Séminaire Lotharingien de Combinatoire XX (2026) Proceedings of the 38" Conference on Formal Power
Article #86, 12 pp. Series and Algebraic Combinatorics (Seattle)

Multipermutohedral Chow rings
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Abstract. The multipermutohedral Chow ring was introduced in a series of papers
by Clader, Damiolini, Eur, Huang, Li, and Ramadas to study moduli spaces with
cyclic symmetry. It generalizes Chow rings of permutohedral varieties and type-B
Coxeter arrangements. In the present work, we establish the combinatorial structure
of the multipermutohedral Chow ring through an explicit Grobner basis, yielding a
Feichtner-Yuzvinsky-type monomial basis and a formula for the Hilbert series. Using
this formula, we refine the palindromicity of the Hilbert series. From a representation-
theoretic perspective, we also compute the equivariant Hilbert series under two natural
group actions and construct combinatorial maps that establish equivariant unimodality
and palindromicity.
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1 Introduction

The multipermutohedral Chow ring was recently introduced in a series of papers by
Clader, Damiolini, Eur, Huang, Li, and Ramadas [3, 4, 7] to study the moduli space of
rational curves with cyclic action. These rings generalize the permutohedral Chow ring
and the cohomology ring of type-B Coxeter arrangements. This adds to the study of
graded algebras arising from combinatorial structures such as permutohedral varieties,
Coxeter complexes, and matroid Bergman fans, which have been extensively studied in
algebraic combinatorics, revealing deep connections between geometry, representation
theory, and combinatorics.

The multipermutohedral Chow ring is defined using the data of a tuple of integers
m = (1, o, ..., m,) with each 7r; > 2. This gives color classes E; := [m;] that together
form a ground set E := ! E;. A subset S C E is 7r-colored if it contains at most one ele-
ment from each color class. The collection S; of 7t-colored sets forms a meet-semilattice
under inclusion, playing the same role that the Boolean lattice does for the classical
permutohedron. This data defines the multipermutohedral Chow ring (see Section 2.1):

kixs:S € SE\Dly1,---,Ynl

Ay = .
T 4]
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When m; = .-+ = 7, = 2, we obtain the Chow ring of the type-B Coxeter fan; when
m = --- = 7y, one recovers the Chow ring of the moduli space of rational pointed
curves with cyclic symmetry (defined in [4]).

Main results

Our first result (Theorem 3) constructs an explicit Grobner basis for the defining ideal
I+ ] of Ay. This yields a monomial basis FY for A, resembling the monomial basis
for Chow rings of matroids found by Feichtner and Yuzvinsky [5]. This basis leads to
a closed formula for the Hilbert series Hilb(A,q), which turns out to be a symmetric
polynomial in the variables 71y, 71, . . ., 71, with coefficients in Z[g] (Theorem 7).

While the Kéhler package guarantees that Hilb(A,g) is palindromic, we discover
that the coefficient of the elementary symmetric polynomial e (71, ..., 77,) in Hilb(A, q)
is itself a reciprocal polynomial in g (Corollary 8). This finer palindromicity has a purely
combinatorial origin in the structure of FY,; and provides a concrete explanation for
Poincaré duality that goes beyond what geometric considerations alone predict.

Viewing this ring through the lens of representation theory also reveals some sur-
prises. The rt-symmetry group,

Gn = 6m2 [62] X 6m3[63] Xoee where my — #{7'[1' = k},

acts on A, by permuting subscripts S on variables xg within color classes and permuting
color classes of equal size. In the special case that 7 = (p, p, ..., p), we obtain an explicit
generating function for the &,(&,]-equivariant structure (Theorem 11), generalizing a
result of Stembridge on type-B Coxeter fans [3].

Finally, by adapting symmetric chain decomposition techniques from [!], we con-
struct Gr-equivariant maps

AF o APE and AR s AR fork < LSJ )

which establish equivariant palindromicity and equivariant unimodality (Theorems 15
and 16). In fact, the bijective maps between complementary degree pieces preserve the
basis FY. If we restrict to the subgroup Hy; := G, X &y, X - -+ X &5, € Gy, we also
construct Hy-equivariant injective degree-raising maps that preserve FY ;. However, we
prove that it is impossible to build such maps that commute with the action of G, even
when 7 = (2,2) (Proposition 17).

2 Background
The permutohedral Chow ring is built from the Boolean lattice of subsets of [n]. The

multipermutohedral construction generalizes this by allowing multiple copies of each
i€ [n].
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A tuple m = (71,712, ..., ;) € Z", defines color classes E; := {i1,ip,...,ir} = [71]]
for each i € [n]. Their union is the ground set E := Ey LUE; U -+ - LU E,,.

