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Abstract. Motivated by the question of which structural properties of a graph can
be recovered from the chromatic symmetric function (CSF), we study the CSF of con-
nected unicyclic graphs. While it is known that there can be non-isomorphic unicyclic
graphs with the same CSF, we find that in many cases we can recover data such as the
number of leaves, number of internal edges, cycle size, and number of attached non-
trivial trees, by extending known results for trees to unicyclic graphs. These results
are obtained by analyzing the CSF of a connected unicyclic graph in the star basis us-
ing the deletion-near-contraction (DNC) relation developed by Aliste-Prieto, Orellana
and Zamora, and computing the “leading” partition, as well as coefficients indexed by
hook partitions. We also show that the cycle sizes of bicyclic graphs can be recovered,
and we obtain explicit formulas for star-expansions of specific families of graphs.
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1 Introduction

In [14] Richard Stanley introduced the chromatic symmetric function (CSF) for any sim-
ple graph G as a symmetric function generalization of the chromatic polynomial of a
graph (see Sec. 2.2). A significant body of research on X¢ has focused on Stanley’s
“tree isomorphism problem,” which asks whether the chromatic symmetric function
distinguishes non-isomorphic trees. While this question remains open in general, the
chromatic symmetric function has been shown to distinguish various subclasses of trees
(see, e.g., [2,6,9,10,12,10]), as well as all trees on up to 29 vertices [?].

Many key structural properties of a graph can be recovered from X by examining
its coefficients when expanded with respect to various bases of symmetric functions. For
example, we can recover the number of vertices, edges, girth and number of connected
components [1 7], the number of triangles in G [17], and the degree sequence and number
of leaves for trees [1”]. In particular, X; can tell us whether G is a connected unicyclic
graph [1”]. Recently, the chromatic symmetric function has been studied [, 7] in terms
of the star basis, {sty | A - n}, where A - n means A is an integer partition of n.

When G is a tree, the authors of [/] study the expansion X in the star basis, Xg =
Y a-n casty. They find the leading partition Ajeaq of X, defined as the smallest partition in
lexicographic order appearing in X with non-zero coefficient. The authors additionally
provided formulas for the leading coefficient c Mead” hook coefficients, and show that trees
of small diameter are distinguished by their chromatic symmetric function.

In this manuscript, we provide analysis of the chromatic symmetric function of con-
nected unicyclic graphs in the star basis. We determine some structural features of these
graphs from specific coefficients in their star basis expansion. Our first main result, The-
orem 3.1, provides an explicit formula for the coefficients c, in the star basis expansion
when A is a hook partition. As an immediate application, we show in Corollary 3.2
that the size of the cycle in any unicyclic graph can be directly determined from the
coefficient ¢(,,). The number of non-trivial rooted trees attached to the cycle can also be
detected from hook coefficients, with one exception. Next, in Theorem 5.3, we determine
the leading partition Aje,q for unicyclic graphs. Using Aj.q, we show in Corollary 5.4
how to compute the number of leaves in the graph when the number of attached trees is
known. We also give formulas for the leading coefficient c,,_, for any unicyclic graph.

With our results on the hook coefficients and the leading partition we distinguish
certain classes of unicyclic graphs based on their CSF. In Corollary 3.3, we show that
unicyclic graphs with different cycle sizes must have differing CSFs. Finally, in Propo-
sition 5.5 we prove that cuttlefish graphs, which are a certain subclass of squids, are
distinguished from among all connected unicyclic graphs.

In our full article [3], we also present computational data and examples of non-
isomorphic graphs with a 4-cycle that share the same CSE. This demonstrates that for
bipartite graphs, the CSF alone does not necessarily distinguish non-isomorphic graphs.
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As a result, we establish that the tree isomorphism problem is independent of the bipar-
tite property of trees.

Previous work has been done on computing the chromatic symmetric function of
graphs with cycles. For example, see [5, 12, 15, 15]. We note that unicyclic graphs are
not distinguished by their chromatic symmetric function [13, 14]. However, by analyzing
the coefficients and partitions appearing in X, we gain insight into when two unicyclic
graphs can or cannot be isomorphic.

Towards a more general understanding of the CSF, in Section 6 we give an explicit
formula for the coefficient c(,) in Xg when G is a connected bicyclic graph. This coef-
ticient depends only on the sizes of the cycles in the graph and the number of edges
shared by the two cycles. Using several results involving the sums of coefficients in X¢g
(see [3]) indexed by partitions of the same length, we can also recover the sizes of the
cycles in connected bicyclic graphs.

