one, providing some gen-
erating functions. Promotion maps have important connections to the geometry and
cluster structure of the amplituhedron and singularities of scattering amplitudes in
planar A/ = 4 super Yang-Mills theory.
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1 Introduction

The positive Grassmannian Gr,i?1 is the subset of the real Grassmannian in which all
Pliicker coordinates are nonnegative. It has a decomposition into positroid cells S [16] in-
dexed by plabic graphs G of type (k,n), planar bicolored graphs which are embedded in a
disk. The (tree) amplituhedron A,y ,,(Z) is the image of the positive Grassmannian Gri?7
under the amplituhedron map Z Grff; — GrIg jym- It was introduced by Arkani-Hamed
and Trnka [3] in order to give a geometric interpretation of the BCFW recurrence [5] for
scattering amplitudes in N' = 4 super Yang Mills theory (SYM). In particular, each way of
iterating the BCFW recurrence gives rise to a collection of positroid cells of Gri?q. Arkani-

Hamed and Trnka conjectured that the amplituhedron map Z is injective on these cells,
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that the Z-images of these cells ‘tile’ the m = 4 amplituhedron A, ;4(Z), and that one
can compute scattering amplitudes by summing the ‘volumes’ of the tiles.

In a previous work [6], which was joint with Lakrec, we proved the above BCFW tiling
conjecture. We also proved the cluster adjacency conjecture, which says that facets of tiles
are cut out by collections of compatible cluster variables. To prove these conjectures, we
used a graphical recurrence [, (3.3)] on plabic graphs that involves inserting two smaller
plabic graphs into faces of a fixed “core” plabic graph (cf. [7], Figure 3). In particular, we
showed that this graphical recurrence gives rise to a quasi-cluster homomorphism that is,
a map that respects the cluster algebra structure on the Grassmannian, and in particular
takes cluster variables to cluster variables.!

Main results. A goal of this work is to illustrate that the graphical recurrence and
quasi-cluster homomorphism that we used to prove the BCFW tiling and cluster adja-
cency conjectures are part of a much vaster framework. In particular, in Section 3.1, we
introduce plabic tangles — inspired by the notion of planar tangle [11] — which is the data of
a plabic graph “core" G drawn inside an outer disk, together with ¢ inner disks or “blobs",
each of which lies in a face of G (cf. Figure 2.a). The central construction of this paper is
the association of a map between Grassmannians to each (sufficiently nice) plabic tangle.

We start in Section 2.5 by defining an m-vector-relation configuration (m-VRC) on a
(bipartite) plabic graph G, which is an assignment of vectors v, € C" and coefficients
re € C* to each black vertex b and edge e of G, so that for each white vertex w, the
linear relation Y, 1 7evy = O is satisfied. Then we consider plabic tangles with a
core G which are solvable, that is, a generic configuration of n vectors in C" on the
outer boundary of G can be extended to a unique m-VRC (modulo gauge) on G. Each
inner disk D is connected to some black vertices b of G, associated with vectors vy,
in the m-VRC. Then we use the m-VRC to define a rational map (geometric promotion)
from the Grassmannian Gry,, associated to the outer boundary of G, to the product
of Grassmannians Gr,, p associated to the inner disks of the plabic tangle (Definition
3.4). The pullback of this map is a map on the level of coordinate rings called algebraic
promotion. We give a combinatorial characterization of when geometric promotion is a
dominant map? (Theorem 3.8), in which case we call the plabic tangle dominant.

The main conjecture of our work (Conjecture 3.9) is that: algebraic promotion maps by
solvable dominant plabic tangles give rise to quasi-cluster homomorphisms on Grassmannians.