A subset S C E is rt-colored if S contains at most one element from E; for each i € [n].
Denote the collection of 7t-colored sets by S;f and the nonempty 7-colored sets by S.
For each m-colored set S, define the following statistics:

e LetS:— {i: E;NS # @} C [n] be the "underlying" set of S.
e LetS:— {i: E;NS =@} = [n]\ S be the "zero" set of S.

We represent each i by writing i with (k — 1) bars over it. A 7r-colored set S is then
a decorated version of its underlying set S, where each iy € S is decorated with (k — 1)
bars. For example, for m = (3,2,4), the ground set is E = {1,1, 1,2,2,3,3, §,§}, and
S = {2,3} is a m-colored set.
Example 1. For a smaller example, consider the tuple = = (2,3). The collection of 7-
colored sets Si forms a poset when ordered by inclusion. The Hasse diagram of S (;,3)
is below.

Nou

12 12
1

: 1 iz_'=/,
1\;%2

Note that the poset S;f pictured above is a meet-semilattice, where the meet of two
sets is their intersection. The join of two 7r-colored sets does not always exist, as their set
union might not be 7r-colored.

2.1 Multipermutohedral Chow ring

Given a tuple 7 = (71y, 712, . . ., 7tn ), the multipermutohedral Chow ring over a field k is the
polynomial ring
Zxs: S € Sqlly;: i € [n]]
I+]
with ideals I = (xsx7: S and T are incomparable, ie., S ¢ Tand T ¢ S) and

Agi—

J={vi:ix€E,ie[n]), where Vi, — Vi + 2 Xs.
SeSx:
S$3i
Note that instead of Z, we can use any field. It is easy to see that A is graded, so we
write Az = D> Ak,
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This is the Chow ring of the multipermutohedral fan X, which is studied in [”] and,
in more special cases, in [3] and [*]. Because the n-tuple 7t fully characterizes the ring,
we disregard the fan structure in this extended abstract and study the ring only using
the properties of 7.

Remark 2. This ring was first introduced in [?] with a slightly different presentation. In
that work, the Chow ring of the multipermutohedral fan is A, = R/(I + f), where
R = k[xs: S € Sy]. The ideal I is the same as above, while

f:<z Xg — Z xs:i]-,ikeEi,ie[n]>.
SeSy: SeSq:
591] S

This presentation is equivalent to the one above via the map R — R that sends

Xg+— xg forS e Sy and Yi— — Z xs for some iy € E;, for every i € [n].

SeSq:
S2ix

3 Grobner basis and its consequences

To analyze the structure of the multipermutohedral Chow ring, we construct an explicit
Grobner basis for its defining ideals. The Grobner basis and the resulting monomial basis
are analogous to the Feichtner-Yuzvinsky monomials for the Chow ring of an atomic
lattice defined in [5], which was recently studied in [0, 1]. At the end of this section, we
use the basis to find an expression for the Hilbert series of A.

First, we recall some Grobner basis theory for rings over Z, as it is used in [5, 1].
Recall that a Grobner basis of a polynomial ring R over Z is a particular generating
set for the ideals of said ring with respect to a well-ordering < of all monomials of R.
For any polynomial f € R, we use in<(f) to denote the <-largest monomial of f. A
polynomial f is <-monic if the coefficient of in~(f)is £1.

Given a monomial order < of a ring R, we say that a subset {g,...,gp} of an ideal
I C R is a monic Grobner basis for I with respect to <, if each g; is <-monic, and ev-
ery polynomial f in I has in<(f) divisible by at least one of the initial monomials
{in<(g1),...,in<(gp)}. A monomial is called a standard monomial for a Grobner basis
with respect to < if it is divisible by none of the initial monomials.

3.1 A Grobner basis

We define a partial order on the monomials of A, by declaring, for all i € [n] and
S,T € Sy, we have y; < xg and x7xs when |T| > |S|. Let < be a linear extension of this
partial order.
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Theorem 3. Let G := {gs 1, gi s} be the family of polynomials shown below, indexed by distinct
pairs S,T € S; and i € [n]. Then G is a <-monic Grobner basis for I + ] with respect to <

defined above.

