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Classical double Grothendieck transitions
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1Hong Kong University of Science and Technology

Abstract. Kirillov and Naruse have constructed double Grothendieck polynomials to
represent the equivariant K-theory classes of Schubert varieties in the complete flag
manifolds of types B, C, and D. We derive a recursive formula for these polynomials,
extending certain transition equations known in type A. As an application, we obtain
an identity that expands the K-Stanley symmetric functions in types B, C, and D into
positive linear combinations of K-theoretic Schur P- and Q-functions. We use this
expansion to resolve some conjectures related to K-theoretic Schur P- and Q-functions.
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1 Introduction

This work studies certain power series introduced by Kirillov and Naruse [10] in connec-
tion with the equivariant K-theory rings of flag varieties in classical type. We show that
the K-Stanley symmetric functions for types B, C, and D defined in [10] have finite, positive
expansions into the K-theoretic Schur P- and Q-functions constructed by Ikeda and Naruse
in [9]. As motivation, we start by reviewing the analogous story in type A.

1.1 Symmetric Grothendieck functions

Write Z for the set of integers, and let β and z1, z2, z3, . . . be commuting variables. We
define Symβ to be the subring of formal power series in Z[β]JzK = Z[β]Jz1, z2, z3, . . .K
that are invariant under all permutations of the z-variables. Let S∞ be the group of
permutations of the positive integers with finite support and write ` : S∞ → Z≥0 for its
Coxeter length function, which assigns to each permutation its number of inversions.

Each element w ∈ S∞ has an associated symmetric Grothendieck function Gw(z) ∈
Symβ, which is a certain symmetric formal power series of unbounded degree [5]. These
functions, which were first defined by Fomin and Kirillov in [7], arise as the stable limits
of the Grothendieck polynomials of Lascoux and Schützenberger [12]. They also generalize
the Stanley symmetric functions from [18], which are recovered by setting β = 0.

There is a natural bialgebra structure on the module G := Z[β]-span{Gw : w ∈ S∞}
of finite Z[β]-linear combinations of symmetric Grothendieck functions. To describe
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this, let ◦ denote the Demazure product for S∞, which is the unique associative binary
operation with u ◦ v = uv if `(uv) = `(u) + `(v) and s ◦ s = s if `(s) = 1.

Proposition 1.1 ([5]). G is a bialgebra for the Z[β]-linear (co)product operations

Gu(z)Gv(z) = Gu×v(z) and ∆(Gw(z)) = ∑
u,v∈S∞
u◦v=w

β`(u)+`(v)−`(w)Gu(z)⊗ Gv(z).

Here u × v is the image of (u, v) ∈ Sn × Sn under the usual inclusion Sn × Sn ↪→ S2n
where n ∈ Z≥0 is any integer such that u, v ∈ Sn := {w ∈ S∞ : w(i) = i for all i > n}.

The coproduct ∆ in this proposition extends the usual one on symmetric functions.
A permutation w ∈ S∞ is Grassmannian if it has at most one descent i ∈ Z>0 with

w(i) > w(i + 1). In this case the shape of w is the partition λ = (w(i) − i, . . . , w(2) −
2, w(1)− 1). All Grassmannian permutations with a given shape λ have the same sym-
metric Grothendieck function, which we denote by Gλ(z). The subset of symmetric
Grothendieck functions obtained in this way is significant for the following reasons.

Buch [5] showed that Gλ(z) has a tableau generating function formula. Specifically,
Gλ(z) is the weight generating function for all semistandard set-valued tableaux of shape
λ. This formula implies that the Gλ(z)’s are linearly independent over Z[β]. Lascoux
[11] proved that for each w ∈ S∞, there is a finite list of (not necessarily distinct) Grass-
mannian permutations u1, u2, . . . , uk ∈ S∞ such that Gw(z) = ∑k

i=1 β`(ui)−`(w)Gui(z). It
follows that the set {Gλ(z) : λ any partition} is a Z[β]-basis for the bialgebra G whose
structure constants for both the product and coproduct are all elements of Z≥0[β]. Buch’s
work [5] provides combinatorial formulas for these coefficients.