2 Definitions and preliminaries

2.1 Graph theory

We will utilize standard definitions and fundamental concepts from graph theory. For
an overview of graph theory background and notation, refer to, for example, [17].

We call a tree comprised of a single vertex a trivial tree, while any tree with more than
one vertex is a non-trivial tree. A unicyclic graph is a graph that contains exactly one cycle.
Connected unicyclic graphs can also be characterized as simple graphs whose number
of edges equals the number of vertices. We consider connected unicyclic graphs G con-
structed from c rooted trees T7, ..., T, by adding edges between the roots of consecutive
trees T; and T; 1 for 1 < i < ¢ —1, and connecting the root of T, with the root of Tj,
creating a cycle of size c¢ in the graph G with vertices corresponding to the roots of the
trees. We also call such a graph a c-unicyclic graph. We use r to denote the number of
non-trivial rooted trees. For example, the graph on the left of Figure 1 is a unicyclic
graph constructed from 4 rooted trees with roots vy, vy, v3 and v4 where vy is the root of
a trivial tree. In this case, we have r = 3.

We next define specific types of vertices and edges in a graph that will be used
throughout this manuscript. A leaf is a vertex of degree one, while an internal vertex
has degree at least two. An internal edge is an edge such that both of its endpoints are
internal vertices, while a leaf-edge is an edge such that at least one of its endpoints is a
leaf. For a graph G, we denote by I(G) the set of all internal edges of G. The connected
components of the graph G \ I(G) are referred to as the leaf components.
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Figure 1: Left: A unicyclic graph G on 14 vertices; right: G\ I(G).

2.2 The chromatic symmetric function

We refer to [11] for general background on symmetric functions. Let G be a finite graph
with vertex set V = {vy,...,v,}. A proper coloring of G is a function « : V — IN such that
k(v;) # x(v;) whenever v;v; is an edge of G with 1 <i < j < n. The chromatic symmetric
function (CSF) [14] of G is defined by

XG = Y (o) Xx(0) - - - Ye(on)s

where the sum is over all proper colorings « of G. The function X is a homogeneous
symmetric function of degree n, where n is the order of G. In the case that G is a
disjoint union of two subgraphs, G = H; U Hj, the chromatic symmetric function of G
is Xg = Xp, - Xy,. In their work [4], Cho and van Willigenburg proved the following
result, giving new bases for symmetric functions.

Theorem 2.1 ([4, Theorem 5]). For any positive integer k, let Gy denote a connected graph with
k vertices and let { Gy }x>1 be a family of such graphs. Given a partition A & n, of length ¢, define
Gy = Gy, UGy, U---UG,,. Then {Xg, | At n} isa basis for A"

We focus on the star basis of symmetric functions, which is constructed from the
chromatic symmetric functions of star graphs. A star graph on k vertices, denoted by
Sty, is a tree with k — 1 vertices of degree 1 and one central vertex of degree k — 1.
We denote the chromatic symmetric function of Sty by st; := Xs,. For a partition A =
(A1,A2, ..., Ay), the chromatic symmetric function of the star forest Sty LISt), LI-- - LISty,
is denoted by

sty 1= 5’()\15{)\2 - '5’()\[ .

By Theorem 2.1, the set {sty | A n} is a basis, called the star basis, for the space A”.
Hence, we may express Xg as:

Xg = Z cysty .
AFn

Definition 2.2. Order the partitions of n lexicographically in the order inherited from
IN". Given a graph G, we define the leading partition to be the smallest partition in
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lexicographic order such that cy_, # 0, where Xg = Y, cyst) is the star-expansion
of G. It will be denoted Ajeaq(Xg) or simply Ajeaq when the context is clear.

2.3 Deletion-near-contraction relation

We now recall the deletion-near-contraction relation of [1], which provides an algorithm
for expressing the chromatic symmetric function of a graph in the star basis. Denote
by G \ e the graph obtained from G by deleting edge e. The leaf-contraction operation is
denoted G © e and yields the graph obtained by contracting edge e and attaching a new
leaf to the vertex that results from this contraction, connected by a new leaf-edge /.. The
dot-contraction (G ®e) \ £, amounts to contracting edge e and then adding an isolated
vertex. We note that if G contains a 3-cycle and e is an edge on the cycle, then G © e
and (G ®e) \ ¢, will produce graphs with multiple edges. To ensure that all graphs are
simple, we delete any duplicate edges in these cases.