] condition on g; s polynomial g; s ‘ in<(gis) ‘
S=0 y? v
SeSrandi€e S XsY; xXsYi
] condition on gg T polynomial gs t \ in~(gs,) ‘
S, T are incomparable XgXT XsXT
|7
S=@and T € Sy Y oxu| +]Iw Xy
UueSx: ieT
uoT
|T|—IS|
S5, TeSrand SC T | xg Z X + xg H Yi xsx|TTHS‘
ULIEZ‘)S]E: ie(T\S)

The proof of this theorem is a fairly straightforward adaptation of the proof of The-
orem 1 of Feichtner and Yuzvinsky [5]. Similarly, this Grobner basis characterization
immediately yields a combinatorial description of a monomial basis for A that will be
useful to us in the remainder of this work.

Corollary 4. The multipermutohedral Chow ring Ay is a free Z-module with Z-basis given by

4
=

FY i {ijs(’; Hy]},

1 jez

where the indexing set for the monomials runs through all flags @ :— Sg C S1 C -+ € Sy of
rt-colored sets, exponents f; < |S;\ S;_1| — 1, and subsets Z C S,. Denote the set of degree k
basis monomials with FYX.
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Example 5. The tuple 7w = (2,2) defines the ring A, with the following monomial basis
shown in the table below.

degree \ FY; basis
2 Y1y2
1 X12, X135, X15, X12, X123, Y1, Y2
0 1

The degrees of these graded pieces are the type-B Eulerian sequence (1,6,1). This
follows from the fact that A(;, 5 is the Chow ring of the type-B Coxeter fan.

Note that the ring in the example vanishes for all degrees above k > 2 = n. This is
the case for all multipermutohedral Chow rings as a result of Corollary 4.

Corollary 6. Given 1w = (711, 702, . . ., 7Tn), the multipermutohedral Chow ring vanishes in de-
n
grees strictly above n; that is, Ay = @ Al
i=0
3.2 Hilbert series

The Hilbert series of A; can be computed as Hilb(Ay,q) = Y cry, q98(?) using the
monomials a € FY; defined in Corollary 4. We apply the approach used by Liao in [¢],
associating a composition to each monomial 2 € FY; to obtain the following result.

Theorem 7. The Hilbert series of the multipermutohedral Chow ring is the following symmetric
polynomial in the variables 711, 712, . . ., 71, with coefficients in Z[q):

Hilb(Ay,q) = )’ gyt | 2| (L2
ilb( n,q)—]gek(m,ﬂz,---,ﬂn)( 0 g e )

where ey denotes the kth elementary symmetric polynomial and ([x']f(x)) denotes the coefficient
of x' in a power series f(x) € QI[x]].

To analyze this further, we name the coefficient of e (711, 712, ..., 71,) in Hilb(Ax, q):

Zk —
a(k,n) := ([F] e‘ii——qqez> (1 —|—q)”_k.

We define a generating function for a(k,n), with a variable z recording the value of k
and a variable u tracking the value of n — k:

o0 0 Zk B
F(z,u;9) = ) ) a(k,n)yu” k.
k=0n=k ’
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By a standard generating function argument, we get the closed formula

) = 1-¢
FE0) = (e =gy = i + ) D
The fact that the multipermutohedral Chow ring has the Kéhler package was estab-
lished in [4, Theorem 2.7], where the ring is shown to be equivalent to the Chow ring of
the product of projective varieties. Even further, they provide a combinatorial way to see
the palindromicity of the coefficients of Hilb(A, g) in [+, Theorem 4.13]. The generating
function F(z,u;q) in Equation (3.1) shows a stronger symmetry: each coefficient a(k, n)
of ex(my, 712, . .., 7y) is itself palindromic.

Corollary 8. The generating function F(z, u; q) for the coefficient of a(k,n) of ex(7t1, 72 . . ., 7Tn)
in Hilb( Ay, q) satisfies F(z,u;q) = F(qz, qu;1/q). This implies that each coefficient a(k, n) is a
reciprocal polynomial in q, with center of symmetry around the power q7.

The generating function F(z, u; q) proves to be a useful tool for calculating the Hilbert
series of A;. We can calculate the value of a(k,n) for any k by taking the limit as z — 0

of %F (z,u;q). Doing so, we obtain:
kK | o 1} 2 3 e om
atkm) | (1+q)" | 0| g1+ 2 | (@2 +q) 1+

1—9g

Note that a(1,n) = 0 corresponds with the fact that there exists no singleton S such that
x5 € FY, which follows from the standard monomial definition.