In Section 3.2, we relate m-VRCs to the degree (a.k.a intersection number) of the am-
plituhedron map on positroid varieties (Definition 2.10). We prove (Theorem 3.13) that
the number of m-VRCs (modulo gauge) on G that have a given generic configuration
of n vectors in C™ on the outer boundary of G equals the m-intersection number of a
positroid variety I1;. It follows that: a plabic tangle with core G is solvable if and only if the
positroid variety I1g has m-intersection number 1 (Corollary 3.14). Furthermore, we give a

lup to a Laurent monomial in frozen variables.
%j.e. its image is Zariski-dense in the codomain.
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combinatorial characterization of when this happens and G is a tree (Theorem 3.17); in
this case, we call G an amplitree, of which we provide some generating functions (Theo-
rem 3.19). Finally, using plabic tangles that have amplitrees as cores, we prove our main
Conjecture 3.9 for several interesting infinite families of promotion maps (Theorem 3.20).
Further motivation. Cluster promotions maps should play an important role in de-
scribing the geometry and the cluster structure of amplituhedron tiles and, more gener-
ally, images of positroid cells under the amplituhedron map (cf. Remarks 2.12, 3.15). On
the cluster algebra side, cluster promotions maps can be used e.g. to find new classes
of cluster variables for Gry;, , or compatibility criteria among them. On the physics side,
we expect singularities of scattering amplitudes in planar N' = 4 SYM to be images of
cluster promotion maps, generalizing what we have seen with BCFW promotions. Our
framework should thus shed light on the conjectural cluster structures and “positivity
phenomena’ that arise in the study of scattering amplitudes, see [/], Remark 10.14.

2 Background

2.1 The (Positive) Grassmannian

The Grassmannian Gry , (IF) is the space of all k-dimensional subspaces of an n-dimen-

sional vector space [F". Let [n] denote {1,...,n}, and ([Z]) denote the set of all k-element
subsets of [n]. We can represent a point V &€ Gry,(F) as the row-span of a full-rank

k x n matrix C with entries in [F. Then for I = {i; < --- < §} € ([2]), we let (I)y =
(i1ip ... ix)y be the k x k minor of C using the columns I. The (I)y are called the Pliicker
coordinates of V, and are independent of the choice of matrix representative C (up to
common rescaling). The Pliicker embedding V +— {(I)v} embeds Gry ,(F) into projective
space3 . If D is a totally ordered set, we use Gry p to denote the Grassmannian Grk1| D|/

where the columns of a representing matrix are indexed by D.
Definition 2.1 (Positive Grassmannian and positroids). [15, 16] We say that V € Gry ,(R)
is totally nonnegative if (up to a global change of sign) (I)y > 0 forall I € ([Z]). Similarly,
V is totally positive if (I)y > 0 for all I € ( [’;}). We let Grkzg and Gry Y denote the set of
totally nonnegative and totally positive elements of Gry ,(IR), respectively. Grkzg is called
the totally nonnegative Grassmannian, or sometimes just the positive Grassmannian.

If we partition Grkzg into strata based on which Pliicker coordinates are strictly posi-

tive and which are 0, we obtain a cell decomposition of Grkzg into positroid cells [10]. Each
positroid cell S gives rise to a matroid M, whose bases are precisely the k-element sub-
sets I such that the Pliicker coordinate (I) does not vanish on S; M is called a positroid.

3We will identify C with its row-span and also drop the subscript V on Pliicker coordinates when it does
not cause confusion. We consider Pliickers to be alternating in the indices e.g. (i1 iy ... ix) = — (i1 ... iy).
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(456 7)\
(3567)—~(3467)—=(3457)—~(3456) Figure 1: The rectangle seed X4 7.
@ 5¢6 7>> 2 3¢6 7>><2 3¢4 7>> (2345) Mutable variables are in the
a567) S (1267 (1937 (1234) colored box.