Proposition 2.3 ([]). [The deletion-near-contraction (DNC) relation] Let G be a simple graph
and e be any edge in G. Then

X = Xg\e = X(Goe)\te T Xcae-

Observe that if e is a leaf-edge, then the DNC relation does not provide any new
information for Xg,as G\e = (G®e) \ {, and G ® e = G. Thus, we only apply the DNC
relation to internal edges of G. Furthermore if ¢ is an internal edge, then the graphs
G\e (G®e)\ 4, and G ® e each have fewer internal edges than G. Note that a simple
graph with no internal edges is a star forest. Therefore, by repeatedly applying the DNC
relation to internal edges, we can express X as a linear combination of st), where A is
a partition of the number of vertices of G.

The star-expansion algorithm introduced in [!] formalizes the recursive construction
of X¢ in the star basis described above. It builds the so-called DNC-tree which is used to
write the star-expansion of X, as we recall now. Let ((H) and ((G) denote the number
of isolated vertices of the graphs H and G, respectively. Let A(H) be the partition whose
parts correspond to the orders of the connected components of H.

Theorem 2.4 ([1]). For every simple graph G, let T (G) be a DNC-tree obtained from the star-
expansion algorithm, and let L(T (G)) be the multiset of leaf labels of T (G). Then

Xg= Y, ()" Ost, .
HEL(T(G))

Example 2.5. We give an example of the star-expansion algorithm in Figure 2 for the
graph G at the top of the DNC-tree. Red indicates to which edge the DNC relation is
applied at each step. The resulting CSF in the star basis is

X = 25’((4) — 25’((3/1) +5t(52).
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Figure 2: The DNC-tree 7 (G).

3 Coefficients for hook partitions

We give the coefficients for hook partitions for all connected unicyclic graphs. Our result
relies on the formula of [/, Proposition 3.8] which gives ¢(;,_, 1m) = (=1)™ (n’;) for
T an n-vertex tree. Note that a unicyclic graph with cycle size ¢ always has at least ¢
internal edges. The following result is proved by induction on the size of the cycle.

Theorem 3.1. Let G be a connected unicyclic graph on n vertices with a single cycle of size
c >3, let A = (n—mq,1™) be a hook partition, k be the number of internal edges of G, and
r > 0 be the number of non-trivial rooted trees attached to the cycle in G. If Xg = Y 1, CAStA,

" Cln—my ) = (=1)™ [(r -1 ( o ) tle=1) (k " 2)} ' oY

my — 1 mq
We immediately obtain the following corollaries.

Corollary 3.2. Let G be a connected unicyclic graph of order n with a single cycle of size ¢ > 3.

If XGg = Yarn CaASty, then
C(n) =c—1.

Corollary 3.3. If Gy and Gy are connected unicyclic graphs with cycles of different sizes, then
X, # Xc,-

In particular, the previous corollary shows that the star-expansion of the chromatic
symmetric function of a unicyclic graph can be used to distinguish the cycle C, from
other connected unicyclic graphs of order n. The cycle will be the only connected uni-
cyclic graph with ¢,,) =n — 1.

The next proposition tells us that the longest hook partition encodes the relationship
between the number of internal edges and rooted trees.
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Proposition 3.4. Let G be a connected unicyclic graph of order n, k internal edges, r rooted
trees, and a cycle of size ¢ > 3. If Xg = Y arn a5ty and A = (n —mq, 1™) is the longest hook
partition such that cy # 0, then

- my+2 ifr=0orl,
B my+1 ifr>2.

Furthermore, the coefficient c; corresponding to the longest hook partition is

(—1)"_2 ifr=0,

=1 (- 2e—1) ifr=1,

(—D1(r—1) ifr>2.
Example 3.5. Let G be the graph in Figure 3. We have X¢ = 3stg)—10st(7 1) +4st(0) +
128t(61,1) + 28t(53) — 108t(52 1) —65t(511,1) + 16t 44) —S6tu31) +28t400) +8styo11) +
Lstg11,1,1) +25t332) +28t3311) —45t3221) —25t321,1,1) + 15t2221,1). The hook co-
efficients are highlighted in red and match Equation 3.1 asn = 8, ¢c = 4, k = 5, and

r = 2. Additionally, the longest hook partition is A = (4,1,1,1,1) and the corresponding
coefficient is c; = (—1)¥1(r — 1) = 1.