4 Group action

For m = (71, 7y, ..., 7,), we now study the action of two natural symmetry groups on
Az. Denote multiplicities my := #{m; = k}, which allow us to write r = 2"23"3 ... The
associated rr-symmetry group is the product of wreath products

G7-( = 6m2[62] X 6m3[63] Xoeee

We also consider the action of a subgroup of G, which is a product of symmetric
groups for each color class

Hn = 67'[1 XGT[Z X oo X67TTL'

Both G, and Hj act on the ground set E = E; LI - - - U E;, by permuting elements within
each color class, while G also swaps color classes of equal size. Note that G; = Hy
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exactly when 7; # 7t; for all i,j € [n]. On the other hand, we say that 7t is uniform if
m = --- = mu. Each group has an induced action on S; and hence on the variables
{xs:S €S} U{y1,...,yn} of Ay Since ¢ € G, preserves incomparability of 77-colored
sets and membership relations a; € S, we obtain the following lemma.

Lemma 9. The action of G, permutes the monomial basis FY . and each graded subset FY..
Thus, the ZGr-module structure on A and each of its homogeneous components AX. lift to
Gr-permutation representations.

4.1 Hg-equivariant Hilbert series

For each i € [n], we define V; = C’ to be the m;-dimensional defining permutation
representation of G, over C. For each I C [n], let V] = ®;c; V; be a representation of
[Tic; ;- We also regard V; as a representation of H; via inflation through the group

surjection Hy = [Ti_1 &5, — [lic; Sx, that forgets the other factors GHJ. fori ¢ I. For
k > 0, we set
=P V.
I1C[n]
[I|=k

Note that the dimension of Vi(7) can be computed by the evaluation of the elementary
symmetric polynomial ey (711, 712, . . ., 71, ). Hence, Vi (77) is an Hy-representation "lifting"
ex(m1, 2, ..., 7). With this, we generalize the Hilbert series found in Theorem 7 to an
Hy-equivariant form.

Corollary 10. The H-equivariant Hilbert series of the multipermutohedral Chow ring is

k
Hilby, (Ar, q) 2 V() (1+4q)" [F] (3’72 - qez> .

4.2 Ggr-equivariant Hilbert series for uniform 7
In the special case that 77 is uniform, so w = (p,...,p) =: (p"), the m-symmetry group
Gy is the wreath group 6,(6,] =: G,(f ). This has a tower of groups

1=cV <6V <6l <

where GZ.(p ) is the wreath product &;[G,].
Consider the ring of graded representations of this tower of groups, with grading

variable g, denoted AP)[g] := @, R (G,(f )> [q] over C. This ring is endowed with an
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external induction product

R () oR(GE) =R ()
(p)
np+p

5}17) XG'SZ) :

X1® X2 — X1 QX2 TG
(p)
n

We denote the image of this product with x1 * x2. The action of G,"’ extends to mono-
mials of the ring A(,. We study the graded character of this action, which we write

as Hlle(p) (A( n),q). NOte that thls i.s an e].ement Of R (GSZP)) and hence the generating

p
function ZOHile;p)(A(pn),q)z” lies in A(P)[q][[z]].
n—=
We name some elements in R (G,(qp )>, and their generating functions. First, denote

the trivial character of Gr(lp) by T, and write T(z) := Y ;. T4z". Also define the character

Wy = C[Gy(lp) /G4, a coset action which can be thought of as G,(lp ) permuting 7r-colored
subsets S where 7t = (p"). Then denote O)(z) := Y77 wnz".

Theorem 11. The graded equivariant Hilbert series of A ,n) under the action of G,(f ) is given by

2 Hﬂbc(p) (A(pn),q)zn _ (1 — q)T(qz)T(z)
n=0 "

— O(pgz) —qQ(pz)’

When p = 2, this recovers Stembridge’s formula for the cohomology of the Chow
ring of the toric variety for the type-B Coxeter arrangement [%]. The generating function
structure makes these characters computable via standard techniques in symmetric func-
tion theory. For non-uniform 7, the G-equivariant Hilbert series would be a product of
the result above for all distinct values 7r;.

4.3 Equivariant symmetry and unimodality

Our goal in this section is to build G- and Hy-equivariant maps between the graded
pieces (A?T, A}T, ..., AL) of Ay viewed as G- and Hy-representations. These maps will
exhibit equivariant palindromicity and unimodality. The Hr-equivariant maps can be
constructed by adapting the maps in [!], but maps built in that manner do not commute
with the action of a wreath product.

4.3.1 Hp-equivariant maps
First, we define the collection of flags of rr-colored sets,

f::{®_’c,_51g"'g5515i68n, fOI‘iZl,...,f}.
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For a monomial a € FY,, we define the truncated support map supp : FY; — F where
1, xs [Liezyj — (S1,...,5¢). We order each fiber supp~*(51,S,...,5,) by setting
a < b if the monomial a divides b.