Thus, in type A, the set of symmetric Grothendieck functions indexed by Grass-
mannian permutations provides a basis for a bialgebra with certain strong positivity
properties. Our goal now is to explain how one can extend these results to all classical
types.

1.2 K-Stanley symmetric functions

A signed permutation is a bijection w : Z → Z that has w(−i) = −w(i) for all i ∈ Z

and w(i) = i for all but finitely many i ∈ Z. Define WB
∞ = WC

∞ to be the group of all
signed permutations and let WD

∞ be the subgroup of signed permutations w with an even
number of sign changes, that is, for which the set {i ∈ Z>0 : w(i) < 0} has even size.

Motivated by the problem of constructing equivariant K-theory representatives for
Schubert varieties in flag varieties of all classical types, Kirillov and Naruse have intro-
duced analogues of Gw(z) indexed by each of the classical Weyl groups WB

∞, WC
∞, and

WD
∞. These power series, which we write as GB

w(z), GC
w(z), and GD

w(z), are again elements
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of Symβ and will be referred to as K-Stanley symmetric functions. This terminology is mo-
tivated by the fact that setting β = 0 reduces GX

w (z) to the Stanley symmetric functions for
classical types introduced in [3]. For the precise definitions, see Section 3.

Fix a type X ∈ {B,C,D}. Then we may consider the submodule of symmetric func-
tions GX := Z[β]-span{GX

w (z) : w ∈ WX
∞}. One consequence of our results (specifically,

Theorem 1.3 and Corollary 1.6) is the following analogue of Proposition 1.1 for GX.

Theorem 1.2. GB, GC, and GD are sub-bialgebras of G with GC ⊂ GB = GD.

These bialgebras have a more precise characterization. Let SSymβ be the subring of
power series f (z) ∈ Symβ that have the following K-supersymmetry property from [9]:

f (t, −t
1+βt , z3, z4, z5, . . . ) = f (0, 0, z3, z4, z5, . . . ). (1.1)

Ikeda and Naruse [9] have identified two distinguished pseudobases for SSymβ, given
by the K-theoretic Schur P- and Q-functions GPλ(z) and GQλ(z). These are the generating
functions for certain semistandard set-valued shifted tableaux of strict partition shape λ; see
Section 4 for a detailed review. The sets of finite linear combinations

GP := Z[β]-span {GPλ(z) : λ any strict partition} and
GQ := Z[β]-span {GQλ(z) : λ any strict partition}

(1.2)

are both proper submodules of SSymβ.
The modules GP and GQ have some remarkable properties. It is known that both

are closed under multiplication and thus form rings [14], with strict containment GQ (
GP ( G [16, §3]. Our results here will show that these subrings are sub-bialgebras.

A signed permutation w is Grassmannian if w(i) < w(i + 1) for all i ∈ Z>0. If w
has this property and n ∈ Z≥0 is maximal with w(n) ≤ 0 then we can define two
strict partitions by λB(w) = λC(w) := (−w(1), . . . ,−w(n)) and λD(w) := λB(w)− 1n. If
X ∈ {B,C,D} and w ∈WX

∞ is Grassmannian with λ = λX(w), then by [10, §4.2] we have

GX
w (z) =

{
GPλ(z) when X ∈ {B,D}
GQλ(z) when X = C.

(1.3)

The following theorem confirms predictions of Kirillov–Naruse [10, Rem. 3] and Arroyo–
Hamaker–Hawkes–Pan [1, Conj. 7.2]. Here, we write `X for the Coxeter length function
WX

∞ → Z≥0 (see §2 for an explicit formula).