Boge

Figure 3: A unicyclic graph G on 8 vertices.

Corollary 3.6. Let Gy and Gy be connected unicyclic graphs on n vertices with ky and ky internal
edges and r1 and ry rooted trees respectively. If ky = ko and r1 # r then Xg, # Xg,.

The coefficient ¢(,,_1 1) can be used to write a quadratic equation for r or k, yielding
two possible solutions. We note however, that hook coefficients alone are insufficient for
recovering these values exactly. For example, see Figures 4 and 5.

11

Figure 4: Two graphs with the same hook coefficients: c(g) = 3, ¢(71) = =9, ¢511) = 9,
¢(513) = —3, and ¢y = 0 for all other hooks A.

On the other hand, there is an algorithm to obtain r from the hook coefficients when
risnot1 or c.
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Corollary 3.7. We can recover r, the number of non-trivial rooted trees attached to the cycle,
from the CSF of a connected unicyclic graph whenever 1 < r < c.

Remark 3.8. Corollary 3.7 is the best we can do among unicyclic graphs, since there
are unicyclic graphs with only one rooted tree attached to a cycle that have the same
chromatic symmetric function as another that has c rooted trees attached to the cycle.
The smallest example from an infinite family with this behavior appears below [17].

%48 AN

Figure 5: Two graphs with the same chromatic symmetric function where one has one
nontrivial rooted tree and the other has three.

4 Cycles

We are able to explicitly compute the coefficients of all partitions in the star-expansions
of paths, cycles, and cycles with a single leaf (also called pan graphs). These results are
shown by analyzing words corresponding to paths in the DNC tree. For brevity, we only
state the result on cycles here and refer to [] for our full results.

Proposition 4.1. Let C,;, be the cycle on n vertices for n > 3, and let Xc, = Y\, cAsty. Then
for A = (1™2™2 . n™n) we have

(2D + (=1 (") ifA = (n—my,1™), my #n—1,
cy=(—1)™

" (m2+...+mn)(n—€(/\)+m1_1) 8156-

O(A)—mq \ my,...,my my

Example 4.2. The CSF of the 5-cycle Cs is
45t(5) —11 5t(4,1) + 55t(3[2) + 95t(3,1,1) — 55t(2,2,1) -1 5t(21111’1).

We see that the leading partition of Xc, is (2,1"72), since the only smaller partition
is (1") which is seen to have coefficient 0 by our formula. The coefficient of (2,1"72) is
always (—1)"2.

5 Leading partitions for unicyclic graphs

In this section, we describe the leading partition of the chromatic symmetric function of
any connected unicyclic graph G on n vertices, extending a result of Gonzalez, Orellana,
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and Tomba [/, Theorem 4.15] that Ajeaq(Xg) = Apc(F) for forests F. In [3], we also
compute the coefficient of this leading partition in terms of the degrees of certain vertices,
extending another result of [/].

In the case where there are no non-trivial rooted trees attached to the cycle (ie.,
r = 0), the leading partition is (2,1"72) as discussed in the previous section. Here we
consider the case where r > 1. Recall that I(G) is the set of internal edges of the graph
G and the connected components of G \ I(G) are called the leaf components of G.

Definition 5.1. Notice that G\ I(G) is a star forest since every remaining edge is incident
with a leaf. We define A;¢(G) to be the partition whose parts are the orders of the
connected components of the resulting star forest in G \ I(G).

Also recall that Aj,q was defined in Definition 2.2 as the smallest partition, A, in
lexicographic order such that ¢, # 0in X¢.

Example 5.2. Let F be the forest in Figure 6. After removing the only internal edge ¢
indicated in red, we get Ajeaq(Xp) = Arc(F) = (3,2,1).

O—I—.—O [ ] ._I_._.g;_.
e

Figure 6: Left: a forest on 6 vertices; right: a graph with a 4-cycle.

Our main result for this section is the following.

Theorem 5.3. Let G be a unicyclic graph and v > 1 denote the number of non-trivial rooted
trees attached to the cycle in G. Let AMgag = Mead (X)-

1. If r =1 then
Mead = )\LC(G\e)

where e is chosen to be an edge in the cycle incident to the root of the non-trivial tree.