Lemma 12. For any flag of rt-colored sets F:={0® C S C - C S} € F, the fiber
supp ! (F) is the set of monomials {Hl 1 xs [Ties yl} such that 1 < f; < |§;\ S;_1| — 1 and

Z C S;. Thus, there is a bijection between the fiber of supp ' (F) and the Cartesian product of
chains:

i
supp 1(S,S2,...,S;) (H[l, 1S; \ Si_1] — 1]) x [Tl0,1]

i=1 kESOg

14
[T+ Ty = (A for s fi), ).

X3YaY
Example 13. Let |7r| = 6. We consider a one element P N

chain F = {S}, where |S| = 4. Let S = {a,b}. Then X3Ya XYy X2Yalp

the poset supp ! (F) is the Cartesian product of the //
following chains / X / \

xsya xsyb XsYalb

[xs,xs] X [1,y4) X [1, 1), X X/

x2 XsYa XsYp

\xs/

Observe that, given a monomial Hle xgii [Ticzyj € FYr, its degree is computed by |Z] +

whose corresponding Hasse diagram is on the right.

Zle fi. This implies the following lemma.

Lemma 14. For any flag F = {@ C S1 C --- C Sy}, the degrees of the monomials in the fiber
supp~(F) form a symmetric interval [{,n — (] within the degree range [0, 1] of the ring Ax.

Recall that all products of chains have a symmetric chain decomposition (SCD). An SCD
partitions a poset P = | |!_; C; into chains C; symmetric about the midpoint of the poset.
We use this observation and Lemma 14 to prove the following theorem by pulling the
decomposition back to each fiber supp~!(F).

Theorem 15. For every 7, there exists a family of Hy-equivariant injections
A FYE < YR fork < LSJ .

To define these maps, we follow the construction defined in [!]. For a degree k
monomial a with supp(a) = F, we pick a symmetric chain decomposition supp~}(F) =
|li>0 Ci. Then a lies in one unique chain C;. We define Ay (a) = a’ where 4’ is the unique
element covering a in C;.
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4.3.2 Gp-equivariant maps

Theorem 16. For every 7, there exist:
o Grequivariant bijections B : FY% — FY* for k < |4, and
o Grequivariant injections Ag : AX — AKX fork < |Z].

The bijections B : FYX. — FY". "% are defined by sending

i

14
=1 jez i=1 jez’

4 , .
xJS[l [Tyi— ijsr‘l [Tyi wheref/=|5;\Si4|—fiand Z' = S, \ Z.

1

For a € FYX, one can check that, indeed, deg(B(a)) = |S/| +|S/| — (|1Z| + L0, fi) = n—k.
To define Ag : AX — AKF! we define the map on the basis elements a € FYK and
extend linearly. This map uses a classical construction for equivariant maps; see [/,

Theorem 4.7].
Ac(a) = Y. a
supp(4’)=supp(a)
deg(«'/a)=1
One might hope to strengthen Theorem 15 and construct G-equivariant injections.
However, we show that such maps cannot exist.

Proposition 17. For 7w with G, # Hy, there is no Gr-equivariant injection of FY% — FYL.

While the monomial basis FY; is determined by our choice of the Grobner basis, we
can show that Proposition 17 is independent of the choice of permutation basis of A, by
checking the irreducible representations of G,. In this extended abstract, we show that
the assertion is true for this choice of Grobner basis.

Proof. We show this with the simplest example by considering 7 = (2,2). We analyze
this action through the Burnside ring B(G), where G = G, = 6,[6,] is the hyperocta-
hedral group, i.e. the type-B and type-C Coxeter group of rank 2. The Burnside ring
B(G) consists of formal linear combinations of equivalence classes of finite sets with a
transitive G action. This ring has basis [G/G;] where G; run through representatives of
the G-conjugacy classes of subgroups of G. The multipermutohedral Chow ring A )
expanded in the basis of the Burnside ring is shown below.

deg \ FY basis \ B(G) basis

2 Yay2 [G/c]
1| x12, %13, X170, X713, Y1, Y2 | [G/(s)] + [G/c3]
0 1 [G/G]
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Here, the x variables form one orbit that is stabilized by the elements of G that swap
color classes E; and E;, which we label with (g). The y variables are fixed by the action
of the product of cyclic groups C, x Cy; one can think of this as the type-B action that
changes the sign of a signed permutation. For a G-equivariant injection FY% — FY} to
exist, the Burnside basis of FY? must be a subset of the basis for FY.. However, FYL
does not contain a copy of the trivial representation [G/G|. O
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