There are many ways to index positroid cells in Grkzg [16], such as plabic graphs:

Definition 2.2. A plabic graph G = ((B,W),E) is a planar bipartite graph* embedded
in a disk, with black vertices 1,2,...,n on the boundary of the disk. Let B and W
denote the set of black and white vertices and E the set of edges. A perfect orientation
O of G is a choice of orientation of each edge so that each black (white) vertex has all
outgoing (ingoing) edges but one®. The sink set I» C [n] of O is the set of boundary
vertices i that are sinks. The positroid associated to G is the collection M(G) := {Ip :
O a perfect orientation of G}. If k := |Ip| for a perfect orientation O, then we say that G
has type (k,n) and we denote as Sg the corresponding positroid cell in Grkz,g'

The Zariski closure of Si in Gry ,(C) is called the positroid variety I1s. The positroid
variety is cut out by setting to 0 all Pliicker coordinates (I) that vanish on S [17].

2.2 Cluster algebras

Cluster algebras were introduced by Fomin and Zelevinsky in [7] motivated by the study
of total positivity; see [] for an introduction. We give a quick definition of cluster
algebras from guivers, which are finite oriented graphs. For a quiver Q without oriented
cycles of length 1 and 2, one can define a quiver mutation p;(Q) at each vertex k of Q.
This operation, described in [“], is an involution: y2(Q) = Q.

Definition 2.3 (Seeds). Choose s > r positive integers. Let F be an ambient field of rational
functions in r independent variables over C(x;41,...,Xs). A seed in F is a pair (X, Q),
where X = (x1,...,xs) forms a free generating set for 7 and Q is a quiver on vertices
1,2,...,r,r+1,...,s. We call X the cluster of a seed (X,Q), and its elements are called
cluster variables. The variables ¢ = {x,41,...,x;} are called frozen (or coefficient variables).
The frozen group M is the group of Laurent monomials in the frozen variables.

Definition 2.4 (Seed mutations). Let (X, Q) be a seed in F, and let k be a mutable vertex

of Q. The seed mutation yy in direction k transforms (X, Q) into the seed px(x,Q) =
(X', u(Q)), where the cluster X' = (x7,...,x.) is defined as follows: x;. = x; for j # k,

and x; € F is determined by the exchange relation x| x; = T[T, xi + TI;_;xi, where
i — k (or i < k) denotes an edge oriented from vertex i to k (or k to 7)°.

“We will always assume that plabic graphs are reduced and leafless [16].
SThis is what is called a reverse perfect orientation in the conventions of [16]
®Note that one omits arrows between two frozen vertices as they do not affect seed mutation.
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Definition 2.5 (Cluster algebra). Given an initial labeled seed (X,Q), we let X denote
the union of all cluster variables obtained performing all possible mutation sequences
from the initial seed. Let C[c*!] be the ground ring consisting of Laurent polynomials
in the frozen variables. The cluster algebra A = A(X, Q) is the C[c*!]-subalgebra of the
ambient field F generated by all cluster variables, with coefficients which are Laurent
polynomials in the frozen variables: A = C[c*!|[X]. We say that A has rank r because
each cluster contains r cluster variables. Cluster (or frozen) variables that belong to a
common cluster are said to be compatible.

The Grassmannian Gry, ,(C) has a natural cluster algebra structure, generated by the
Pliicker coordinates. A standard seed for this cluster structure is the rectangles seed ., ;,
with m(n — m) 4 1 variables, n of which are frozen (cf. Figure 1). The cluster algebra
A(Xy, 1) is the homogeneous coordinate ring C[Gry, ] of the Grassmannian [15].

2.3 Quasi-cluster homomorphisms of cluster algebras

Definition 2.6. Given a seed X~ = ((x1,...,x;), Q) for a cluster algebra of rank » < s, and
a mutable variable x; (so that 1 < i <), the exchange ratio of x; (with respect to X) is

s (x;) = 1—_[ x;#arr(i%]') 1—[ (xj—l)#arr(j—n')

jii—j jij—i
where #arr(i — j) denotes the number of arrows from i to j in the quiver Q.

Let A be a cluster algebra and M its frozen group. For elements x,y € A, we say that
x is proportional to y, writing x « y, if x = My for some Laurent monomial M € M.