Theorem 1.3. Fix a type X ∈ {B,C,D} and w ∈ WX
∞ . Then there is a finite list of (not

necessarily distinct) Grassmannian elements u1, u2, . . . , uk ∈WX
∞ such that

GX
w (z) = ∑k

i=1 β`X(ui)−`X(w)GX
ui
(z)

Consequently, it holds that GB = GD = GP and GC = GQ.
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Our methods provide an explicit algorithm for determining the GP- and GQ-ex-
pansions of GX

w (z) (see Theorem 6.2), but it is an open problem to find a positive com-
binatorial formula. The recent article [1] provides a conjectural formula of this kind for
type C.

More of Theorem 1.2 follows as a corollary to Theorem 1.3 and known properties
of GP and GQ. It only remains to explain why each subalgebra GX ⊂ G is also a
sub-coalgebra. We establish this property in the following way.

The shifted tableau generating functions for GPλ(z) and GQλ(z) reviewed in Sec-
tion 4 have natural skew analogues GPλ/µ(z) and GQλ/µ(z) indexed by pairs of strict
partitions with µ ⊂ λ in the sense that µi ≤ λi for all i. These functions naturally arise
when considering the coproduct of G, as we have [4, Prop. 5.6]

∆(GPλ(z)) ∈ Z≥0[β]-span{GPλ/κ(z)⊗ GPµ(z) : κ ⊆ µ ⊆ λ} and
∆(GQλ(z)) ∈ Z≥0[β]-span{GQλ/κ(z)⊗ GQµ(z) : κ ⊆ µ ⊆ λ}.

(1.4)

The following result extends [1, Thm. 1.5] from type C to the remaining classical types B

and D. This statement implies that GX ⊂ G is a sub-coalgebra.

Theorem 1.4. For any strict partitions µ ⊆ λ there are signed permutations wB(λ/µ) =
wC(λ/µ) ∈ WB

∞ = WC
∞ and wD(λ/µ) ∈ WD

∞ (which are explicitly described in Section 3)
such that GB

wB(λ/µ)(z) = GD
wD(λ/µ)(z) = GPλ/µ(z) and GC

wC(λ/µ)(z) = GQλ/µ(z).

We highlight some other consequences of these results. Combining the preceding
theorems with (1.3) gives the following corollary, which was predicted as [4, Conj. 5.14]:

Corollary 1.5. There are numbers f ν
λµ, gν

λµ ∈ Z≥0 indexed by strict partitions with

GPλ/µ = ∑
ν

f ν
λµ · β|ν|+|µ|−|λ| · GPν ∈ GP and GQλ/µ = ∑

ν

gν
λµ · β|ν|+|µ|−|λ| · GQν ∈ GQ.

When µ ⊆ λ are fixed, f ν
λµ and gν

λµ are nonzero for only finitely many choices of ν.

A conjectural combinatorial formula for the coefficients gν
λµ is given in [1, Conj. 6.1].

We can summarize this discussion with the following stronger statement:

Corollary 1.6. The modules GP and GQ are sub-bialgebras of G, for which the respective
sets {GPλ : λ strict} and {GQλ : λ strict} are positive bases in the sense that

GPλGPµ = ∑
ν

Aν
λµ · β|ν|−|λ|−|µ| · GPν,

GQλGQµ = ∑
ν

Bν
λµ · β|ν|−|λ|−|µ| · GQν,

∆(GPν) = ∑
λ

∑
µ

aν
λµ · β|λ|+|µ|−|ν| · GPλ ⊗ GPµ,

∆(GQν) = ∑
λ

∑
µ

bν
λµ · β|λ|+|µ|−|ν| · GQλ ⊗ GQµ.

for nonnegative integers Aν
λµ, Bν

λµ, aν
λµ, bν

λµ ∈ Z≥0 indexed by triples of strict partitions.
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Proof. The positivity of the multiplicative structure constants Aν
λµ and Bν

λµ is established
in [14, Thm. 1.6]. The claim that GQ ( GP ( G is shown in [16, §3]. The positivity of the
comultiplicative structure constants is new, and follows from (1.4) and Corollary 1.5.