2. If r > 2 then
Mead = ALc(G)-

The above result is true for all unicyclic graphs, though the proof proceeds by in-
duction on the cycle size of a connected unicyclic graph. The analysis also allows us to
deduce the following.
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Corollary 5.4. Let Ajeoq be the leading partition in the star-expansion of Xg where G is a
connected unicyclic graph with a cycle of size c. If G has exactly 1 non-trivial rooted tree, then
the number of leaves in G is equal t0 |Ajeadq| — {(Mead) — 1 if G has at least 2 non-trivial rooted
trees, then the number of leaves in G is equal to |Ajeaq| — £(Aead)-

5.1 Application to cuttlefish graphs

A squid is a connected unicyclic graph with exactly one vertex of degree greater than 2.
Alternatively one can think of a squid as a unicyclic graph with 1 non-trivial rooted tree
which consists of some number of paths (called fentacles) emanating from the root. We
define cuttlefish to be squids such that all tentacles are of length 1.

Proposition 5.5. The chromatic symmetric function can distinguish cuttlefish from among all
connected unicyclic graphs on n vertices.

Remark 5.6. Martin, Morin, and Wagner show in [12, Theorem 12] that no two squids
have the same CSF. Note that while the class of squids is larger than that of cuttlefish,
their result differs from the proposition above in that they do not distinguish squids from
among all unicyclic graphs. On the other hand, both results implicitly give a procedure
for reconstructing the graph from the CSF when the ambient class of graphs is known.

6 Bicyclic graphs

A simple connected graph G is said to be bicyclic if the number of edges is equal to the
number of vertices plus one. Let 3, denote the set of connected bicyclic graphs of order
n. For any G € By, the unique minimal bicyclic subgraph G falls into one of two cases:

1. G is constructed from two disjoint cycles Cs and C; by adding a path P, (with i > 1)
from a vertex in C; to any vertex in C;. In the case where 11 = 1, we have two cycles
that share a single vertex.

2. G is constructed from three paths whose edge sets are disjoint, Py, 1, Ppy1, Pui1,
where k,¢,m > 1 and at most one of them is equal to 1. The initial vertices of all
three paths are identified as a single vertex u, and the terminal vertices are identified
as a single vertex v. In other words, G can be regarded as consisting of two cycles
Cyix and Cyy,;, which share a common path of Py .

For any G € B;, we say that G is a type-I (respectively, type-1I) bicyclic graph if its unique
minimal bicyclic subgraph is of the form of case (1) (respectively, case (2)) above. We
illustrate these two types in Figure 7.

An inductive argument allows us to show the following.
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Figure 7: Left: a type-I bicyclic graph; right: a type-II bicyclic graph.

Proposition 6.1. Let G be a bicyclic graph on n vertices.

1. If G is a type-I bicyclic graph formed by cycles of length s, t > 3, then
C(n) = (S - 1)(t — 1)

2. If G is a type-1I bicyclic graph formed by two cycles of length s,t > 3 which meet along a
path Py, for £ > 1, then

1
C(n) = (S — 1)(f — 1) —2(2>.
Note that when £ =1, the formula reduces to c(,,) = (s — 1)(t —1).

We are also able to recover the sizes of the two cycles in a bicyclic graph. In order to
do this we need another equation in addition to (s —1)(t — 1) = ¢(,) in type-I, and we
need two additional equations in type-II as we have three unknowns. These come from
looking at sums of coefficients corresponding to partitions of fixed length; full details
are available in [3].

Theorem 6.2. For any bicyclic graph G with cycle sizes s < t meeting along £ < s/2 edges, we
can recover s and t from Xg. If £ > 2, we can also detect that G is of type-1I and recover {.

We remark that it is impossible to distinguish between type-I bicyclic graphs and
the £ = 1 case of type-II bicyclic graphs. Indeed, the first example provided by Stanley
of non—isomorphic graphs with the same chromatic symmetric function exhibits this
difficulty [14] (see Figure 8). On the other hand, we have the following corollary.

PN

Figure 8: Two bicyclic graphs with identical chromatic symmetric functions

Corollary 6.3. No bicyclic graph of type-I or of type-II with min{k, ¢, m} = 1 can have the same
CSF as a type-II bicyclic graph with min{k,{,m} > 2 where k, ¢, m are as in our definition of
bicyclic graphs.
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