Definition 2.7 (Quasi-cluster homomorphism, [10]). Let A and A be two cluster algebras
of the same rank r, and with respective frozen groups M and M. Then an algebra ho-
momorphism f : A — A that satisfies f(IM) C M is called a quasi-cluster homomorphism
from A to A if there are seeds & = ((x1,...,%s),Q) and & = ((%1,...,%;),Q) for A and
A, such that: f(x;) « %;and f (9= (x;)) = 95(%;) for 1 <i < r, and we write & « X.

Proposition 2.8. [1(), Proposition 3.2] If £ « %, then uy (%) is similar to u(X). In particular,
a quasi-cluster homomorphism f maps any collection of compatible cluster variables in A into a
collection of compatible cluster variables in A, up to a Laurent monomial in the frozens in IM.

2.4 The amplituhedron map

Let Mat;, ,, denote the set of full-rank 7 X p matrices, and Mat,; 2 C Mat,, , be the subset
of matrices whose maximal minors are positive.
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Definition 2.9. Let Z € Matj,, ., where k + m < n. The amplituhedron map Z : Gry,, --»
Gry ko is the rational map defined by Z(C) := CZ, where C is a k X n matrix repre-
senting an element of Gry ,, and CZ is a k x (k + m) matrix representing an element of
Gryjym- f Z € Mati 2 A 7 is well-defined when restricted to the positive Grassmannian
Grkzlg, and the tree amplituhedron A, i ,(Z) C Gry g1y is the image Z(Grkzlg).

Definition 2.10 (Intersection number). Let Il C Gry, be a positroid variety of dimen-
sion km. The m-intersection number of I1g, denoted IN,,(G), is d if the amplituhedron
map Z : g --» Gry k. restricted to Il is generically d-to-1, and it is zero otherwise.

Lam gave a Z-independent characterization of m-intersection number:

Proposition 2.11 ([!3, Proposition 4.8]). Suppose Il C Gry,, has dimension km. Then
INyu(G) is the coefficient of the Schur polynomial s, _i_,,y in the cohomology class [I1g] €
H*(Gry ). Equivalently, fix X € Grp_p,, and let Gri(X) := {V € Gry, : V C X}. Then

[Gre(X)] N [IIg] = INw(G) - [pt]  in H*(Gry).

Remark 2.12. One often considers a related semi-algebraic version of the story. For a

positroid cell Sg = IIg N Grkzg, one can consider Zg := Z(Sg), the closure of the image
of the positroid cell. We call Zg a tile if Z is 1-to-1 on Sg and dimIlg = km. All known

tiles Z; happen to have intersection number one, however this does not follow in general
from the definitions (cf. [7], Remark 2.27).

Remark 2.13. Scattering amplitudes in planar N' = 4 SYM have fundamental build-
ing blocks called Yangian invariants, which are functions on Gry, that encode leading
singularities. Each Yangian invariant s corresponds to a 4k-dimensional positroid cell
Sc C Grkz,g [7]. If IN4(G) = 1, Vg is a rational function whose poles correspond to facets
of Zg. If IN4(G) > 1, Vg is as a sum of d functions which have algebraic singularities.

2.5 m-VRCs on Plabic Graphs

In this section we introduce vector relation configurations on plabic graphs (cf. Defini-
tion 2.2), essentially inspired” by [1]. We note that related frameworks had previously
appeared in [2], [17] and [14]. We fix m > 1 to be a positive integer.

Definition 2.14. An m-vector-relation configuration (m-VRC) on a plabic graph G is an
assignment of a vector v, € C™ to each black vertex and a coefficient r, € C* to each
edge such that the boundary vectors vy, ...,v, on vertices 1,...n span C", and for each
white vertex w, we have the linear relation } . eg 7evp = 0.

7our definitions and results are rather different than those of [1]; see [7], Remark 3.5 for a comparison.
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We write (v,R) := ({vp}pep, {re}ece) for an m-VRC. The boundary of (v,R) is the
m x n matrix of boundary vectors d(v,R) := [v1 -+ - vy].

For any m-VRC (v,R) on G, v is determined by the boundary d(v, R) and the coeffi-
cients R, with explicit formulas (cf. [/], Lemma 3.6 and Corollary 3.7).