Combinatorial formulas are known for Aν
λµ from [6, 17], but it is an open problem to

find similar expressions for the other coefficients in Corollary 1.6; see the conjectures in
[1, §6]. The nonnegativity of aν

λµ and bν
λµ confirms [15, Conjs. 4.35 and 4.36].

1.3 Double Grothendieck transitions

Kirillov and Naruse’s definition of the K-Stanley symmetric functions GX
w (z) is a prelim-

inary step in their construction of certain double Grothendieck polynomials GX
w(x; y; z) for

each classical type X ∈ {B,C,D}. The objects, which belong to the ring

SSymβ[x, y] := SSymβ[x1, x2, . . . , y1, y2, . . . ],

generalize the (double) Schubert polynomials for classical groups introduced in [3, 8]. We
review the definition of GX

w(x; y; z) in Section 5. One always has GX
w(0; 0; z) = GX

w (z).
The results in [10, §6] show that certain specializations of GX

w(x; y; z) represent the
(opposite) Schubert classes in the equivariant K-theory ring of the complete flag variety
G/B in type X ∈ {B,C,D}. These representatives are distinguished by several desir-
able stability properties. In particular, the structure constants that expand the product
of GX

v (x; y; z) and GX
w(x; y; z) are the same as the ones for the Schubert basis of the

equivariant K-theory ring KT(G/B).
These rings have been extensively studied in the literature. Most notably, Lenart and

Postnikov [13] have proved an equivariant Chevalley formula giving a multiplication
rule in KT(G/B) for all types. By translating this rule to a polynomial identity, we
are able to prove a transition formula (Theorem 6.1) that gives a recurrence relation for
the power series GX

w(x; y; z). Setting x = y = 0 in this result provides an Z≥0[β]-linear
recurrence for GX

w (z) which can be used to show the main results in the previous section.
This approach is similar to the methods used for the cohomological case in [2, 8].

Complete proofs and further connections to equivariant K-theory will be discussed
in the full length version of this extended abstract. Here, we just focus on applications
to power series identities involving GX(x; y; z) and GX(z).

2 Classical Weyl groups

The functions of interest in this work are indexed by the elements of the following
Coxeter groups. A bijection w : Z → Z is a signed permutation if w(−i) = −w(i) for all
i ∈ Z and w(i) = i for all but finitely many i ∈ Z. Let WB

∞ = WC
∞ be the group of all
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signed permutations, and let WD
∞ be the subgroup of signed permutations w such that

|{i > 0 : w(i) < 0}| is even. These are Coxeter groups with simple generating sets

WB
∞ = WC

∞ = 〈t0, t1, t2, t3, . . . 〉 and WD
∞ = 〈t−1, t1, t2, t3, . . . 〉

where t−1 = (1,−2)(−1, 2), t0 = (−1, 1), and ti = (i, i + 1)(−i − 1,−i) for i > 0. We
implicitly identify S∞ with the subgroup WA

∞ := 〈t1, t2, t3, . . . 〉 ⊂WD
∞ ⊂WB

∞ = WC
∞.

The Coxeter length functions of S∞ ∼= WA
∞, WB

∞ = WC
∞, and WD

∞ are given by [2, §3]

`A(w) := inv(w), `B(w) = `C(w) := inv(w)+`0(w)
2 , and `D(w) := inv(w)−`0(w)

2 (2.1)

where inv(w) = |{(i, j) ∈ Z×Z : i < j, w(i) > w(j)}| and `0(w) = |{i > 0 : w(i) < 0}|.
The reflections in a Coxeter group are the elements conjugate to the simple generators.

In S∞ these elements are the transpositions (i, j) for 1 ≤ i < j. Define

tij := (i, j)(−j,−i) ∈WD
∞ and t0k := (−k, k) ∈WB

∞ = WC
∞ (2.2)

for all i, j, k ∈ Z with k 6= 0. Note that tjj = t−j,j = 1 and tij = tji = t−i,−j = t−j,−i. The
distinct reflections in WB

∞ = WC
∞ consist of the elements tij with |i| < j. The reflections in

WD
∞ are given by the same set but with t0j excluded for all j ∈ Z>0.

3 K-Stanley symmetric functions

We now review Kirillov and Naruse’s definition of K-Stanley symmetric functions for
signed permutations.

The Demazure product on a Coxeter group W with length function ` is the unique
associative operation ◦ : W ×W →W that satisfies u ◦ v = uv if `(uv) = `(u) + `(v) and
s ◦ s = s if `(s) = 1. Fix a type X ∈ {B,C,D} and an element w ∈WX

∞ . Let HX(w) be the
set of integer sequences a = (a1, a2, . . . , ak) with ai ∈ {−1, 0, 1, 2, . . . } such that

w = ta1 ◦ ta2 ◦ · · · ◦ tak

when the Demazure product ◦ is computed relative to W = WX
∞ . All entries of a word

a ∈ HX(w) are in the set {0, 1, 2, 3, . . . } when X ∈ {B,C}, and in {−1, 1, 2, 3, . . . } when
X = D. Note that HB(w) = HC(w). We refer to elements of HX(w) as Hecke words for w.

Definition 3.1. Suppose a = (a1, a2, . . . , ak) is any integer sequence. Define `(a) = k and

oB(a) = |{i ∈ [k] : ai = 0}|, oC(a) = 0, and oD(a) = |{i ∈ [k] : ai = ±1}|.

Let CX(a) be the set of positive integer sequences b = (b1 ≤ b2 ≤ · · · ≤ bk) such that:

(a) if |ai−1| ≤ |ai| ≥ |ai+1| for some i ∈ {2, 3, . . . , k− 1} then bi−1 < bi+1; and
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(b) if X = B (respectively, D) and ai = ai+1 = 0 (respectively, ±1) then bi < bi+1.

Given b ∈ CX(a), let zb = zb1zb2 · · · zbk
and |b| = |{b1, b2, . . . , bk}|, and define

γ(a, b) = |{i ∈ [k− 1] : ai = ai+1 and bi = bi+1}|. (3.1)

The following is not the first definition of K-Stanley symmetric functions given in
[10], but we find it to be more self-contained and explicit than [10, Def. 7]. Our statement
corrects a minor error in the type B formula in [10, Prop. 17].

Definition 3.2 ([10, Prop. 17]). Fix X ∈ {B,C,D}. Write ` = `X and suppose w ∈ WX
∞ .

The K-Stanley symmetric function of w for type X is the formal power series

GX
w (z) = ∑

a∈HX(w)
∑

b∈CX(a)
2|b|−γ(a,b)−oX(a) · β`(a)−`(w) · zb ∈ Z[β]JzK.

4 Supersymmetric functions

There are more explicit tableau formulas that give GX
w (z) for certain classes of signed

permutations. Recall from Section 1.2 that SSymβ is the subring of power series f (z) ∈
Symβ with the extra symmetry property (1.1). While not evident from Definition 3.2, it
turns out [10, Lem. 6] that GX

w (z) ∈ SSymβ for all X ∈ {B,C,D} and w ∈WX
∞ . Following

[9, 10], we refer to elements of SSymβ as K-supersymmetric functions.
The ring SSymβ was first considered by Ikeda and Naruse in [9] since it consists of

exactly the formal power series that can be expressed as infinite Z[β]-linear combinations
of their K-theoretic Schur P- and Q-functions, whose definition we now recall.

A partition is a decreasing sequence of integers λ = (λ1 ≥ λ2 ≥ · · · ≥ 0) with finite
sum |λ| = ∑i λi. A partition is strict if λi = λi+1 implies that λi = λi+1 = 0. The shifted
diagram of a strict partition λ is the set SDλ = {(i, i + j− 1) ∈ Z>0 ×Z>0 : 1 ≤ j ≤ λi}
which we treat as positions in a matrix. We write µ ⊆ λ if SDµ ⊆ SDλ and define
SDλ/µ = SDλ \ SDµ and |λ/µ| = |λ| − |µ|.