Definition 2.15. Let (v, R) be an m-VRC on a plabic graph G. For an internal vertex x of
G and t € C¥, gauge transformation by t at x changes r, — tr, for all edges e adjacent to x
and, if x = b is black, additionally changes v}, — (1/t)v,.

We write C,,(G) for m-VRCs on G modulo gauge transformations and GL,,-action,
which acts on (v, R) by left multiplication on all vectors. We denote [v, R] an element of
Cn(G) and 9[v,R] € Gry, , for its boundary. We write C%~%(G) for the subset of Cy,(G)
with fixed boundary z € Gry, .

Remark 2.16. m-VRCs are well-behaved under equivalence moves of plabic graphs ([],
Lemma 3.8).

Example 2.17. Let G,y be the plabic graph in black without orientation in Figure 2.b. A
4-VRC on G,y is obtained as follows: let z = [vl e 07} € Gryy and pick v; € C* as the
boundary vectors. Let (I;) be the Pliicker coordinates of z, where I; := {3,4,5,6,7} \ {i}.
Then we set: w1 = v4(ly) — v3(I3) and wy = ve(ls) — v7(I7), and the coefficients to be:
te = 1 (re = —1), if e is an internal edge oriented from black (white) to white (black); 7. =
(—1)%(I;), if e is adjacent to the boundary vertex v; and (03, 03, 05, 04,07) = (1,0,0,0,1).

3 Results

3.1 m-VRCs, Promotion Maps, and Cluster Algebras.

Definition 3.1 (Plabic tangles). Let ¢ be a positive integer. A plabic tangle (G, D) is the
data of a plabic graph G = ((B, W), E), drawn inside a disk called an outer disk (with
boundary vertices {1,...,n}), together with ¢ inner disks, each of which lies in a face of
G. Each inner disk has boundary vertices D; (for i € [{]), and each vertex u € D; is
connected to one element b, of B via a segment such that the resulting graph is planar.
Each inner and outer disk contains one x-marked interval, and the boundary vertices of
each disk are labeled clockwise in increasing order starting just after the x. We use the
notation D := {D;}c|y for the boundary vertices of the inner disks. We often refer to G
as the core and the inner disks as blobs, see Figure 2.a.

Definition 3.2. Let (G, D) be a plabic tangle and (v,R) an m-VRC on G, the D-boundary
of (v, R) on the blob D is the m x |D| matrix of vectors dp (v, R) := [Ubl e vb‘DJ obtained

as follows. Let uq,.. . Up| be the boundary vertices of the blob D read in clockwise
order starting just after the x. Then each vertex u; is adjacent to a unique black vertex
bj = bu]. € B, associated to the vector Uy, in (v, R), see Figure 2.a.
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If 0p(v,R) has rank m, then, by the GLy-action on the m-VRC, we may regard
dp(v,R) as an element of Gry, p.

Definition 3.3 (Solvability). A plabic tangle (G, D) is m-solvable if for generic z € Gry, ,,
C%72(G) has a unique element and each blob D € D has size at least 7.

We denote this unique element in C2=%(G) by [v, R]°=2. A pinning p(z) of a solvable
plabic tangle (G, D), is a choice of a representative p(z) = ({v;(2) }pep, {7e(2) }ecE) for
v, R]a:Z, where the vectors v, and coefficients 7, are rational functions® of z.

Figure 2: (a): a plabic tangle with 3 blobs; (b): plabic tangle with core G, (in black)
displaying vectors of a 4-VRC of G,x and a brushing (with orientation and paths).