A set-valued shifted tableau of shape λ/µ is a map T from SDλ/µ to the set of finite,
nonempty subsets of the totally ordered alphabet {1′ < 1 < 2′ < 2 < . . . }. If T is such a
tableau, then we write (i, j) ∈ T to indicate that (i, j) is in its domain and let Tij denote
the set assigned by T to this position. We also define |T| = ∑(i,j)∈T |Tij| and

zT =
∞

∏
k=1

zak+bk
k where

{
ak is the number of pairs (i, j) ∈ T with k ∈ Tij,
bk is the number of pairs (i, j) ∈ T with k′ ∈ Tij.

(4.1)

A set-valued shifted tableau is semistandard if

(a) max(Tij) ≤ min(Ti,j+1) and Tij ∩ Ti,j+1 ⊂ {1, 2, 3, . . . } when (i, j), (i, j + 1) ∈ T; and
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(b) max(Tij) ≤ min(Ti+1,j) and Tij ∩ Ti+1,j ⊂ {1′, 2′, 3′, . . . } when (i, j), (i + 1, j) ∈ T.

Write SetShTab+(λ/µ) for the set of semistandard set-valued shifted tableaux of shape
λ/µ. Let SetShTab(λ/µ) be the subset of T ∈ SetShTab+(λ/µ) with no primed num-
bers in any positions on the main diagonal. We abbreviate by writing SetShTab(λ) =
SetShTab(λ/∅) and SetShTab+(λ) = SetShTab+(λ/∅).

Example 4.1. If λ = (5, 3, 2) and µ = (2) then one element T ∈ SetShTab(λ/µ) is

T =

2′3′ 4 457

12 3′3 5′

4 5′57

for which T23 = {3′, 3}, |T| = 15, and zT = z1z2
2z3

3z3
4z4

5z2
7.

When µ 6⊂ λ we let SetShTab(λ/µ) = SetShTab+(λ/µ) = ∅ be the empty set.

Definition 4.2 (See [9, 4]). If µ and λ are strict partitions, then the K-theoretic Schur P-
and Q-functions indexed by λ/µ are the formal power series in Z≥0[β]JzK given by

GPλ/µ(z) = ∑
T∈SetShTab(λ/µ)

β|T|−|λ/µ|zT and GQλ/µ(z) = ∑
T∈SetShTab+(λ/µ)

β|T|−|λ/µ|zT.

Let GPλ(z) = GPλ/∅(z) and GQλ(z) = GQλ/∅(z).

Ikeda and Naruse [9] showed that GPλ(z) and GQλ(z) are elements of SSymβ for all
strict partitions λ. The same holds for GPλ/µ(z) and GQλ/µ(z) by [4, Cor. 5.13].

The formula (1.3) implies that every GPλ(z) occurs as a K-Stanley symmetric function
of type B or D, and every GQλ(z) occurs as a K-Stanley symmetric function of type C.
As foretold in Theorem 1.4, this is also true for GP- and GQ-functions indexed by skew
shapes, if we use the following elements to index our K-Stanley symmetric functions.

Definition 4.3. Fix strict partitions µ ⊆ λ. Let TB
λ/µ be the shifted tableau of shape λ/µ

with j− i in box (i, j) ∈ SDλ/µ. Then let TD
λ/µ be the shifted tableau of shape λ/µ with

j− i + 1 in box (i, j) ∈ SDλ/µ if i 6= j and with (−1)i in this box if i = j. Finally, let

wB(λ/µ) = wC(λ/µ) = ta1ta2 · · · tak and wD(λ/µ) = tb1tb2 · · · tbk

where k = |λ/µ| and where a1a2 · · · ak and b1b2 · · · bk are the entries of TB
λ/µ and TD

λ/µ

read row-by-row from left to right, starting with the smallest row index.