Definition 3.4. Let (G, D) be a solvable plabic tangle with a pinning p(z), we define’:
¢ the rational geometric promotion map:
¢ : Gryy --» Gry,p, X ... X Gryp, (3.1)
which maps a generic z € Gry, , to the D;-boundary of p(z) on each Gr,, p,.
e the (algebraic) promotion map to be the pullback ¥ := ¢*:
¥ : C(Gryp,) ® - ®@C(Gry,p,) — C(Grmn), (3.2)
which acts on Pliicker coordinates by substituting the column vector u; in each blob
D with the associated vector Up, in the D-boundary of p(z) (cf. Definition 3.2).
Example 3.5. The 4-VRC in Example 2.17 is a pinning for the plabic tangle in Fig. 2.b.
Its geometric promotion ¢ : Gryy --+ Grage, sends z = [vy,...,v7] to the point ¢(z) =

[01, 02,03, w1, Wy, v7]. The algebraic promotion map ¥ : C((/E\r%) — C((/E\my) sends e.g.
the Pliicker coordinate (1246) into (1,2, wq,7) = (1273)(4567) — (1274)(3567).
8such a choice always exists, cf. [7], Proposition 6.15.

for well-defined-ness we have to require that every D;-boundary of p(z) has rank m for generic z. In
particular, this holds when we will consider ¥ to be dominant (cf. Definition 3.6).
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Definition 3.6. A solvable plabic tangle (G, D) is dominant if i is a dominant map.
We give a combinatorial characterization of dominance in term of brushing.

Definition 3.7 (Brushing). A brushing B = (OP,{P,},cp) for a plabic tangle (G, D), is
a choice for each blob D € D of: an acyclic perfect orientation'® OP of G; a collection
of oriented vertex-disjoint paths {P, },cp in OP such that P, goes from some boundary
vertex i, € {1,...,n} to the vertex b, adjacent to u € D, see Figure 2.b.

Theorem 3.8. A solvable plabic tangle (G, D) is dominant if and only if it admits a brushing.

We propose that the class of solvable dominant plabic tangles has deep connection
with cluster algebras.

Conjecture 3.9. Let (G, D) be a solvable dominant plabic tangle. Then there exists a pinning p
of (G, D) such that the following holds:

1. Geometric promotion 1 sends totally positive elements to totally positive elements.

2. Algebraic promotion Y gives a cluster quasi-homomorphism
A yp, U UZpp,) = AX)

where Y. is obtained from a seed Ly, , for (/S\rmn by freezing some variables.

In such a case, we call the algebraic promotion ¥ a cluster promotion map.

Example 3.10. The promotion maps in Example 3.5 satisfy Conjecture 3.9 as it is a special
case of star promotion for m = 4 (Theorem 3.20). In particular, ¥ is a cluster promotion
map. Indeed, e.g. ¥ ((1246)) = (1273)(4567) — (1274) (3567), which is a quadratic cluster
variable for Gry 7, e.g. obtained by mutating (2367) in X 7 (cf. Figure 1).

Conjecture 3.9 generalizes the BCFW quasi-cluster homomorphism [6], and asserts
a deep connection between solvable plabic tangles, m-VRCs on plabic graphs and the
cluster structure on the Grassmannian. Moreover, we prove it for several interesting
infinite families of promotion maps (Theorem 3.20).

Remark 3.11. A brushing B can be used to define a distinguished pinning py ([/], Defi-
nition 4.9). Then we can strengthen Conjecture 3.9 by restricting!! to the pinning p = pj,
for some brushing B of (G, D).

Remark 3.12. The collection of dominant m-solvable plabic tangles PSS has an operad
structure (cf. [7], Section 9). In particular, composing two plabic tangles (G, D) and
(G',E) in PSS by inserting (G, E) into one blob D € D of G generates a new plabic
tangle in PSS, Moreover, algebraic promotion maps give representations of PSS

10

every reduced plabic graph has an acyclic perfect orientation (cf. [/], Lemma A.6).
up to also making a choice of signs ¢, cf. [7], Definition 4.9.
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3.2 m-VRCs, the Amplituhedron, and Intersection Numbers.

We relate m-VRCs and solvable plabic tangles to the (fiber of the) amplituhedron map
and intersection numbers of positroid varieties (cf. Definition 2.10).