Theorem 1.4 holds for this definition of wB(λ/µ), wC(λ/µ), and wD(λ/µ).
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Example 4.4. When λ = (5, 3, 1) and µ = (2) our two shifted tableaux are

TB
(5,3,1)/(2) =

2 3 4
0 1 2

0
and TD

(5,3,1)/(2) =

3 4 5
−1 2 3

+1

so we have wB(λ/µ) = t2t3t4t0t1t2t0 = 34152 and wD(λ/µ) = t3t4t5t−1t2t3t1 = 425163.
Here, the one-line notation “34152” means the signed permutation that sends 1 7→ −3,
2 7→ 4, 3 7→ −1, 4 7→ 5, and 5 7→ 2, while fixing all integers i > 5.

Tamvakis derives another family of tableau formulas for certain instances of GX
w (z)

in [19]. However, Theorem 1.4 does not seem to be a special case of these results.

5 Double Grothendieck polynomials

This section reviews Kirillov and Naruse’s construction in [10] of the double Grothendieck
polynomials of classical type GX

w(x; y; z) mentioned in Section 1.3. To begin, we must first
recall that definition of the (single-variable) Grothendieck polynomials in type A.

The group S∞ acts on Z[β][x] = Z[β][x1, x2, . . . ] by permuting the x-variables, and

πi f (x) := (1+βxi+1) f (x)−(1+βxi)si f (x)
xi−xi+1

(5.1)

defines a Z[β]-linear map Z[β][x] → Z[β][x] for each i ∈ Z>0. The operators πi satisfy
the Coxeter braid relations for S∞ along with the identity πiπi = −βπi.

Definition 5.1 (See [7, 12]). The (type A) Grothendieck polynomials Gw(x) for w ∈ S∞ are
the unique elements of Z[β][x] satisfying

Gn···321(x) = ∏n
i=1 xn−i

i for all n ∈ Z>0 and Gwsi(x) = πiGw(x) if w(i) > w(i + 1).

We may now introduce GX(x; y; z) by a formula which involves Grothendieck poly-
nomials for type A, K-Stanley symmetric functions, and the Demazure product.

Definition 5.2 ([10, Prop. 2]). Fix X ∈ {B,C,D} and let ` = `X. Then, for w ∈WX
∞ define

GX
w(x; y; z) = ∑

(σ,u,τ)
β`(σ)+`(u)+`(τ)−`(w) ·Gσ(y) · GX

u (z) ·Gτ(x) ∈ SSymβ[x; y]

where the sum is over all triples (σ, u, τ) ∈ WA
∞ ×WX

∞ ×WA
∞ such that σ−1 ◦ u ◦ τ = w

(computing the Demazure product ◦ relative to the Coxeter group structure on WX
∞).

Setting β = 0 transforms GX
w(x; y; z) to the double Schubert polynomials for classical

groups introduced in [8]; further setting y = 0 recovers the Schubert polynomials con-
structed by Billey and Haiman in [3]. Notice that we always have GX

w(0; 0; z) = GX
w (z).
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Example 5.3. If w = 21 = t1t0 then the triples (σ, u, τ) indexing the sum that defines
GB

w(x; y; z) are (1, t1t0, 1), (t1, t0, 1), and (t1, t1t0, 1). As G1(x) = 1 and Gt1(x) = G21(x) =
x1 and as t0 and t1t0 are Grassmannian, GB

21(x; y; z) = y1GP(1)(z) + (1 + βy1)GP(2)(z).

As mentioned in the introduction, Kirillov and Naruse show that GX
w(x; y; z) repre-

sents the Schubert classes in the equivariant K-theory ring of G/B in types B, C, and D

[10, §6]. This connection is instrumental in our proofs of the results in the next section.

6 Transition equations and applications

Fix X ∈ {B,C,D}. For any parameter a define 	a = −a
1+βa and y−i = 	yi for i > 0. Let

Aβ := Z[β]
[
y1, 1

1+βy1
, y2, 1

1+βy2
, y3, 1

1+βy3
, . . .