Theorem 3.13. Let I1g C Gry,, be of dimension km. Then for generic z € Gryy, ,, the number
|C9=%(G)| of m-VRC’s with boundary z is equal to the intersection number IN,,,(G) of Tlg.

Corollary 3.14. A plabic tangle (G, D) with blobs of size at least m is m-solvable if and only if
IN,(G) =1.

Remark 3.15. m-VRCs help understand fibers of the amplituhedron map. For exam-
ple, when IN,,(G) = 1, we can use the unique m-VRC with boundary z to invert the
amplituhedron map Z on the positroid variety I1g. See [7], Remarks 6.16, 6.17.

We now give a combinatorial characterization of intersection number one trees.

Definition 3.16. Let G be a bipartite plabic tree of type!? (k,km + 1). We say that G is
m-balanced if for each edge e of G, if we write G\ {e¢} = G1 U G, (giving “half" the edge
e to each G;), then for each i = 1,2, we have: m(k; — 1) < dim Il < mk;, where k; is the
k-statistic of the tree G;. In this case, we say G is a (k, m)—amplitree.

Theorem 3.17. Let G be a bipartite plabic tree of type (k,km + 1). Then IN,,(G) = 1 if and
only if G is m-balanced. If G is not m-balanced, then IN,,(G) = 0.

Example 3.18. Let G be the core of the plabic tangle in Figure 3.b and e.g. consider
the edge e adjacent to the white vertex of degree 4 and the internal black vertex. Let
G\ {e} = G1 UG, as Definition 3.16. Then, dimIlg, = 3,k; = 1 and dimTIlg, = 6,k =2,
hence satisfying the necessary conditions for edge e in order for G to be 4-balanced.

We provide an explicit m-VRC on amplitrees with fixed boundary vectors in terms
of the Grassmann-Cayley algebra (cf. [7], Proposition 7.21). Moreover, we find generating
functions for the number cy ,, of (k, m)-amplitrees for k = 1,2,3 ([], Theorem 7.24, 7.25):

Theorem 3.19. When k = 1, we have c1,, = 1; for k = 2,3 the generating functions are:

1+ 28x + 56x2 + 14x3

1+x
Y o™ = and Y cgpux™ = A=) ,

m>0 (1 - x)4 m>0

(m+1)2m+1)
6
is the sequence of square pyramidal numbers (cf. A000330 in [19]).

where ¢y =12 4+22 4+ -+ m? = m

12if 115 C Gry,, has dimension mk and G is a tree, then G is of type (k km +1).
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In general, for fixed k, we expect ¢y, to satisfy a generating function of the form
p(x)/(1 — x)3~2 where p(x) is a polynomial of degree at most 3k — 2. This implies
that ¢, = ®(m®*~3), as m tends to infinity. If m > 2 is fixed and k tends to infinity,
then cy ,,, is exponential in k. It remains an intriguing problem to determine an explicit
two-variable generating function keeping track of both k and m.

Finally, using Theorem 3.17, we can produce for each m infinite families of solvable
plabic tangles whose cores are trees'?, and hence infinite families of promotion maps:

Theorem 3.20 ([7], Section 8). Comnjecture 3.9 is true for: star promotion (k = 1, any m, n);
spurion promotion (k = 2, m = 4, any n); chain-tree promotion (k = 3, m = 4, any n); and
forest promotion (k = 2, m = 3, any n). For each promotion, the plabic tangles are in Figure 3.

Remark 3.21. We also investigate plabic tangles (G, D) with IN,,(G) > 1. In [/], Section
10, we consider G to be the 4-mass box, for which IN4(G) = 2 and it has important
connections to physics. We obtain two “promotion” maps, which cannot be quasi-cluster
homomorphisms, because they involve a square root. Nevertheless, these maps still have
intriguing positivity properties ([/], Corollary 10.12), namely (1) of Conjecture 3.9. This
could point to a new algebraic structure beyond the framework of cluster algebras.

Figure 3: Plabic tangles giving: (a) star, (b) spurion, (c) chain-tree, (d) forest promotions
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