]
and notice that 1

1+βy−i
= 1 + βyi

We define certain linear operators on finite Aβ-linear combinations of GX-functions. Fix
integers i < j and k and j, k ∈ Z>0. Let tXij be the Aβ-linear operator sending

tXij : GX
w(x; y; z) 7→

{
GX

wtij
(x; y; z) if tij ∈WX

∞ and `X(w) + 1 = `X(wtij)

0 otherwise
(6.1)

for each w ∈ WX
∞ . Notice that we have tD0j = 0 and tB−j,j = tC−j,j = tD−j,j = 0. Next, define

nBk to be the Aβ-linear map sending

nBk : GB
w(x; y; z) 7→

{
1

1+βyw(k)
GB

w(−k,k)(x; y; z) if `B(w) + 1 = `B(w(−k, k))

0 otherwise,

while setting nCk = nDk = 0. Finally, define RX
k = ∏

[>]
k>j>−∞(1 + βtXjk) · (1 + βnX

k ) where

∏[>] indicates a product taken in decreasing order. This infinite product is a well-defined
linear operator on Aβ-linear combinations of double Grothendieck polynomials.

A descent of a signed permutation w is an integer i > 0 with w(i) > w(i + 1). The
following main theorem is a K-theoretic extension of [8, Prop. 6.12] and [2, Thm. 4].

Theorem 6.1. Fix X ∈ {B,C,D} and w ∈ WX
∞ . Suppose a ∈ [1, ∞) is maximal with

w(a) > w(a + 1), define b ∈ [a + 1, ∞) to be maximal with w(a) > w(b), and set v = wtab

and c = v(a). Then GX
w(x; y; z) = β−1

(
(1 + βyc)(1 + βxa)RX

a G
X
v (x; y; z)−GX

v (x; y; z)
)

.

Continue to fix integers j < k with k > 0. Given w ∈WX
∞ we now define

TX
jk GX

w (z) =

{
GX

wtjk
(z) if tij ∈WX

∞ and `X(w) + 1 = `X(wtjk)

0 otherwise
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and extend by Z[β]-linearity. Unlike tXjk, our definition of TX
jk in this context only makes

sense as a formal symbolic operator since the K-Stanley symmetric functions GX
w (z) are

not linearly independent. We compose these operators to define

RB
k =

[>]

∏
k>j>−∞

(1 + βTB
jk) · (1 + βTB

0k),

RC
k =

[>]

∏
k>j>−∞

(1 + βTC
jk),

and RD
k =

[>]

∏
k>j>−∞

j 6=0

(1 + βTD
ik ). (6.2)

We interpret RX
k as a linear operator on the module GX of finite Z[β]-linear combinations

of K-Stanley symmetric functions. Setting x = y = 0 in Theorem 6.1 gives this result:

Theorem 6.2. Fix X ∈ {B,C,D} and w ∈ WX
∞ with at least one descent. Suppose a ∈

[1, ∞) is maximal with w(a) > w(a + 1), define b ∈ [a + 1, ∞) to be maximal with
w(a) > w(b). Then GX

w (z) = β−1(RX
a − 1)GX

wtab
(z).

For the type A version of Theorems 6.1 and 6.2, see [20, Thm. 3.1] and [11, Thm. 4].

Example 6.3. Applying Theorem 6.2 to w = 34152 ∈WB
∞ gives

GB
34152(z) = GB

3421(z) + GB
3421(z) + β · GB

3421(z) + β · GB
3412(z) + β2 · GB

3412(z)

We can recursively use Theorem 6.2 to expand each term on the right, until we reach
a linear combination of double Grothendieck polynomials indexed by Grassmannian
signed permutations. This iterative process results in the formula

GB
34152(z) = 4 · GB

4213(z) + 2 · GB
4312(z) + 2 · GB

52134(z)

+ 5β · GB
4312(z) + 5β · GB

52134(z) + 3β · GB
53124(z) + 6β2 · GB

53124(z).

To prove Theorem 1.3, it suffices to show that the inductive process illustrated in the
preceding example always terminates. One way to show this is by a careful analysis of
the descents of the signed permutations indexing the terms in the expansion provided
in Theorem 6.2. This is a more complicated version of the methods in [2].
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